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Preface

The purpose of this book is to provide an introduction to partial differential
equations (PDE) for one or two semesters. The book is designed for undergraduate
or beginning level of graduate students, and students from interdisciplinary areas
including engineers, and others who need to use partial differential equations, Fouri-
er series, Fourier and Laplace transforms. The prerequisite is a basic knowledge of
calculus, linear algebra, and ordinary differential equations.

The text book aims to be practical, elementary, and reasonably rigorous; the
book is concise that describes fundamental solution techniques for first order, sec-
ond order, linear partial differential equations for general solutions, fundamental
solutions, solution to Cauchy (initial value) problems, and boundary value prob-
lemsfor different PDEs one and two dimensions and different coordinates systems.
The analytic solution to boundary value problems are based Sturm-Liouville eigen-
value problems and series solutions. The book is companied with enough well tested
Maple files and some of Matlab codes that are available online. The use of Maple
makes the complicated series solution simple, interactive, and visible. These fea-
tures distinguish the book from other textbooks available in the related area.

While there are many PDE textbooks around, many of them cover either
too much materials or too difficult. We propose to have a practical, elementary,
and reasonably rigorous; the book is concise that describes fundamental solution
techniques and combine with the use of Maple. We hope to have a 200-page book
with independent Maple files.

This is a textbook based on materials that the authors have used in teaching
undergraduate courses on partial differential equations at North Carolina State
University.

A web-site http://wwwd4.ncsu.edu/ ~zhilin/PDE_Book has been set up.

We would like to thank my students for proofreading the book.
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Chapter 1

Introduction

A differential equation involves the ordinary derivatives of an unknown function
of one independent variable (say u(zx)), or the partial derivatives of an unknown
function of more than one independent variable (say u(x,y), or u(t, z), or u(t, z,y, z)
etc.). Differential equations have been used extensively to model many problems
in fluid and solid mechanics, biology, material sciences, economics, ecology, sports
and computer sciences.! Examples include the Laplace equation for potentials, the
Navier-Stokes equations in fluid dynamics, biharmonic equations for stresses in solid
mechanics, and the Maxwell equations in electro-magnetics. For more examples and
for mathematical theory of partial differential equations, we refer the reader to [?]
and references therein.

However, although differential equations have such wide applications, too few
can be solved exactly in terms of elementary functions such as polynomials, log x,
e®, trigonometric functions (sinz, cosz, ...), etc. and their combinations. Even
if a differential equation can be solved analytically, considerable effort and sound
mathematical theory are often needed, and the closed form of the solution may even
turn out to be too messy to be useful. If the analytic solution of the differential
equation is unavailable or too difficult to obtain, or takes some complicated form
that is unhelpful to use, we may try to find an approximate solution. There are two

traditional approaches:

e Semi-analytic methods. Sometimes we can use series, integral equations, per-
turbation techniques, or asymptotic methods to obtain an approximate solu-

tion expressed in terms of simpler functions.

e Numerical solutions. Discrete numerical values may represent the solution to
a certain accuracy. Nowadays, these number arrays (and associated tables or

plots) are obtained using computers, to provide the effective solution of many

IThere are other models in practice, for example statistical models.
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4 Chapter 1. Introduction

problems that were impossible to obtain before.

In this book, we mainly adopt the first approach and focus on either analytic solu-
tions or series solutions.

Some examples of ODE/PDE are as follows.

1. Initial value problems (IVP). The canonical first order system is

%:f(tay)a y(t()):yo; (11)

and a single higher order differential equation may be rewritten as a first order
system. For example, a second order ordinary differential equation

u(t) + a(t)u'(t) + b(t)u(t) = (1), (1.2)
1.2
w(0) =ug, |u'(0)=1p|
is converted into a first order system by setting 1 (t) = u and ya(t) = u/(¢).

2. Boundary value problems (BVP). An example of an ODE BVP is

u”(z) + a(z)u' (z) + b()u(z) = f(z),

(1.3)
u(0) = ug, u(l)=wuq;
and a PDE BVP example is
Uzw + uyy = f(z,y), (2,y) €Q
v (1.4)

u(a:,y) = U'O(xay)v (a:,y) € 09,

in a domain  with boundary 092. The above PDE is linear and classified
as elliptic, and there are two other classifications for linear PDE, namely,
parabolic and hyperbolic, as briefly discussed below. The PDE is called a 2D
Poisson equation. If f(z,y) =0, it is a 2D Laplace equation.

3. Boundary and initial value problems, e.g.,

Up = gy + f(z,1)
w(0,t) = g1(t), wu(l,t) = ga(t), BC (1.5)
u(z,0) = uo(x), IC.

We call f(x,t) a source term. If f(x,t) = 0, the PDE is called a 1D heat

equation. It is a parabolic PDE. Note that the PDE u; = —c?u,, is called a
backward heat equation. A nonzero perturbation at some time instances will
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result an exponential grow in the solution as t increases. A two dimensional

heat equation has the following form
up = 2 (Ugaz + Uyy) - (1.6)
4. Eigenvalue problems, e.g.,
u(z) = Au(z),
u(0) =0, wu(l)=0.

(1.7)

In this example, both the function u(z) (the eigenfunction) and the scalar A

(the eigenvalue) are unknowns.

5. Diffusion and reaction equations, e.g.,

0
a_? =V (BVu) +a- Vu+ f(u) (1.8)
where a is a constant vector, V - (8Vu) is a diffusion term, a- Vu is called an

advection term, and f(u) a reaction term.
6. Wave equations in 1D has the following form
Upt = Clgs. (1.9)

where c is called the wave speed. It is a hyperbolic ODE. A 2D wave equation
is

Ut = 02 (u’I"I‘ + ’U,yy) . (110)

7. Systems of PDE. The incompressible Navier-Stokes model is an important

nonlinear example:
pus+ (u-V)u) =Vp+pAu+F,
V-u=0.

(1.11)

In this book, we will consider linear PDE in either one dimension (1D) or two
dimensions (2D). A 2D linear PDE has the general form

a(, Y)tze + 26(2, y)uay + (2, y)uy,
+d(@, y)us + e, y)uy + g(z, y)u(z,y) = f(z,y)

(1.12)

where the coefficients are independent of u(z,y) so the equation is linear in u and
its partial derivatives. In the example above, the solution of the 2D linear PDE is
sought in some bounded domain €2, and the classification of the PDE form (1.12)
is:
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e Elliptic if b2 — ac < 0 for all (z,y) € 9,
e Parabolic if b2 — ac = 0 for all (z,y) € £, and
e Hyperbolic if b — ac > 0 for all (z,y) € Q.

The appropriate solution method typically depends on the equation class. For the
first order system

ou ou

== (1.13)

the classification is determined from the eigenvalues of the coefficient matrix A(x).



Chapter 2

First order PDEs

The simplest PDE may be the advection equation

% + a% =0, or u;+ auy =0, (2.1)
where ¢t and 2 are independent variables, u(z, t) is the dependent variable that to be
solved. In application, t often stands for the time, and x stands for the space, and
a is called the wave speed. The PDE is called a one-dimensional, first order, linear,
constant coefficient, and homogeneous PDE. Although there are two independent
variables, it is called one-dimensional (1D) advection equation since the space It is
a hyperbolic PDE. It is called an advection equations; or one-way wave equation,
or a transport equation.

2.1 Method of changing variables

There are several ways to solve the PDE. One of them is the method of changing
variables. The idea is to change the PDE to an ODE so that we can use the ODE
solution method to solve it. A simplest way of changing variables is the following

f:a:—at, x:€+a‘na

or (2.2)

n=t, t=n
Under such a transform, we have u(x,t) = u(§ + an,n). We denote U({,n) =
u(€ + an,n). Then using the chain rule, we can get

ou_ovoc ovoy__ ou ou

ot oot omot 9 on’

ou_ouos ovoy _ou  ou

o 0cox T onox 0 "oy

7



8 Chapter 2. First order PDEs

Plug them into the original PDE (2.1), we would get

ou

— =0. 2.3
0 (23)
Integrate both sides above with respect to n, we get U(£,n) = C. Note that in
an ODE, C' is an arbitrary constant. But in PDE, it can be arbitrary differential

function of £, denoted as f(§)! Thus we get the solution

w(@,t) = u(§ +an,n) = U(&n) = f(§) = f(z — at). (2.4)

It is straightforward to check that u(z,y) above is indeed a solution to the PDE
(2.1). Tt is called the general solution of the PDE since there is no condition attached
to the problem.

Note that there are more than one ways of changing variables. In general, we
can use

§=anz+ant (2.5)
§ = anz + axnt, (2.6)

where a;; are parameters and det(A) # 0 for A = {a;;}. We can choose a;; so that
the PDE in the new variables is simple, like an ODE, so that we can solve it easily.

In the discussion above we have a1; = 1, a1a = —a, as; = 0, and a9y = 1.

2.2 Solution to the Cauchy problems

A Cauchy problem is an initial value problem that is defined in the entire space,
that is

ou ou
E—Fa%—o, —00 < & < 00 (2.7)

where ug(z) is a differentiable function in (—oo, co). Since we know the general
solution is u(x,t) = f(r — at), we have u(z,0) = f(z) = uo(x). Thus the solution

to the Cauchy problem is
u(z,t) = up(z — at), (2.9)

where wuo(x) is the initial condition. Which means that the solution at (x,t) is the
same as the initial solution at (z — at,0). When a > 0, z — at < z, the solution
propagates towards right without changing the shape. That is why it is called a
one-way wave equation, or advection equation.
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Example 2.1. Let a =2 and

sine —nw<z<m
up(x) = (2.10)
0 otherwise

The solution to the Cauchy problem is
sin(fx —2t) —nw<zx-—-2t<m
ol t) = (2.11)
0 otherwise

In Figure 2.1, we plot the solution at ¢ = 0 and ¢t = 1, we can see that the solution

is simply shifted to the right.

35 q

25r q

u(x,l):uo(xfzt)

-10 -8 -6 -4 -2 0 2 4 6 8 10 12

Figure 2.1. Plot of the initial condition ug(x) and the solution u(x,t) to

the advection equation at t = 2.5 with the wave speed a = 2.

2.3 Method of characteristic for advection equations

A characteristic to a PDE is a set in which the solution to the PDE is a constant
(does not change). For first order PDE of the form w; + p(z,t)u, = f(z,1), a
characteristic is often a continuous curve (t(s),z(s) for a parameterizations of s.
Let us examine the advection PDE u; +au, = 0 first. Since along the characteristic,
the solution u(x,t) = C, a constant. Differentiating it with respect to t we get

ou Oudx

o T ordt
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Since u(z, t) is the solution to the PDE, we have to have % =aorz =at+C. Thus
we have C' = z — at. Since u(x,t) is a constant along the line (the characteristic),

we have
u(x,t) = u(C,0) = ug(C) = uo(x — at), (2.12)

where ug(z) is the initial condition. Often we can simply write C' = C. Note that
in PDE, an arbitrary constant often corresponding to an arbitrary function C' =
flxz—at) = u(z,t). Once again, we get the general solution using a different method.
It is important to know that along a curve & — z = a(t — t), the solution u(z,t)
is a constant, which is the basis to determine appropriate boundary conditions for

boundary value problems.

2.4 Solution of advection equation of boundary value

problems.
Now consider the boundary value problem of an advection equation
Ju Ju
— — = L 2.1
at”ax 0, 0<z< (2.13)
u(z,0) = uo(x), 0<z<L, (2.14)

for a positive constant L. We need one or two boundary conditions to make the
problem well-posed, that is, the solution exists and it is unique. Given a point (z,t),
0 <x < L andt >0, we can use the method of characteristic to track back the
solution to either the initial condition or boundary condition whichever is the first
hit by the characteristic in the domain.

For example, assume that a > 0, see the left diagram in Figure 2.2 for an
illustration. The line x = at passes through the origin and divide the domain in
the first quadrant as two parts; one region we have 0 < at < z; the other region is
0 < z < at. In the first region, the line equation z = at + C' if we trace back from a
point (x,t) will hit the x axis (t = 0) fist at + = C when ¢ = 0. Thus the solution

in this region is
u(z,t) = u(C,0) = uo(C) = uo(x —at), if L >z >at>0. (2.15)

In the second region in the first quadrant 0 < x < at, the line equation z = at + C
if we trace back from a point (z,t) will hit the ¢ axis (x = 0) fist at * = 0 when

t = —C'/a. Thus the solution in this region is

w(z,t) = u (0, —%) —g (—%) =g (t - g) if0<z<at.  (2.16)
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In summary, for a > 0, we need to prescribed a boundary condition at = = 0,
say, u(0,t) = g(t), then the solution is

up(x —at) 0<at<ax <L, t>0
ug(x,t) = 2.17
o) g(t—g) 0 <z <min{at, L} and ¢t > 0. @17)
2.5 Boundary value problems of advection equation
with ¢ < 0. *

With similar discussions, the boundary value problem

ou ou
g—i—a%—O, O0<z<L (2.18)
u(z,0) = uo(x), 0<z<L, (2.19)

with a < 0 requires a boundary condition at © = L, say, u(L,t) = g,(t) is given, see
the right diagram in Figure 2.2 for an illustration.

The line equation = at + L passes through (L,0) and divides the domain
in the first quadrant as two parts; one region we have 0 < = < at + L; the other
region is 0L 4+ at < = < L. In the first region, the line equation = = at + C' if we
trace back from a point (x,t) will hit the z-axis (t = 0) fist at = C' when ¢ = 0.
Thus the solution in this region once again is

u(z,t) = u(C,0) = up(C) = up(x —at), if0<xz<at+ L. (2.20)

In the second region in the first quadrant 0 < x < at, the line equation x = at+ C' if
we trace back from a point (z,t) will hit the v = L axis (x = L) fist at t = (L—C)/a.

Thus the solution in this region is
L-C L —at L—
u(x,t) :u<L,—> =g, (M) :g<t——x) if L+at<xz<L.
a a a
The solution then is
ug(x — at) 0<z<L+4at; t>0,

ug(z,t) = L—ua
9r

(2.21)
t+—> max{0, L+at} <z <L, t>0.
a

2.6 Method of characteristic for general linear first

order PDEs
Consider a general linear first order PDE
ou ou
— — =0. 2.22
2 pla )5 =0 (222)
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X< at
x—L=at

x=at

O<x<L+at
x> at

Figure 2.2. Diagram of the two regions where the solution of the advection
is determined either by the initial or a appropriate boundary condition. The left

diagram is for a > 0 while the right is for a < 0.

In the method of characteristic, we set % = p(x,t). If we can solve this ODE to
get © — g(t) = C. Then the general solution to the original problem is u(z,t) =
f(x —g(t)) for any differentiable function f(x).

Proof: If u(z,t) = f(z — g(t)) and 2 = —g¢'(t) = p(x, t), then we have % =
1’ (t) = f'p(x,t) and % = f’. Thus we have % —l—p(x,t)% = f'(-p)+pf' =0.

Example 2.2. Find the general solution to
Ou ~ ,0u
ot 0w

Find also the solution to the Cauchy problem if u(x,0) = sinz.

0.

Solution: We set % = p(x,t) = 22 or % =dt. Weget =1 =t+C or
C =t — 1. The general solution is u(z,t) = f(t — 1).
Since we have u(x,0) = f(—1/x) =sinz. Let y = —1/x we get f(y) = —siny.

The solution to the Cauchy problem is u(x,t) = — sin ﬁ = —sin %5

Example 2.3. Find the general solution to
ou  ,0u
— +t*— =0.
ot + ox
Find also the solution to the Cauchy problem if u(x,0) = sinz.

pla,t) =t> orx =t3/3+C. We get C = x —t3/3.

t3

Solution: We set ‘fi—f =
The general solution is u(z,t) = f(x — %).
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Since we have u(x,0) = f(z) = sinz. The solution to the Cauchy problem is

u(x,t) = sin (x - g)

2.6.1 Solution to first order linear non-homogeneous PDEs with
constant coefficients

Using the method of changing variables, we can transform a first order linear non-
homogeneous PDEs with constant coefficients

ou ou
en + as— +bu = f(x,t) (2.23)

to an ODE. Thus we can solve the ODE to get the general solution to the PDE.
With the same way of changing variables

& =x —at, x =&+ an,
or (2.24)
Under such a transform, we have u(x,t) = u(§ + an,n). We denote U({,n) =
u(€ + an,n). Then using the chain rule, we can get

ou_ovoc ovon v v
ot oot omot 9 on’
du_ouve ouon_ou ou
dxr  O¢ dx  Onodx O On’

Plug them into the original PDE (2.23), we would get

%—Z LU = f(E+ann) = F(En). (2.25)

The equation above is actually ordinary differential equation with respect to n

(treating & as a constant. If we can solve the ODE above, we can get the general
solution to the original PDE.

Example 2.4. Find the general solution to
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It is a non-homogeneous ODE and the solution can be expressed as

U=U,+U,
in which U}, is the homogeneous solution to %—Z — U = 0 and U, is a particularly
solution to the ODE. It is easy to get Uxp(&,n) = g(£)e”. From the ODE technique,
we can set

U,=An+B
for two constants A and B. Plug this into the ODE and matching terms on both

sides, we get A = —1, B = —1. Thus the solution in the new variables is

Un(§;m) = g(§)e" —n— 1.

Thus the general solution to the PDE then is

u(z,t) = g(z — 2t)e’ —t — 1.

Example 2.5. Find the general solution to

Solution: With the changing variable £ = = + %t, n = t, the PDE becomes
ou 1
— +4U = (€ — = .
an (6 277) U
It is a non-homogeneous ODE and the solution can be expressed as

U=U,+U,

in which Uy, is the homogeneous solution to %—g +4U = 0 and U, is a particularly
solution to the ODE. It is easy to get Uy, (€,1) = g(£)e™*7. From the ODE technique,
we can set

U,=An*+Bn+C
where A, B, and C are constants. Plug this into the ODE and matching terms on
both sides, we get A =—1/8, B = % + %6, C= —1% — &. Thus the solution in the
new variables is

e LS ), m L L
Un(&m) = g(&e™™ 2+<4+16>” 16 64

Thus the general solution to the PDE then is

B AN r+t/2 1 r+t/2 1
M%”_g(x+2>e 2+( T 1) T T




Chapter 3

Solution to 1D Wave

equations

A one-dimensional wave equation has the following form

0%u 0%u

PP i (3.1)

ot? Ox?
where c¢ is called the wave number. The PDE is a second order, linear, constant,
homogeneous one. According to the criteria, the PDE is a hyperbolic one. We first
find the general solution for which no constraints are imposed.

We can use the method of changing variables to simplify the PDE by setting

E=u—ct, x:HTn,
or (3.2)

n:x-}—ct’ t:ﬂ—§

2¢

Under such a transform, we have u(z,t) = u (&Tn, "2_05) = U(&,n). Then using the
chain rule, we can get

ou_ovoc ovay U v
ot o9& ot oot O on’
bu_ouoe auon _ou U
dr  9¢ dx  Onodx ¢ On’

Differentiating again, we get

@ — (_6)82_[]% + (—C) 82U @ +c 82U % + 082U@

o2 €2 Ot ondE ot 9o ot On? Ot
0*U 0°U 0*U

20 Y 929 Y 20 YV

oz 3£5n+c on?’

15
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assuming both % and % are continuous so that they are the same. Similarly
we have

O*u  9*U . 02U n 02U

0x2  0€2 ocon  On?

Plug them into the original PDE, we get

0%U 0%U
2 _ —
de ocon? 0, or ocon

0

since ¢ # 0. We integrate with respect to 7 we get % = f(£); and integrate it with

respect to £ we get

Ue,n) = / F(€)de + G(n) = F(€) + G(n)

since [ f(€)d¢ is still a function of . Finally, we get back to the original variables

to get the general solution
u(z,t) = F(x —ct) + G(z + ct) (3.3)

for any twice one dimensional differentiable functions F'(z) and G(x).

3.1 Solution to the wave equations: the Cauchy
problems

A Cauchy problem (an initial value problem) of the 1D wave equation has the

following form

Pu 0%

5z = 952 —00 < x < 00 (3.4)
u@0) = [ w0 =gl),  —o<w<oo (3.5)

where f(z) and g(x) are given initial conditions. The solution to the Cauchy prob-
lem can be represented by the D’Alembert’s formula

xz+at
u(z,t) = = (f(x — at) + f(x + at)) + i/ g(s)ds. (3.6)

2c

N =

Proof: First we check the boundary condition. We have

u(z,0) = 5 (f(x) + f(z)) + 0 = f(z)

N =
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since the integration is zero if the lower and upper limit of the integration are the

same. Secondly, we differentiate the equality above with respect to ¢ to get

ou 1

S,0) = 5 (F(@)(=0) + £/ (@)e) + o (eg(x) = 9()(~¢) = g().

To prove the D’Alembert’s formula satisfies the wave equation, we just need to solve
for F(x — ct) + G(z + ct) of the general solution in terms of f(x) and g(z). From

the initial condition, we already have
u(z,0) = F(z) + G(x) = f(x). (3.7)

Differentiating the general solution with respect to t, we get

ou

i F'(z —ct)(—c) + G'(z + ct)c. (3.8)
At t =0, we get
%(m, 0) = —F'(z)c+ G (2)c = g(x), or F(x) — G(z) = —% /Om g(s)ds. (3.9)

Along with F(z) + G(z) = f(z) which is F'(z) + G'(z) = f'(x) we solve for F(x)
and G(z). Add the two identities together we get

26/ (z)e = f'(@)e+9(x) or G'(x) = 21'() + o-g(a)
From this we get
Gla) = 3 () + 2%/0 g(s)ds + A
where A is a constant. Since we have
1 1 [*
Fla) = f(a) = G(o) = 5@) = 5 | gt = 4

Plug them into the general solution, we get

u(z,t) = Flx —ct) + Gz +ct) = %f(x—ct) - %/Owc g(s)ds — A

1 1 x—+ct
= — A
+ 2f(x—|—ct)+ 26/0 g(s)ds +

N —

1 0 x+ct
Gt +fara)+g [ owiseg [ gl

c

x+at
(f(e —at) + fla +at) + - / o(s)ds.

N =
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Example 3.1. Solve the Cauchy problem for the wave equation

0%u 0%u
W = @, —00 < <0
sine if |z| <7 ou
u(zx,0) = —(2,0) =0.
(,0) { 0 otherwise; 875( )

Solution: The solution is simply
1
ul,t) = 5 (fle = 20) + [z +20)

. The If ¢ is large enough, then the non-zero regions of f(x — 2t) and f(z + 2t) do
not overlap. We see clearly a single sine wave in the domain (—m,7) propagates
to the right and left with half the magnitude, see Fig. 3.1. We call f(z — ct) the
right-going wave, while f(x + 2t) the left-going wave.

3.5F

2k u(x,t)=u,(x+2t)/2 (=, (x-20/2

-05F U9

Figure 3.1. Plot of the initial condition ug(x) and the u(z,t) to the 1D

wave solution at t = 2.5 with the wave speed ¢ = 2.

Example 3.2. Solve the Cauchy problem for the wave equation

Pu_o0 e cr<o
o2 oz’
u(z,0) = sinx @(x, 0) = ze .

ot



3.1. Solution to the wave equations: the Cauchy problems

19

Solution: The solution is
z4++/2t

u(z,t) = % (sin(x — V2t) + sin(z + \/515)) + % /w

- % (sin(x — V2t) + sin(z + ﬁt)) + ﬁ (

Example 3.3. Solve the Cauchy problem for the wave equation

%u  O%u
92 = 92 —00 < < 00
2 fo<az <3,
uw(z,0)=1 2(1—2) ifi<z<1 %(x,O)
2="=" ot
0 otherwise.

se % ds
7\/51‘/
o—(@—v2)? _ e—(m+\/§t)2) .

In Figure 3.2, we show the plot of the solution at time t = 0, t = 0.3, and

t = 5. We can see clearly how the one wave split into two with half strength towards

left (x —t)) and right (z —t)). A Matlab movie file is also available (wave_piece.m

and fp.m).

05t A =0
0 L L L L

L L L L L
-5 -4 -3 -2 -1 0 1 2 3 4

t=0.3

0.5- M
0

-5 -4 -3 -2 -1 0 1 2 3 4

0.5-

-5 -4 -3 -2 -1 0 1 2 3 4

Figure 3.2. Plot of the wave propagation at timet =0, t = 0.3, andt = 5.

We can see clearly how the one wave split into two with half strength towards left

(x —t)) and right (x —1)).
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3.2 Normal Modes solution: Solution to 1D wave
equations with special initial conditions

Now consider the boundary value problem of an advection equation

Pu 0%

w =C @, O<x<L

u(0,t) =0, u(L,t) =0. (3.10)
ou

u(0,t) = f(z), ;@ 0)=g), 0<z<L

for a positive constant L. An application is an elastic string of a length L with two
ends fixed, which corresponds to the homogeneous boundary conditions.

Consider a special function

( t) . nmx nmct
Up (2, 1) = sin —— cos
n b) L L )

for a non-zero integer n. It is obviously that wu,(0,t) = w(L,t) = 0 and u,(z,t)
satisfies the PDE (3.10). Note that u,(x,0) = sin % and %(x,O) = 0. Thus, if

f(x) = sin 222 and g(x) = 0, then u,(z,t) is the solution to the initial-boundary

(3.11)

value problem (3.10). Such a solution is called the normal modes of the initial-
boundary value problem.

Similarly,

_ . nmx . nmnct
Up(x,t) = sin —— sin

L L

also satisfies the boundary condition and the PDE. Now we have @, (z,0) = 0 and
9u(2,0) = 2% sin 222, Thus, if f(z) = 0 and g(z) = 2% sin 222, then G, (z, 1) is

the solution to the initial-boundary value problem (3.10).

(3.12)

Example 3.4. If f(z) = 1sin %% and g(z) = 0, find the solution to the initial-

boundary value problem (3.10).

Solution: The solution is

1 . 5mx omet
u(x,t) = 5 Sin —— cos ——.

Example 3.5. If f(z) =0 and g(x) = %sin %, find the solution to the initial-

boundary value problem (3.10).

Solution: The solution is
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Example 3.6. If f(z) = sin2T% — 10sin 2222 and g(z) = sin 2%, find the

solution to the initial-boundary value problem (3.10).

Solution: The solution is

(2,1) = si Srx Smet 10si 20Tz 207rct+ L . 1bmx . 1bwet
u(x,t) = sin 7 cos T sin 7 cos 7 30Wcsm 7 sin 7

This is because the PDE is linear, homogeneous, and with homogeneous
boundary conditions.

Challenge: How about the normal modes of

N ( t) nmtx . nmnct . ( t) nmwe nmct
Up(z,t) = cOS —— sin , Up(,t) = cOS —— Cos
" L L " L L

7 (3.13)

From the superposition, we know that the linear combination

N
nmwT nmct nwT nmct
1) = n SN —— by, sin —— si 3.14
un(z,t) ;_:1((1 sin —— cos — + smLsmL) (3.14)
is the solution to the initial-boundary value problem (3.10) with special initial
condition
o nmwx
un(z,0) = f(z) = ;an sin ——

What should we do for other general f(x) and g(x)? We can use the separation

variable and Fourier expansion (N — 00).
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Chapter 4

Orthogonal functions and
expansions, and

Sturm-Liouville problems

For 1D wave equations with homogeneous boundary conditions, if f(x) = e* or even
flx) = Zi]\;O a;r', we can not using the combination of normal modes solutions
unless we have infinite terms of them. Nevertheless, we can get a series solution if

we can have

et — Z (an oS n_zm + by, sin nLLx) . (4.1)
n=0

This is called an orthogonal functions expansion of e*. How do we get those or-
thogonal functions? The answer is from the Sturm-Liouville eigenvalue problems.
Also consider the method of separation of variables for the 1D wave equation.
We try the solution of the form u(z,T) = T'(t) X (x). To satisfy the boundary con-
ditional, we should have X (0) = 0 and X (L) = 0. Thus we have ‘?;t“; =T"(t)X(x)

gié" =T(t)X"(x). Plug them into the wave equation we get

and

T//(t) _ X//(x)
AT X(x) '

Tt X (x) = AT () X" (), or

This is possible only if

ATE)  X(z) A
for some constant A\. Thus we have
X"(x) — XX (z) =0, X(0)=X(L)=0. (4.2)

The solution is
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if A > 0 which implies X () = 0 due to the boundary condition. X(x) = 0 is a

trivial solution. If A < 00, then the solution is
X(x) = CycosvV—Ax + CysinvV—Az.

X (0) = 0 implies that C; = 0 and X (z) = Cysinv/—Azx. X (L) = 0 implies that
X (z) = sin/—AL =. This is a special Sturm-Liouville eigenvalue problem. We get

2
V—=AL =nm, or -— :(n_w) n=12, -,

L
nmx
Up () = sin I
which satisfies the ODE and the boundary conditions. the set {sin %} are called

the eigenfunctions.

4.1 Orthogonal functions

Orthogonal functions are similar to orthogonal basis in R™ space in linear algebra.
Examples and applications include Fourier series. One of notable application is that
we can expand functions in terms of orthogonal functions. Orthogonal functions
are also intensively applied in computational mathematics as approximation tools.

In R™ space which is all the column vectors with n components. The simplest

orthogonal basis are {e;}. For example, if n = 3. we have

1 0 0
e = 0 , €9 = 1 , €3 = 0 R
0 0 1
We have
1 ifi=j,
(ei,ej) =e;e; =
0 ifi#j,

. For any vector a = [ay, az,a3]”, we have a = ae; + azes + azes. If b= {b;} is a
vector, then (a,b) = Z?Zl aib;.

There are other orthogonal basis in R, for example,

1 0 0

- ~ 1 ~ 1

€1 = ; €2 = _% , €3 = ﬁ )
0 0 NG

also form a unit-orthogonal basis. How do we express any vector in terms of {&;}?

(a, él)
(€i,8;)

a= a1 + azes + azes, o = = (a, &)
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Similar to the R™ space, we need to define a functional space which is a set of
functions that has operations. All square integrable function is (a, b) form a linear
space, called the L?(a,b) space,

L*(a,b) = { /|f |dx<oo} (4.3)

It is a linear space because if f(z) € L?(a,b) and g(z) € L?(a,b), then their linear
combination w(z) = af(x) + Bg(x) is also in L?(a,b) for any constant o and 3. In
L?(a,b) we can define an inner product similar to that in R"™ space as

b
:/waMw (4.4)

where g(z) = g(z) in real number space and is the conjugate of g(x) is complex

number space. For example, if f(z) = e® + isinz then f(x) = e® —isinx.
Example 4.1.

b
flx) =1, g(z) = sinx, / f(@)g(x)dx = / sinxzdx = 0

We call f(z) and g(z) orthogonal (perpendicular) in L?(a,b) if (f, g) = 0.

The norm of a function f(z) in L?(a,b) is defined as

[flle = flle = V(f, /) = If )[Pdx. (4.5)

Example 4.2.

27
f@) =1, (ab)=(02m), |f]= A|mw@:wﬁ

Example 4.3.

o) =1, (a,b)=(0,20), |f] = Awmmwwaﬁ

Note that there are many different norms, for example,

/p

b
Hflh=/|f(ir)ldx, [flloo = max [f(x)], |Ifll,= (/ |f(x |de> (4.6)

0<z<2m
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for p > 0. It can be shown that || f||c = lim (1£1lp-
p—r00

There are more than one ways to define an inner product, so the normal. An

inner product is a special functional?® of two arguments that satisfies

o (f,9)=1(9: 1)
o (af + Bg, h) =a(f, g) + B(g, h) for any scalars « and .
A norm should satisfy
e ||f]| >0 and ||f|| = 0 if and only if f(x) =0, or f: f2(z)dz = 0.
o |laf|| = |a]||f]] for any scalar a.
o ||f+gll = IIfll + llg]l called the triangle inequality.

All these statements are true in R™ space. The famous Cauchy-Schwartz inequality

< \//abf(x)de \//abg(x)de.(él.?)

is true, that is

b
(£ 9l < [l fIlllgll, or /f(x)g(x)dx

Particularly, if we take g(z) = 1, we get

/ab f(x)dx

An example of different inner product is a weighted inner product. Let w(z) >
0 and f;w(x)dx > 0, the weighted inner product of f(x) and g(x) is

2 b
< (b—a) / () 2da. (4.8)

b
(f. 9w = / f(@)g(@)w(z)de. (4.9)

The function f(z) and g(z) are orthogonal with respect to w(x) on (a,b) if

b R
(f. D) = / f(@)g@w(z)dz = 0. (4.10)

The corresponding norm is then

b
1l = VT P = ¢ / w(a)| f(x)[2dz. (4.11)

We will see the application of weighted inner product and norm for PDEs in polar

and spherical coordinates for which w(r) = r.

2A function whose arguments are functions.
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4.2 Expansion of functions in terms of orthogonal set

Definition of an orthogonal set: Let fi(z), fo(x), -, fu(z), -+ be a set of
functions in L?(a, b), which can also be denoted as { f,(z)}. It is called an orthogonal

set if (fi, fj) = 0 as long as ¢ # j for all ¢ and j’s. The orthogonal set is called a

normal orthogonal set if || f;|| = 1 for all i’s.
Example 4.4.
fi(x) =sinz, fo(x) = sin 2z, f3(x) =sin3x, - -, fr(z) =sinnz, -,

or {sinnz} is an orthogonal set in L*(—m, x).

Proof: Ffm # n, we can see that

™ ™ 1
/ sin nx sin madx = / —3 ( cos(m + n)x — cos(m — n)x) dx

>:o.

T sin(m — n)x

1 <sin(m +n)z

2 m+n - m-—n
Note that if m = n, then we have
s s 1_ 2
/ sin® nxdr = / de =T. (4.12)

Thus we have || f,|| = /7. The new orthogonal set {fn(x)} ={fn(z)/\/7} is a
normal orthogonal set.

Note also that the above discussions are true for any interval [a,a + 27] of
length of 27 since sinnz is a period function of 27.

Function expansion using an orthogonal set.

oo

We can expand a function f(z) using an orthogonal set of functions {f,(z)},

that have similar properties as

f@) ~ > anfol@) (4.13)
n=1

While we can always do this. But the left hand side and right hand side of above
may not be the same, and that is why we use the ’ ~’ sign. To find the coefficients
{a,},2,, we assume that the equal sign holds and apply the inner product of the
above with a function a,,(x) to get

(f(ﬂf), an) = (i anfn(x)afm($)> = ian (fn(ﬂf); an(x))
n=1

n=1
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Since {fn(x)},2 | is an orthogonal set, the right hand side terms are zeros except
the m-th term, that is

f(®), fm
(@), fn) = am (fnl@), fule)) = am:m. (4.14)

Example 4.5. Ezpand f(x) = x in terms of {sinna} on (—m,x).

We know {sinnz} is an orthogonal set on (—m, ). The coefficient a,, is

™ /’T cosnT >
+ dx
—T —r n

an:—:—

s .

Jo wsinnzdr 1 T COS N
T . -

[T sin®nadr 7

n

2 cosnx

™ n

The expansion then is
. . 2
T~ 2sinx — sin 2z + gsmi’)x—--- .

From Fourier series theory, we know that the equality sign hold for this case at any

x in (—m, 7).
Example 4.6. Ezpand f(z) = 22 in terms of {sinnz} on (—m,n).

It is easy to check that a,, = 0 for all n’s. This is because we have

[T x?sinnads
T STaeds
The integrand is an odd function whose integral in symmetric interval is always 0.
Such an expansion is meaningless. This is because the function f(z) = 2% does not
have many properties of {sinnz} on (—7,).

We call the orthogonal set {sinnz} on (—m,7) is incomplete or subset in the
space L2(m, 7). In Figure 4.1, we show a diagram among functions, L?(a,b) and
{sinnz} and {cosna} which are subset of L0, 7). While there are not complete in
L?(0,7), but they are complete if additional conditions are imposed such as some
kind of boundary conditions.

It is easy to check that the set {cosnz}, - is also an orthogonal set on (—m, 7).
Note that this set includes f(z) = 1 when n = 0. We can expand f(z) = 22 in terms
of {cosnz} ) ). But it is meaningless to expand f(z) = z in terms of {cosnz} .
then

we can show that it is another orthogonal set since ffﬂ sinma cosnz = 0 for any m

[ee]

However, if we put the two orthogonal set together to {1,cosnz,sinnz}, _,,
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Figure 4.1. A diagram of the orthogonal functions. If all functions are
in a universe. Then L*(a,b) is a complete subset, called a Hilbert space since an
inner product is defined. This set is complete meaning that any Cauchy sequence
will converge to a function in L?(a,b). The orthogonal set {sinnz} and {cosnx}
are subsect of L*(0,7).

and n. Any function f(z) in L?(—m, ) can be expanded by the orthogonal set,
flx) ~ Z (an cosnz + b, sinnz) . (4.15)
n=0

This is called a Fourier series of f(x) on (—m, 7).

4.3 Sturm-Liouville eigenvalue problems

Sturm-Liouville eigenvalue problems provide a way of generating orthogonal func-
tions that have some special properties. For example, for the 1D wave equa-
tions uy = c*ugy in the domain (0, L) with a homogeneous boundary condition
u(0,t) = u(L,t) = 0. The Sturm-Liouville eigenvalue problem obtained using the
method of separation variables would lead to a set of orthogonal functions {sin nEE

For any function f(x) € L?(0, L) with f(0) = 0 and f(L) = 0, we can expand the

f(x) in terms of the orthogonal functions.

A Sturm-Liouville problem has the following form

(p(@)y' (@) + a(z)y(z) = f(z), a<z<b (4.16)

with two boundary conditions at © = a and x = b. Take x = a for example, three

liner boundary conditions are often used.
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1. The solution is given, that is, u(a) = « is known. It is called a Dirichlet BC.

2. The derivative of the solution is given, that is, ‘u(a) = 8 is known. It is called

a Neumann BC.
3. The BC is given as au(a) + fu'(a) = 4. It is called a Robin or mixed BC.
We can write a uniform form of the BC at the two ends as
o c1y(a) + coy/(a) = by, 2 +c3#0.
o dyy(b) + day/ (b) = by, d3 +d3 # 0.

The ODE is called a self-adjoint ODE. Note that p(z)y” (z)+w(z)y (x)+q(z)y(z) =
f(z) is not a self-adjoint ODE unless it can be transformed to the standard form
(B} (@) + a@)y(x) = f(x).

The Sturm-Liouville problem will have unique solution if p(z) > py > 0 and
g(z) < 0 with suitable boundary conditions, for example, Dirichlet BC at two ends.

However, here we are more interested in multiple solutions

/

(ple'@) + (a@) +3(@)y@) =0,  a<a<b,
c1y(a) + c2y'(a) = 0, 43 #0, (4.17)
diy(b) +day'(b) =0, di +d5 #0.
This is called a Sturm-Liouville eigenvalue problem. Note that the ODE and the
boundary conditions are all homogeneous.

Apparently y(z) = 0 is a solution, called a trivial solution. We can find some
A such that the problem has non-trivial solution. In a Sturm-Liouville eigenvalue
problem, we want to find both A, and corresponding yy(z) # 0 that satisfies both
of the ODE and the boundary conditions. We can such ((A,yx(z)) an eigenpair.

Example 4.7. Solve the eigenvalue problem

y' + =0, 0<z<m,

Solution: In this example p(z) = 1, ¢(z) = 0, and r(z) = 1. The root of the
characteristic polynomial is +v/—\. If A < 0, then the solution is

y(z) = Cle‘/jx + 0267\/7_)@.
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Plug the boundary conditions y(0) = y(7) = 0, we get
C1+Cy =0, CreV ™ 4 Che VAT = 0.

The solution is C7 = 0 and C5 = 0. We have the trivial solution. Similarly if A =0,
then y(z) = C1 + Cox and again we get the trivial solution.

However, if A > 0, then the solution is
y(z) = Cy cos V Az + Cy sin VAz.

The BC 5(0) = 0 leads to C; = 0. Thus y(z) = Cysinv/Az. The second BC
y(7) = 0 leads to Cysin v/ Ar = 0. When sinz = 0? x bust be nr. Thus we get

VIt =nr — A= ()2, n=1,2---.
The solution to the eigenvalue problem is
Ap = 1%, yn(x) = sin nz, n=12---.
Usually, we do not include the C5 term since the eigen-functions can differ by a

constant. Note that the eigenfunctions {sinna} is an orthogonal set on (0, 7).

Class practice

Solve the eigenvalue problem

y' +Ay=0, 0<z<I,

The solution is A\, = (n7)? and y, (z) = sin nwz.

Regular and singular Sturm-Liouville eigenvalue problem

To make the differential equation wellposed, we require p(z) is non-zero. Math-
ematically we require that p(x) € C(a,b) and p(x) > po > 0 and ¢(x) > 0 and
r(x) > 0. Such a Sturm-Liouville eigenvalue problem is called a regular problem.
If the conditions, especially, the condition on p(z) is violated, We called a singular

problem. Below are some exmples
' +Ay=0, —1<z<l1, regular,
(xy/)' +Ay=0, —-1<z<l1, irregularatz =0,

(1 —2%)y) + =0, —1<ax<l, irregularata ==+1.
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Sometime, we need some effort to re-write a problem to have the standard
Sturm-Liouville eigenvalue problem.

Example 4.8. 2%y” +2zy'+\y = 0 can be written as (x2y’)' +2xy’ + My —2xy’ =0
which is (%y") + Ay = 0.

1,7

Example 4.9. We can divide by 2* for zy” —y'+Axy = 0 to get 2y — L9/ + Ay =0
which is (%y’)/ + Ay = 0 which is a standard S-L eigenvalue problem.

Example 4.10. Solve the eigenvalue problem

vV +dly=0, 0<z<m,

Solution: From previous example, we know that the solution should be
y(x) = Cysinv/Az. Thus the derivative is /() = Cov/Acos vV Az. From ¢/ () = 0
we get 3/ () = cos VA = 0. Thus the solution is

2
1
\/XW=§+n, n=0,1,2,---, = )\nz(——i—n),

yn(x) = sin (% + n) ..

Question: Can we take n =—-1,n=-2,--- 7

The set of orthogonal functions {sin( % + n)a:} can be used to solve the wave
equations uy = c*u,, with the boundary condition u(0,t) = 0 and %(w, t) =0 on
the interval (0, 7).

Example 4.11. Solve the eigenvalue problem with mized boundary condition

y' + =0, 0<xz<l,

y'(0)=0, y(1)+y'(1)=0.

Solution: We know the solution should have the form

y(x) = Cy cosax + Cy sin ax, A\ =a?,

y'(x) = —aC sinaz + aCy cos ax.
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From %'(0) = 0, we conclude that C5 = 0. From the mixed boundary condition we

have

Cy(cosa —asina) =0, or cosa—asina=0, = cota=a.

200

150 / =
100 / i

50
o@Jﬁ@ 1

1
0 50 100 150

Intersections of y(x)=x and y(x)=cot(x)

l
|

x\\
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|
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Figure 4.2. Plot of y =« and y = cotx. The intersections are the eigen-
values of \/\n. Note tha some machine errors are present due to the singularities
of cotx at km, k=1,2,---.

There is no closed form for the solution of the non-linear problem. But we
do know the solution is the intersection of y = = and y = cotx. There are infinite

positive solutions oy = 0.86---, ag = 3.43---, a3 = 6.44---. The eigenvalues are
2

n?

An = ag, and the eigenfunction is y, () = cos A,z. In Figure 4.2, we show a plot

of y = x and y = cot x. The intersections are v, ’s.

4.4 Theory and applications of Sturm-Liouville
eigenvalue problem

For a regular Sturm-Liouville eigenvalue problem,

(p(x)l/(x))l + (Q(Jf) + A?“(ﬂ:)) y(x) =0, a<z<b,
cy(a) + c2y'(a) = 0, A+ #0, (4.18)

0
diy(b) +day'(b) =0,  di +d3 #0.
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The term regular means that all p(x), ¢(x),r(z) € C(a,b), p(x) > po > 0, r(x) > 0.
Then we have the following theorem.
Theorem 4.1.

1. There are infinite number of eigenvalues, that are all real numbers. We can

arrange the eigenvalues as

AM< < <A<, lim A, = oco. (4.19)
n— oo
2. The eigenfunctions y1(x), y2(x), -+, yn(x), -, are an orthogonal set with

respect to the weight function r(x) on (a,b), that is
b
/ Ym ()Y ()1 (2)dz = 0, if m#n. (4.20)

3. For any function u(z) € L?(a,b) that satisfies the same boundary condition,

we have an orthogonal expansion in terms of {y,(z)}>—,, that is

n=1’
> _ fbu(a:)yn(a:)r(a:)da:
u(x) = Anyn (), with A, = % . 4.21
()= 2 e P

Sketch of the proof of the orthogonality: Let yi(z) and y;(x) are two
different eigenfunctions corresponding to the eigenvalues of A\; and A; respectively.
We have

, /
(pyj) + ( q+ /\r) y; =0, (4.22)
li
(wui) + (a+xr)y =0, (4.23)
We multiply (4.23) by y; () and multiply (4.22) by y;(z) to get
/ ! / !
Yk (pyj) —Yj (pyk) + (Aj = A)ry;ye = 0. (4.24)
Integrating above from a to b leads to
b b
(A — )\k)/ ryjyrde = / yr ((py;)" — yi(pys)') de.

Applying integration by parts to the right hand side and carry out some manipula-

tion, we get
b
s — M) / rysyede = p(b)y (D) (8) — p(a)y; (D)l (b)

—p(a)y;(a)yx(a) + pla)y;(a)y;(a).
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From the boundary condition at x = a we have

lw(a) y;-<a>Hc11:lol.

yr(a) yi(a) c2 0

Since ¢ + 3 # 0, we must have the determined to be zero, that is
p(a)yj(a)yk(a) — pla)y;(a)ys(a) = 0.

By the same derivation at x = b, we also have
P(b)y; (b)yr(b) — pla)y; (b)ys (b) = 0.

Thus we have (A;—\g) f: ry;jyrde = 0, since \j # A, we conclude that fab TY;yrdr =
0. This completes the proof.
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Chapter 5

Method of separation

variables for solving PDE
BVP in Cartesian

coordinates

Consider the boundary value problems

u 0%
gu _pru
ot? Ox?’

(5.1)

¢ is called the wave number in physics. We have already known the solution for

various situations.
e The general solution u(z,t) = F(x — ct) + G(z + ct).

e Solution to the Cauchy problem oo < x < 00, u(z,0) = f(x); %(m, 0) = g(x),
the D’Alembert’s formula

N =

x+at
u(z,t) = = (f(x —at) + f(x +at)) + %/ g(s)ds.

e The solution to the IvP-BVP problems 0 < x < L, the normal modes solution
for some special u(z,0) = f(z) and u(z,0) = g(x),

~ nmwx ” nmwx
') = n Si ) = by, si .
flz) = 321 an Si0 — g(z) E sin

The solution would be

n
; t b ; t
u(z,t) = Z (an sin n_za“ cos m;c + —sin n_za“ sin nre ) .

n=1

Challenging: How about different boundary condition %(O,t) = 0 and
u(L,t) = 0. What are the normal modes solutions?

37
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5.1 Series solution of 1D wave equations of IVP-BVP

We use the method of separation variables to solve

Pu 0%
w—c @, O<z<L
u(0,t) =0, u(L,t) = 0.
ou
u(07t):f(x)’ g(x,O)zg(x), 0<xz <L,

for general f(x) and g(x). Note the consistency requires that f(0) = «(0,0) = 0.
The method of separation variables includes the following steps.

Step 1: Let u(x,t) = T'(¢t) X (z) and plug its partial derivatives to the original
PDE so that we can separate variables. The homogeneous boundary conditions
require X (0) = X (L) = 0. Differentiating with u(x,t) = T'(¢t)X (x) with ¢ and =

respectively, we get

ou ., Pu ., . ou , *u P
T=TOX(), Sy =TOX@; G =TOX'(@), 5y =TEOX"(@).
The wave equation can be re-written as

" _ I () X"(x)
"X (2) = AT X" (x), = 10 - X() ~ - (5.2)

This is because in the last equality, the left hand is a function of ¢ while the right
hand side is a function of z, which is possible only both of them are a constant
independent of ¢ and x. We get an eigenvalues either for X (x) or T'(t). Since we
know the boundary condition for X (z), naturally we should solve
X"(z)
X(x)

=X or X'"(z)+AX(2)=0, X(0)=X(L)=0 (5.3)

first.
Step 2: Solve the eigenvalue problem. From the Sturm-Liouville eigenvalue

theory, we know that A > 0, thus the solution is
X"(x) = C) cos V Az + CysinVAz.

From the boundary condition X(0) = 0, we get C; = 0. From the boundary
condition X (L) = 0, we get

Cysin VAL =0, = VAL=nm, n=12---,

since Cs # 0. The eigenvalues and their corresponding eigenfunctions are

A = (%)2, X, (x) =sin

nmx

T n=12
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Now we solve for T'(t) using

T (t) 4+ N\, T(t) = 0. (5.4)

The solution is (not an eigenvalue problem anymore since we have already known
An)

t t
T, (t) = b, cos ar =+ b} sin CTZT

Put X, (x) and T, (t) together, we get a normal mode solution

. nmw cnmt . . cnmt
Up (2, 1) zsmT b,, cos T + b} sin ,

- (5.5)

which satisfy the PDE, the boundary conditions, but not the initial conditions.
Step 3: Put all the normal solution together to get the series solution. The

coefficients are obtained from the orthogonal expansion of the initial conditions.
The solution to the IVP-BVP of the 1D wave equation can be written as

> t t
u(w,t) = Z sin ? (bn cos CTZT + b} sin T )
n=0

(5.6)

which satisfies the PDE and the boundary conditions. The coefficients of b,, and b},
are determined from the initial conditions u(x,0) and wu(z,0).

L) ) .
U(l‘;o) = Z b,, sin n—zx, —_— b, = E/O f(l‘) sin ?d]},
n=0

ou (2,0) = . nx p T enmt Iy enm cnrt

e = —= ([ —b,—— sin — )

or 0 T T L L "L L

ou = . enwt,, enw y 2 L . nmwx
E(x, 0) = 7;:1 sin — bnT, = b = ey g(x) sin —du.

Example 5.1. Solve the wave equation

u  0*u
z 1
92 = a2 0<z <1,
1 if0<z<3, oy
u(0,t) = u(l,t) =0, u(z,0) 8—(:6, 0)=0
0 ifi<a<1, O
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Solution: In this example, c =1, L =1, and g(z) = 0, we have b} = 0 and
2 B 2 2
by, = 2/ f(x)sinnrade = 2/ sinnrrdr = —— cosnmw
0 0

nmw 0
2 nmw 2 nmw
= —— (cos——l) = — (1—(:03—).
nmw 2 nmw 2

It is the half range sine expansion of f(x). The solution to the IVP-BVP of the
PDE is

oo
2 m
Z — (1 — cos —) sin nmwx cos nmt.
— nm 2
We know the series is convergent in the interval (0, 1).

Example 5.2. Solve the wave equation

82 282
8752_ 922 O<z<l,
: 1. 1. ou
u(0,t) = u(l,t) =0, u(z,0) = sinme — 5 sin 2rx + 3 sin 3mz, a(m, 0) =0.

For this example, we can use the normal modes solution

1 1
u(x,t) = sinmx cos wet — = sin 27w cos 2wet + 3 sin 3wz cos 3mct.

5.2 Series solution of 1D heat equations of IVP-BVP

We use the method of separation variables to solve

Ou _ 282
E 82, O<ax<L

u(0,t) =0, u(L,t) =0.
u(0,t) = f(x), 0<x<L,

for a general f(x). Note the consistency requires that f(0) = w(0,0) = 0. The
method of separation variables includes the following steps.

Step 1: Let u(x,t) = T'(¢t)X (z) and plug its partial derivatives to the original
PDE so that we can separate variables. The homogeneous boundary conditions
require X(0) = X (L) = 0. Differentiating with u(x,t) = T'(¢t)X (x) with ¢ and =
respectively, we get

ou , . ou , 0%u B /)
WoTWX@): P =TOX@), T =TX @)
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The wave equation can be re-written as

/ _ " () _ X"(x) _
T' X (2) = AT X" (x), = 2T - X(o) - (5.7)

This is because in the last equality, the left hand is a function of ¢ while the right
hand side is a function of x, which is possible only both of them are a constant
independent of ¢ and x. We get an eigenvalues either for X (x) or T'(¢). Since we

know the boundary condition for X (z), naturally we should solve

X”(I)
X(z)

=\ or X"(z)+\X(z)=0, X(0)=X(L)=0 (5.8)

first.
Step 2: Solve the eigenvalue problem. From the Sturm-Liouville eigenvalue
theory, we know that A\ > 0, thus the solution is

X"(x) = Cy cos VAz + Cysin Vz.

From the boundary condition X(0) = 0, we get C; = 0. From the boundary
condition X (L) = 0, we get

CysinVAL =0, = VAL=nm, n=12--,

since Cs # 0. The eigenvalues and their corresponding eigenfunctions are

2
An = (n_gr) , Xa(x) :sinn—zx7 n=12---,.
Now we solve for T'(t) using
T'(t) + AN\, T(t) = 0. (5.9)

The solution is (not an eigenvalue problem anymore since we have already known

An)
To(t) = b e Ant = p, e ()%t
Put X,,(z) and T,,(t) together, we get a normal mode solution

un(z,t) = sin ?bne‘cz(%)%, (5.10)

which satisfy the PDE, the boundary conditions, but not the initial conditions.
Step 3: Put all the normal solution together to get the series solution. The
coeflicients are obtained from the orthogonal expansion of the initial conditions.
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The solution to the IVP-BVP of the 1D wave equation can be written as
= nmx 2/ nwy2
£) = by, sin ——e ¢ () 5.11
u(z,t) 321 sin ——e ( )

which satisfies the PDE and the boundary conditions. The coefficients of b,, are

determined from the initial conditions u(z,0),

%) ) .
n=0



Chapter 6

Various Fourier series,
properties and

convergence

We have seen that {sin%} and {cos %} play very an important role in the
series of solution of PDEs using the method of separation variables. While these
orthogonal functions are obtained from Sturm-Liouville eigenvalue problems, they
should have remind us of Fourier series in which {sinna} and {cosnz} are used.
Fourier series have wide applications in electro-magnetics, signal processing, filter
design and many areas in engineering. In this chapter, we will introduce various
Fourier series, discuss the properties and convergence of those series, and the relation
to some of PDE solutions of IVP-BVP.

We will see three kind of Fourier expansions of a function f(z).

1. General Fourier expansions in (—L, L)

f(x) ~ap+ Z (ancosn—zx + b, sin nLLx) , (6.1)

n=1

when L = 7, we get the classical Fourier series.

2. Half-range sine expansions

f(@)~ > bysin "—zx (6.2)
n=1
3. Half-range cosine expansions
flx) ~ap+ Z a,, COS nrr (6.3)
n=1
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6.1 Period, piecewise continuous/smooth functions

We know that sinzx,cosx,sin 2z, cos2z,--- are all period functions. What is a

period function? A function repeats itself in a fixed pattern.

Definition 6.1. If there is a positive number T such at f(xz +T) = f(x) for any

x, then f(x) is called a period function with a period T .

According to the definition, f(x) should be defined in the entire space (—oo, 00).
Also, if f(z) = f(z+T), then f(z+2T)= f(ea+T+7T)= f(x+T) = f(x), thus
2T is also a period of f(x). To avoid the confusion, we only use the smallest 7' > 0

which is called the fundamental period, or simply the period, for short.
Example 6.1. Find the period of sinx, cos z, tan x, cot x.
The period of sinz, cos x is 27, while the period of tanz, cot x is .

Example 6.2. Are the following period functions? If so, find the period of the
functions.

cosTr, sinx + tanx, sinx + cos 3 siInx + x,cosmx.

1. Yes, cosmz = cosm(x + T) = cos(mx + nT'), we get T + 2.

2. Yes, the sum of two periodic functions is still periodic, the period is the larger

one, T' = 2m.

3. Yes, sinx + cos 5 = sin(x + T') + cos # Since the period of the second

function is T'/2 = 2m. We know the period is T = 4.
4. No, since x is not a periodic function.

2
5. Yes, cosmz = cosm(x + T) = cos(mz +mT). Thus mT =27 and T = il
m

Example 6.3. Let f(x) = x —int(z) = x — [z], where [x] is called a floor function,
[x] = greatest integer not larger than x, for example, [1.5] = 1, [0.5] =0, [-1.5] =
—2, or the integer toward left. Then f(x) is a period function with period T = 1

that can be expressed as
fle)==, if 0<w <1, (6.4)

and f(x) = f(x+1). It is enough to write down the expression in one period, see
Figure 6.3 (b).
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Example 6.4. The sawtooth function is determined by

(—m—z) if —7m<zx<0,

f(z) = (6.5)

N= N

(m—2x) f0<z<m,

and f(x) = f(x+2m), see Figure 6.3 (a). However, it would be easier if we use the

expression in the interval (0,2m) since it is a continuous piece as
flz) =<z (m—ux), 0 <z <2m,

and f(z) = f(z + 2m).

Piecewise continuous/smooth functions

If a function f(x) is continuous in [a, b, then for any z¢ € [a, b], we have lim f(z) =
T—rxQ
f(xg). We call that f(z) € Cla,b]. It is obvious that f(z) = sinz,cos, 2> + 1 and
their linear combinations are continuous function in any interval [a,b]. The func-
tions f(x) = 1/x is discontinuous at « = 0, or any interval that contains zero. Note
that it is continuous on (0, 1) but not [0,1]. The function tanz is continuous on
[0, 1] but not on [0, F] since lim f(x) = oco.
=5 —
If there are finite number of points x1, 22, - -+ , 2y in [a, b] at which the function
is not continuous but
lim f(z) = f(z;i—) & lim f(z) = f(2:i+) exist but  fzi—) # fzi+).
T—T;— T—x+
Such a function is called a piecewise continuous function in (a,b), or precisely, a
piecewise continuous and bounded function. Below is an example of a piecewise

continuous and bounded function.

0 if —co<z<0,
Example 6.5. The Heaviside function H(x) =
1 if 0<z < o0,

1—fa] if |2 <1,
Example 6.6. The hat function h(z) =
0 otherwise,

If f'(x) is continuous on (a,b), then f(z) is called a smooth function on (a, b).
If the derivative f’(x) is a piecewise function, then the function is called a piecewise

smooth function. The hat function is a piecewise smooth function since.
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0 i |z|>1,
Example 6.7. The hat function h'(x) =¢ 1 if —1<x <0,

-1 if0<z<l.

Properties of period functions

The set of all period functions with the same period 1" form a linear space. That is,
let f(x) and g(x) be two period functions of period T, then w(z) = af(x) + Bg(z)
is also a period function of period T. Note again that a period function is defined

in the entire space —oo < z < oo.

Theorem 6.2. Let f(x) be a period function of period T, then

/OT f(z)dx = /:JFT f(x)dx (6.6)

for any real number a.

Proof: If the theorem is true, then f;JrT f(x)dx is a constant as a function
of a, thus we define F'(a) = f:+T f(x)dz, then

T fa+ 1)~ f@ =0,

Thus F(a) is a constant, F(0) = F(a) = F(-T/2)=---

/ " feye = / " fade = / “* o,

T

2

Often we prefer to use the period that
e f(x) is a continuous piece.
e integration starts from the origin (¢ = 0).

e integration from a symmetric interval (=%, Z).

6.2 The classical Fourier series expansion and partial
sums
Let f(z) be a periodic function of 27 and in L?(—n,7), then its classical Fourier

series expansion is

f(z) ~ao+ Z (ayn cosnx + b, sinnx) . (6.7)

n=1
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The coefficients {a,} and {b,} are called the Fourier coefficients are determined

from
w== [ s — 2 [" f@)cosnad (6.5)
0= 5o - x)dz, an = — » x) cos nxdz, )
1 [" .
b, = — f(x) sin nzdz, n=12---. (6.9)
a —T

Applications includes
e Express f(z) in terms of simpler functions.

e Provide an approximation method for evaluating f(z) using the partial sum-
mer defined as

N
Sn(x) =agp + Z (ay cosnx + b, sinnzx) . (6.10)

n=1
as used in many computer packages for a given number N. We hope that
lim Sy(z) = f(x).
N—o00

e Basis for several fast algorithms such as Fast Fourier Transform (FFT)
e Used for spectral (frequency) analysis, signal processing, filters, etc.

Note that if x is a time variable for some physical applications, we call that
oo

f(x) is defined in the time domain, while {\/a% + b2 }0 with by = 0, which is
defined in the frequency domain.

Example 6.8. Find the classical Fourier series of f(x) = x.

Solution: Note that we are expanding a period function (truncated and ex-

tended function)

x if |z| <,

Fa) = |
f(x+27) otherwise.

The function is piecewise continuous and bounded with discontinuities at = =

2nm,n=1,2,---,. We carry out the following to determine the coefficients
1 T 1 (7
ag = — f(x)dx =0, an = — f(x)cosnzder =0, n=1,2,---,
2 — [ —

since f(x) and f(x)cosnz are odd functions. Furthermore, we have

1 2 [T . 2 4 ir 2
by, = — xsinnxdr = — | xsinnzdr = ——uxcosnx| = (—=1)"" —
T 7 Jo nw o nm

—T
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Thus we get

. 2 2 1
T ~ Z(—l)”“% sinnr = 2sinx — sin 2z + gsin?)x— Esin4x—|— s

n=1

From the plots of the Maple, we can see that the partial sum Sy ()
1. converges to f(z) in the interior of (m,7) as N — oo;

2. does not 'converge’ at x = £, but

lim Sy(z) = w

N—o00

; (6.11)

3. Sn(x) oscillates at the discontinuities +2nm. It is called the Gibbs phe-
nomenon.

In Figure 6.1, we plot the function f(z) = = and a few partial sums S (x), S5(z),
Ss5(x).

INERE
N‘;;
a

Figure 6.1. Plot of the Fourier series of x and some partial sums S1(x),

S5(x), Sss5(x).

Example 6.9. Find the classical Fourier series of f(x) = 10sinz + 5sin 6z +
% cos 30z.
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Solution: The Fourier series of f(x) is itself with agzg = 0.5, by = 10, bg = 5.
In Figure 6.2, we show the plot of the function and see clearly the three frequencies

and their strengths.

10 1

Figure 6.2. Plot of f(x) = 10sinz + 5sinbx + %COS?)O{E. We can see

clearly three different frequencies.

Example 6.10. The Fourier series of the sawtooth function f(x) = %(w —x),
flz+2m) = f().

Note that f(z) is an add function in the interval of (—m, ), thus a, = 0, for
n =0,1,---,. For the coefficients of b,,, it is easier to use one continuous piece in
(0,27), thus

1 [T ) 1 /21 .
b, = — / f(z)sinnzde = — / 5 (m — x) sinnxdx
0

™) _ T

1 ™ T cos nx |27 2™ pcosnx
= — wsinnzdr + — dx
2 \Jo n 0 0 n
1 27 _ 1

21T n n’
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Thus the Fourier series is, see also Figure 6.3,

sinnx

1 o si 1 1
§(x—7r)wzsmnnx zsinx—l—§sin2x+§sin3x+c---+

n=1
We observe that discontinuities are at © = 2nm.

(b)

Figure 6.3. The periodic function and some partial sum plots of the Fouri-

er series (a), the sawtooth function; (b) the floor function.

Example 6.11. The Fourier series of the triangular wave.

r4+7m if —m <x <0,
flx) = (6.12)

T—x 0<zxz<m,

and f(x) = f(z + 27). Note that we can rewrite f(x) = ® — |z| in the interval
(=m, ), which is an even function in (—m, ).
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Solutions: Note that f(z) is an even function, we have

1 [ 1 [7 1(r—2)?]" 1
- dr = — —p)dr = =L - =
o 27 /,Wf(x) * 71'/0 (w = z)dw m 2 0 27
1 [7 2 [T
an = — f(x)cosnzdr = = | (7 — x)cosnxdx
v —r v 0
2 ((r—a)sinnz|” 1 [T
_2 (w +_/ sinna:da:)
T n 0 n 0
_ 2 [ —cosnz N 2(1 (=1~
o n2 |,) m\n? n?
2
_ 2 3 if n is odd,
Tl o ifniseven

T T 1
-2rn _3m - _ T 3n 2n
2 2

NERS

r
2

Figure 6.4. Plot of the triangular wave and several partial sums. There is

no Gibbs phoenomenon.

4

We can use one simple notation a =
p 2k+1 T2k + 1)2

. Thus we have, see also

Figure 6.4,

[ee]

flx) = 7 + Z m cosm(2n + 1)a.
n=0
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Since f(x) is continuous everywhere, we have the equality! We can get some iden-

tities from Fourier series. In this example, we have

1 ad 4

N=7m=—— S — 6.13
J0)=m 27r+nz:;)7r(2n+1)2 (6.13)
We get
R 4 w2 11 1
L _ = e e
2 §(2n+1)2 = 3T tmteEtet

6.3 Fourier series of functions with arbitrary periods

Given a period function f(z) € L?(—L, L) with f(z +T) = f(x) and T = 2L, we
can also have a Fourier series expansion of f(z) in (—L, L). The idea is to use
a linear transform to convert the interval (—L, L) to (—m7) to apply the Fourier
expansion.

Let t = az and « is chosen such that when x = —L, t = —m, and when z = L,
t = m. Thus we get @ = Z. Define also f(z) = f(L) = F(t). We can verify that

F(t) is a period function of 27 since

F(t+27r)=f(t+2”> :f<3+2—”) =f(é+2L) — F(b).

(0% (0% (0%

Thus F(t) has the Fourier series

F(t) ~ap+ Z (an cosnt + by, sinnt) ,

n=1

1 ™ 1 ™
ag = — F(t)dt, apn, = —/ F(t) cosnt dt,

2 T

—Tr —Tr

1 T
bn:_/ F(t)sinntdt, n=12---
T

—Tr

By changing the variable again using ¢ = 7 in all the expressions above, we get

flx) ~ a0+n§::1 (ancos? —|—bnsinn—zx),

1 [t I
ag = ilLf(x)dx, ay = Z/,L f(x)cos nLLxdx,

1 L
bn:f/_Lf(a:)sinnLﬂdx, n=12- ..
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Again the partial sum of the Fourier expansion in (—L, L) is defined as

=ag + Z (an cos =L 4 by, sin n_za:) (6.14)

for a positive integer N > 0.

Example 6.12. Ezpand f(x) = |x| in Fourier series in (—p,p) for a parameter

p > 0. Note that f(x) is an even function, we have

1 2
——/ |x|da:——/xdx=—x— :72,
p 2|, 2
2 P
ap, = —/ |x| cos —dx = — | xcos MY g
—p 2p Jo
0 if 0= 2k,
o2 (1 — cosnm) 4
(nm) B ifn=2k+1
(nm)?
1 [P
b, = —/ |x|sin@dx20,
pJ, p
since f(z) and f(z) cos “7£ are even functions, and f(z)sin *Z% is an odd function.
Thus we get
2] I (2n + )7z
x| =2 cos

2~ 2 (@n+ Drp p

p 4p T n 1 3tz n 1 STx n 1 Tz n

= ——=(cos—+ —cos— + 5 cos— + —=cos— +--- | .

2 2 p 32 P 52 P 72 P

In Figure 6.5, we take p = 1 and plot the Fourier series and several partial sums of
|z| in the interval (—2,2). The Fourier series converges to |z| only in the interval
(=1,1). No Gibbs phenomenon is presented since the function is piecewise smooth.
But we do see that the partial sums smooth the kink of |z| at z = 0.

When p = 7, we get the classical Fourier series in (—7,7),

(o]

s 4
= —— _— S 2 1
|| 5 nEZO Gnii)n cos(2n + 1)x

4
T

ol 3

1 1 1
<c05x—|—3 cos3x + — cos5x+7 cosTx + - )

52
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Figure 6.5. Plot of the Fourier series and several partial sums of |x| in

the interval (—2,2). The Fourier series converges to |z| only in the interval (—1,1).

Remark 6.1. In the expansion above, we expand the 2p-function f(x) = |z| and
flx+2p) = f(x) in terms of the Fourier series. The expansion is the same as
function g(x) = |z| in the interval (—p,p) but totally different outside the interval.
There is no Gibbs phenomenon and the the series is convergent to |z| in (—p,p).

The process can be summarised as extension and expansion.

Example 6.13. Ezpand f(x) = sinz in Fourier series in (—p,p) for a parameter
p> 0.

If p = 7, then the Fourier expansion of sinz is itself. Otherwise, we can
expand sinz in terms of sin %. Note that a,, =0, n =0,1,---, since f(z) is an
odd function. Thus we get

1 [P . . nwr 2 [P . nmr
b, = — sinx sin —dzr = — sin z sin ——dzx
PJp P 2p Jo P

_ 2p(nmsinp cosnm — pcosp sin(nw))

P2 — m2n2

The integration is obtained by using the formula

sinasin 8 = —% (cos(a + B) — cos(a — B))
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or using the Maple command
\int_0"p \sin x \sin \frac{n \pi x}{p} dx;

For the special case p = 1, we can get

s 2n sin 1 sin(nmrx)
2 — -1 n+1 .
sin x nz::l( ) S

which is valid only in the interval (—1, 1), see Figure 6.6 for an illustration.

14

0.5

0.5

Figure 6.6. Plot of the Fourier series and several partial sums of sinx

in the interval (—2,2). The Fourier series converges to sinx only in the interval
(_17 1) .

6.4 Half-range expansions

In this section, we can see that we can choose different ways of expansions and
see some connections between Fourier series and orthogonal functions from Sturm-
Liouville eigenvalue problems. With half-range expansion, we can also reduces some
work load compared to a full range expansion, and impose some special properties
of the expansions. The techniques once again is based some particular extensions
and expansions.

Let f(x) be a piecewise smooth function in (0, L)3. If we extend f(z), 0 <

3In fact, the discussions work for any interval (a, b) (b > a). we can use a shift s = z — a to

change the domain from (a, b) in  to (0, b — a) in terms of s.
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x < L in the following way,

f(x) ifo<a<L,
fe(z) = . (6.15)
f(—z) if —L <z <0,

then we can have the Fourier series expansion of f.(z) in the interval (—L, L). Since

fe(x) is an even function, we have b, = 0 and the expansion has cosine functions

only
1 F I
ag = 37 [L fe(z)da = E/O f(z)dz, (6.16)
1 [E nmwx 2 (L nmwx
an = 7 lL fe(z) cos wa = Z/o f(zx)cos wa. (6.17)

Also in the interval, we have f.(z) = f(x), thus we obtain
>, nww
f(x) =ap+ nz_:l p COS ——, (6.18)

which is called the half-range cosine series expansion of f(z).

Similarly, if we extend f(z) , 0 < < L according to

f(x) if0<z <L,
folx) = , (6.19)
—f(—z) if—L<ux<0,

then we can have the Fourier series expansion of f.(z) in the interval (—L, L). Since

fo(x) is an odd function, we have a,, = 0 and the expansion has sine functions only

2 [F . nmw
by = f/o f(x)sin Tda:. (6.20)

Also in the interval, we have f,(z) = f(x), thus we have
> nww
=" b, sin 22 6.21
) =X bosin ] (6:21)
which is called the half-range sine series expansion of f(x).

Example 6.14. Expand f(x) = x in both half range cosine and sine series in (0,1).

What is the relation of the expansion with the Fourier series in (—1,1).

Solution: The function f(x) is an odd function, thus the half range sine series

is the same as the Fourier series in (—1,1). For the sine expansion, we have (verified
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by Maple)

1
b, = 2/ xsin(nra)dr = —2 =(-1)"—
0

Thus the sine expansion (and the Fourier expansion) of f(x) = x in the interval
(0,1) is

oo
Z — sm (nmz).

The series is convergent in the interior of [0,1) but not at « = 1, see Figure 6.7 (a)
for the plots of the expansion and several partial sums.

For the cosine half range expansion, the expansion is only in (0, 1), we have

cosnm — 1 —4

1 1
1
ao /0 xdx 5 a /0 x cos(nmz)dx ()2 ok~ 1)

Thus the cosine expansion of f(x) = x in the interval (0,1) is
4 i s(2n — V)
m = (2n—1)2

The series is convergent in the entire interval of [0, 1], see Figure 6.7 (a) for the plots

l\D|’—‘

of the expansion and several partial sums. In this case, we have fast convergence of

the partial sum of the cosine expansion.

(a) (b)

0.5 1 15 /

Figure 6.7. Half range sine/cosine Fourier erpansions of f(x) = x in
(0,1) and several partial sums. (a) Half cosine, the series is convergent in [0,1];

(b) Half sine, the series is convergent in [0,1) but not at x = 1.
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Example 6.15. FEzpand f(x) = cosz in both half range cosine and sine series
in (0,7). What is the relation of the expansion with the Fourier series in (—m, ).
How about in (0,1)?

Solution: The function f(x) = cosx is an even function, thus the half range
cosine series is the same as the Fourier series in (—m, ) or any 27 intervals, which
is itslef but it is different in (—1,1).

For the sine expansion, we have (verified by Maple)

9 [m _ 2n(cosnm+1) 1 8k
b, = ;/0 cos zsin(nz)dr = T n2-1 7 (2k2-1

Thus the sine expansion of f(z) = cosz in the interval (0, 7) is

oo

1 8
cosx = Z ;4n27n—1 sin(2nx).

The series is convergent in the interior of [0, 7) but not at « = 1, see Figure 6.7 (a)
for the plots of the expansion and several partial sums. We also plot the cosine
expansion and several partial sums of cosx in (0,1). In this case, the series is

convergent in the entire interval (][0, 1] including two end points.

(a) (b)

0.5

0.5 1 1.5

Figure 6.8. Half range sine/cosine Fourier expansions of f(x) = cosx and
several partial sums. (a) Half sine in (0,7), the series is convergent in (0,m) but
not at two ends; (b) Half cosine in [0, 1], the series is convergent in [0,1] including

two ends.
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6.5 Some theoretical results of Fourier type of series

nmTx nmTx

First of all, from the orthogonality of {cos T }go and {sin T }To, we can easily

prove the Parseval’s identity.
Parseval’s identity If f(z) € L?(—L, L) and

f(x)zao—i—z(ancosn—zx—i—bnsinn—zx,), —L<xz<L,

n=1
then the following Parseval’s identity holds
1 /L

1 o0
L 27, 2 L 2 2
oL |, M@Pdr=ai+33> (a+b). (6.22)

n=1

Note that the identity is not true for the integration in any interval but only for
(=L, L) whether the functions on the right hand side is orthogonal!

e}
cosnm

Example 6.16. If f(x) = Z ST find the value of/ f2dz.

n=0

Solution: In this example, L = m, ag =1, a,, = %, b, = 0, thus we have

1 [F ) e 1 1/ 1/4 7
— de=1+-3 = =1+ = _
or J, f@lde +2nz::122n +2<1—1/4> 6

L
| i@pas = 55

From Parseval’s identity, we can get many identities of series like the one
o0

1 1
above 5 Z 2%
n=1
Now we discuss the calculus of Fourier series, which often deals with the limits,
the differentiation, and integration of Fourier series. The tool is to use the partial

sum of a series. We want to know whether the following is true.

. d A 7 — . d A nrr . nwx
<mli>rgo, o /a dx) f(x) —7; <m11>120, e /a da:) (an €08 —— + by, sin T)

The partial sum forms a sequence {So(x),S1(x),S2(x), -+ ,Sn(x), -} or
{Sn(x)}. Note that Sy(z) has two parameters, x and N. We will discuss two
kinds of convergence, a point-wise and uniform convergence in an interval. We will

discuss more general sequence f,(x).
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A pointwise convergence of f,(z) is defined for a fixed point x in an inter-
val (a,b) such that lim f,(z) = f(x). If the partial sum Sy(z), the point-wise
n— oo
convergence is the same as the convergence of the series.
sinnx

Example 6.17. Are the following sequences convergent? (a), fn(z) = — (b),

gn(x) = nze "ot

sinnx
Solution: (a), lim f,(z) = lim = 0 for any z. (b), we can use the
n—r oo n—r oo nre e
I’Hospital’s rule to get the limit. lim g,(z) = lim = lim = 0 for any
n— 00 n—oo env n—oo ren®

x # 0.

In above examples, both f,,(z) and g, (x) are convergent to zero in any interval.
The function f,(x) gets smaller and smaller as n gets large, while there are always
points z near zero such that g,(z) ~ 1 no matter how large n can be. Such an
fn(x) is also called uniformly convergent, while g, () is not uniformly convergent
in the interval (0,7), for an example, but is uniformly convergent in any interval
(a,b) if a > 0.

Definition 6.3. Let f,(z) be a sequence defined in an interval [a,b] and has point-
wise convergence lim f,(z) = f(x) for any x in [a,b]. Given any number ¢ > 0
n—oo

(no matter how small it may be), if there is an integer N such that
|fn(z) — f(z)| <€ for anyn > N and z in [a,b], (6.23)

then fn(z) is called uniformly convergent to f(z) in [a,b].

In the previous example, given an € > 0, for fn(x)%, we have
sin nx 1
| fa(2)] = <l=|<e
n n

as long as n > int(1/e) + 1, thus we can take N = int(1/e) + 1. However, for

—netl no matter how large n is, we can find an z = 1/n for which

gn(x) = nze
gn(x) = 1 which can no be smaller that arbitrary small e. Thus, g,(z) is not

uniformly convergent.

oo

Definition 6.4. For a given series Zun(x), if the partial sum {Sn(x)} is uni-
n=0

formly convergent in an interval [a,b], then the series is also uniformly convergent

in the interval [a,b].

How do we know if a series is uniformly convergent without using the partial
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sum and the definition? The idea is to use a comparison convergent series that does
have x in the series, hence it has to be uniformly convergent. This is summarized

in the Weierstrass M-test theorem.

o0
Theorem 6.5. Weierstrass M-test theorem. Given a series Z un(x) that satisfies

n=0
the following conditions
(i) : lun(z)] < M,, independent of x in an interval [a,b], (6.24)
(i) : Z M, < oo the series without x converges, (6.25)

n=0

then the series is uniformly convergent in the interval [a,b].
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Chapter 7

Series solutions of PDEs

In this chapter, we discuss the method of separation variables for various BVP
and/or IVP of PDEs. We can see the relations of the solution with the Sturm-

Liouville eigenvalue problems, orthogonal expansions, and various Fourier series.

7.1 One-dimensional wave equations

We already know that we can get a series solution to the IVP-BVP problem for the

1D wave equation

Pu 0%

W—C @, 0<J3<Ij7
u(0,t) =0, u(L,t) =0,
ou
U(O,t)zf(!l/'), %(x70):g(x)v 0<z<L,

using

o0
. nmx cenmt « . cnmt
u(z,t) = Z sin —— (bn €08 —— + b}, sin 7 >
n=0
where the coefficients are determined by

2 [* -
by, = E/o f(x)sin n—zldx,
9 (L

nmwx
by = — sin ——dx.
e & g(x)sin 7

Note that coefficients b,,’s are obtained from the half-range sine expansion of f(z)
and b’s are obtained from the half-range sine expansion of g(x) by a constant that

depends on n.

63
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Example 7.1. An example with non-homogeneous boundary condition.

Pu _ 0%

8t2_ 922 O<ax<L,

u(0,t) = wo, u(L, t) = uyg,

w(0,8) = f@),  22,0)= g(), O<z<L.

ot

In this case, we can use the transformation
v(x,t) = u(z,t) —uo

to get the homogenous BC for v(x,t)

0% 5, 0%
@—C @, 0<CK<I17
v(0,) =0,  wv(L,t)=0,
v
v(0,t) = flz) —uo, = (2,0)=g(z), O<z<L.

The solution then will be

* din cnmt
u(x, t)—UQ—I—ZblnT(b cos 0 L —|—b 7 )

n=0

where the coefficients are determined by

) sin —dx
/ fla

nmwx
br = — =
= | g(osin " s

Example 7.2. An example with a Neumann boundary condition.

?u 0%

W =C @, << L,
0
w(0,t) = uo, 8—Z(L,t) = o,
ou
u(0,t) = f(x), — (#,0)=g(z), O0<z<L,
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We will get a different S-L eigenvalue problem and a different expansion.

Step 1: Let u(z,t) = T'(¢t)X (z) and plug its partial derivatives to the original
PDE so that we can separate variables. The homogeneous boundary conditions
require X (0) = X'(L) = 0. Differentiating u(x,t) = T(t)X (x) with respect to ¢ and

x, respectively, we get

ou , Pu . ou , OPu M
T TOX(@), Sy =TOX@;  Gr=TOX'(@), 5 =TEOX" ().

The wave equation can be re-written as

" _ " () X"(x) _
"X (2) = AT X" (x), = 210~ X(o) - (7.1)

This is because in the last equality, the left hand is a function of ¢ while the right
hand side is a function of x, which is possible only both of them are a constant
independent of ¢ and x. We get an eigenvalues either for X (x) or T'(¢). Since we

know the boundary condition for X (z), naturally we should solve

X// (x)
X (z)

=-X or X'(z)+XX(z)=0, X(0)=0, X (L)=0 (7.2)

first.
Step 2: Solve the eigenvalue problem. From the Sturm-Liouville eigenvalue
theory, we know that A > 0, thus the solution is

X"(x) = C) cos VAz + CysinVz.

From the boundary condition X(0) = 0, we get C; = 0. From the boundary
condition X'(L) = 0, we get

CosinVAL =0, — \/XL:g—l—mr, n=01,2,---,

since Cs # 0. The eigenvalues and their corresponding eigenfunctions are

_(@n+ D)7 ? . @n+ D7 B
)\n—< 5T ,  Xn(x)=sin 5L n=0,1,2,---,.

Now we solve for T'(t) using

T (t) + A\ T(t) = 0. (7.3)
The solution is (not an eigenvalue problem anymore since we have already known
An)

2 1)met 2 1)met
(2n + 1)me —|—b*sin(n+ )T(C.

Ty = On >
,(t) = by, cos 5T . 5T
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Put X, (x) and T, (t) together, we get a normal mode solution

2 1 2 1 2 1
(2. 1) = sin 2Pt DT (bn oo Nt Dmet o o M) e

2L 2L " 2L

which satisfy the PDE, the boundary conditions, but not the initial conditions.
Step 3: Put all the normal solution together to get the series solution. The

coefficients are obtained from the orthogonal expansion of the initial conditions.
The solution to the IVP-BVP of the 1D wave equation can be written as

- (2n —|— Dz 2n+ Dmet ., . (2n+ 1)mwet
Z <bn cos 5T + b} sin 5T (7.5)

which satisfies the PDE and the boundary conditions. The coefficients of b,, and b,

are determined from the initial conditions u(x,0) and wu(z,0).

=, . (@n+Dra / i 2n—|—1)
0) = nz:;)bn sin 5L , f(zx dx,
ou . (2n+Drz 2n+1me . 2n+ Dmwet  , (2n+ 1)we (2n + 1)mcet
a(m, 0)= Z sin 5T (—bn 5T sin 5T + b 5T cos 5T ,
ou B = . @n+ Dz, (2n+ 1)me
E(m,O)—Zsm 5T by, YA =
2L /L (z)sin (2n+ D,
«  (2n+Dme ), g 2L 4 L . 2n+ D
by = - 5 = g(x) sin ——————dx.
/ ( . (2n+ 1)7rx) (2n + 1)me 2L
sin ————— | dx
Example 7.3. An example of a different PDE with a lower order term.
Pu 5 0%u
8t2+au:c@, O<CK<I17
u(0,t) =0, u(L,t) =0,
ou

Solution: The method of separation variables with u(x,t) = T'(¢)X (z) will

lead to
T"(t) +a®T(t)  X"(x)
AT(t) - X(x)

SEY (7.6)
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We still have A, = (%%)? and X,,(z) = sin 2Z£. But the solution of T}, (¢) will be
different.

n2n? b sint 1] a2 2n2n?
72 + b, sin a“ + 72

T, (t) = by costy/a? + (7.7)

The solution then is

g 21272 27,272
u(z,t) = Z sin nLLx <bn costy/a? + S Z;r + 0 sinty/a? + < z;r ) (7.8)
n=1

with b,, being the coefficient of the half range sine expansion of f(x)

2 L
by, = E/o f(z)sin %dw, (7.9)

and

c2n2m?
12

2
b*

= .1
= (7.10)

L
/ g(z) sin nLﬂdx, where «, =1/a?+
0

7.2 One-dimensional heat equations

A one-dimensional heat equation

ou_ o
ot da?’

is a good mathematical model of the temperature distribution in a rod in which ¢

is called the heat conductivity. We can check that

2

1 P
e 4c’t (7.11)

VAarc?t

u(z,t) =

is a solution to the PDE. It is called a fundamental solution of the heat equation.

The solution to the Cauchy problem

ou  ,0%u
E =cC @, —o00 < x < 00,
u(z,0) = f(x),
is
o (@-¢)?
u(z,t) :/—oo J;(cirt e 4c*t  de. (7.12)
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Now we consider the boundary and initial value problems

ou  ,0%u

E =C @, O <z < Ij7
u(0,t) =0, u(L,t) =0,
u(z,0) = f(z),

using the method of separation of variables.

Step 1: Let u(x,t) = T'(¢t)X (z) and plug its partial derivatives to the original
PDE so that we can separate variables. The homogeneous boundary conditions
require X (0) = X (L) = 0. Differentiating with u(x,t) = T'(¢t)X (x) with ¢ and =
respectively, we get

ou ou 0%u

—TOX@)s 5 =TOX(@). 5

== e = T(t)X" ().

The heat equation can be re-written as

T' ()X (x) = AT () X" (x), = % = );/((5)) =\ (7.13)

This is because in the last equality, the left hand is a function of ¢ while the right
hand side is a function of z, which is possible only both of them are a constant
independent of ¢ and x. We get an eigenvalues either for X (x) or T'(t). Since we

know the boundary condition for X (x), naturally we should solve

X/l (x)
X(x)

=X or X"(x)+XX(z)=0, X(0)=X(L)=0 (7.14)

first.
Step 2: Solve the eigenvalue problem. From the Sturm-Liouville eigenvalue
theory, we know that A > 0, thus the solution is

X"(x) = Cy cos VAz + Cy sin V.

From the boundary condition X(0) = 0, we get C; = 0. From the boundary
condition X (L) = 0, we get

CysinVAL=0, = VAL=nm, n=12---,

since Cs # 0. The eigenvalues and their corresponding eigenfunctions are

Ap = (%)2, X, (x) =sin

nmx

T n=12
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Now we solve for T'(t) using
T'(t) + M\, T(t) = 0. (7.15)

The solution is (not an eigenvalue problem anymore since we have already known
An)

Put X, (x) and T, (t) together, we get a normal mode solution
Up(x,t) = sin n—?bne*g(%)%, (7.16)

which satisfy the PDE, the boundary conditions, but not the initial conditions.
Step 3: Put all the normal solution together to get the series solution. The

coeflicients are obtained from the orthogonal expansion of the initial conditions.
The solution to the IVP-BVP of the 1D wave equation can be written as

u(z,t) = Z by, sin n—?e’g(%)% (7.17)
n=1

which satisfies the PDE and the boundary conditions, but the initial condition. The

coefficients of b,, are determined from the initial conditions u(z,0),
u(x O)—ib sin 12 = b —E/Lf(x)sinwdx
9y - n:() n L b n — L 0 L )
which again is the half range sine expansion of the initial condition u(x,0) = f(x).

Example 7.4. Solve the following heat equation
o _ pu
ot 0z’
u(0,t) =0, u(m,t) =0,

O<z<m,

u(0,t) = 100, 0<z<m.

Solution: Since the boundary condition is the homogeneous Dirichlet boundary
condition (u(0,t) = u(L,t) = 0) at two ends, the solution has the form

o
2.2
u(z,t) = by, sinnre €™t
)
n=1
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with
2 [t 200 m 200
bnz—/ 1OOSinnxdx:—(C08mT ) == — (1 —cosnm).
T Jo T n o nmw
The solution then is
. 400 2 2
— Y& —c*(2n+1)“t
u(z,t) = nz:;) Gntin sin(2n+ 1)ze™ ¢ .

Example 7.5. Solve the following heat equation

2
%:8%, 0<z<L,
%O,t -0, wu(L,t)=0,
ox

u(0,t) = 100, 0<z<L.

Solution: Note that the different boundary condition of the solution at = = 0.

The normal modes solution still can be written as wu,(x,t) = T,,(t) X, (z) in which

X, (x) and T, (x) satisty the following equations
X// TI/

. N
X, 2T,

We need to solve a different Sturm-Liouville eigenvalue problem

1
Xy

— / = =
= X(0=0, X(I)=0.

Once again we have
X(z) = Cy cos VAx 4 Cosin vz, X'(z) = VA (—Cl sin VAz + C cos \/Xx) .

The boundary condition X'(0) = 0 leads to Co = 0. The other boundary condition
X (L) =0 leads to

X(L)=CycosVAL =0, => \/XL:g—l—mr, n=01,-

We get A, = ( x. The solution for T'(¢), T'(t) +

AT (t) =0 is

2n+ D> 2n+ )7
TP X, =cos "
2L ) Y7

T, (t) = e~ (G+mE)" (7.18)
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The solution to the initial-boundary value problem is

> - on + 1
u(z,t) = Z cn,e_CZ((%Jr")r)zt cos % z. (7.19)
n=0

The coefficient ¢,, is determined from the initial condition

u(z,0) = ch cos @n+ Dm z = f(x),

s 2L
which gives
L
2n+ 1)
/ f(x) cos ———— xdx I
0 2L 2 / 2n+ 1)m
Cp = = — x)cos ———xdx. (7.20
/L SR 7| e S (7.20)
cos dew
0

7.2.1 The steady state solution of 1D heat equations

A steady state solution to an ODE/PDE is a function independent of time ¢ that

satisfies the following.
e A solution to the ODE/PDE.
e Satisfies the boundary condition but has nothing to do with the initial condi-

tion.

e It is independent of time ¢, i.e., % =0.

The steady state solution is the result of long time behavior. Note that, not all the

problems have a steady state solution.

Example 7.6. Find the steady state solution
ou  ,0%u
2
ot Ox?’
U’(Oa t) = T17 U(La t) = T27

O<zx<L,

u(0,t) = f(z), 0<z<L.

Solution: The steady state solution is the solution to the following problem u(z,t) =

us (),

0 — 2 d2u1
dz?’

ul(O) = Tl, ul(L) = TQ.

0<x <L,
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The general solution is uj(x) = C7 + Cox. The BC uy(0) = T} leads to C = T
and uj (L) = Ty leads to the steady state solution

U, — Uy .

—

One application of the steady state solution is to transform a non-homogeneous

up(z) =Ty +

boundary condition to a homogeneous one. If we want to solve the PDE above for
anytime (not just long term behavior), then we can define w(x,t) = u(z,t) — ui ()
and w(x) will satisfies the homogeneous boundary condition and is the solution to

the following

ow 5, 0w
- — AN o O
7 c 2 <x <L,

w(0,t) =0, w(L,t) =0,
w(0,t) = f(x) — uy(x), 0<z<L.

Once we have solved w(x,t), we get back the solution u(x,t) = w(x,t) + ui ().
Note that not all the time dependent problems have steady state solutions.
For example, for the heat equation with u(0,¢) = sint, the boundary condition

depends on t and hence there is no steady state solutions.

7.3 Two-dimensional Laplace equations

In this section, we consider the series solution to Laplace or Poisson equations on

rectangular domain. A Laplace equation is

*u  *u

@ + 8—y2 = 0, Or  Uyy + Uyy = O, (x,y) S R, (721)

u(z,y)| =w(z,y), or @(aﬁ )| =glx,y) (7.22)
7y R - 7y Y 8n 7y R - g ’y ) *

or other boundary conditions, where ‘g—Z(x, y) is the directional derivative of u(x,y)
along the outer normal directions (n, |n| = 1).
In engineering, we can use the gradient operator to represent the Laplace /Poisson

equation in any dimensions using VZu = 0, or Au = 0, for example, in two dimen-

) ou
Ox . Ox
9 du

9y By

sions, we have

0 P

S aE e

Viu=V-Vu= (7.23)

The operator V2 = A is called the Laplace operator. Note that the solution of

a Laplace equation can be considered as the steady state solution of the 2D heat
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y
u=f,
y=b
Uyt Uy 0
u=
u=g k
u=f; x=a X

Figure 7.1. A diagram of a Laplace equation defined on a rectangular

domain with a Dirichlet boundary condition.

equation (or a wave equation)

ou  O%*u  d*u
o "o tap  @WER (724
ou
u(z,y)| =w(z,y), or 8—(33,1/) =g(z,y), (7.25)
R n R
u(z,y,0) = f(z,y) (7.26)

for an arbitrary two dimensional function f(x,y). Applications of Laplace equations
can be found in potential flows, ideal flows, electro-magnetics. A conservative vector
field, div(u) = curl x u = 0 can be represented as a potential of a scale function,
u = Vg and Ap = 0, for an example, the gravity field. We will have only one scalar
equation instead of three equations of a vector field.

It is easy to check that u(z,y) = 5=log+\/z%+y? is a solution to the 2D
Laplace equation. It is called the fundamental solution, which corresponds to a
point source (charge). In three dimension, the fundamental solution is u(z,y, z) =
W. The fundamental solution satisfies the PDE but not the boundary con-
ditions in general.

To use the method os separation variables, we wish to have at least two homo-
geneous boundary conditions. Since the problem is linear, we can split the problem
into four sub-problems, see Figure 7.2 for an illustration. The final solution will be
the sum of the solutions of the sub-problems.
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0 f2(x)
y=b y=b
Yot Uy 0 Yyt Uy 0
0 0
Y u;
f1(x) x=a x 0 wea X
0 0
y=b y=b
’ o Uy 0 o 0 ot Uy 0 92()
9Ly,
u
u 4
3 0 0
X X
X=a X=a

Figure 7.2. A diagram that we can decomposition of the solution of a

Laplace equation on a rectangular domain into four sub-problems.

We solve one of the problems in Figure 7.2
o o
ox2  0y?
u(z,b) = fa(x), u(x,0) =0, u(0,y) =0, u(a,y) =0. (7.28)

=0, (z,y) € R, (7.27)

We set u(z,y) = X (2)Y (y) and get the separate Sturm-Liouville eigenvalue problem

X/I YI/

with X(0) =0 and X (a) = 0. We can solve for X (x) first to get

2
A = ("—”) L Xn(r) =sin L =12, (7.30)
a a
Now we solve Y (y) from —YTN = X\ = (ZZ)2. The solution can be expressed by
Ya(y) = bne” @ +bhe™e (7.31)

or the hyperbolic sine and cosine functions

Ya(y) = Bysinh =2 + B cosh =2, (7.32)
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The hyperbolic sine and cosine functions are defined by
sinhz = & —° ) cosh = i, (7.33)

2 2

respectively. They are linear independent whose Wronskian
inh h
det [ P C(.)S * —1#0 for any z. (7.34)
coshz sinhz

The hyperbolic cosine and sine functions have some similar properties as sine and

cosine functions such as sinh(0) = 0, cosh(0) = 1. From Y (0) = 0, we get B =0
and we can write the solution to the Laplace equation as

ZBnbln—b hmry

Plug the non-homogenous boundary condition along y = b, we get

ZBnbln—b hnTﬂb fa(x),

we get the coefficients

B,, sinh n_7rb = / fa(x) sin —da:

. nrw
B, = Mb/ fo(x sln—dx
a sinh

Example 7.7. Solve the Laplace equation
0?u  9%u
— + 75 =0, O<z,y<l,
0x? + Oy? oY

u(z, 1) = z(1 — x), u(z,y) =0,

on other three boundaries.
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Solution: In this example, a = 1, b = 1, we have

By,

2 @ 1
b / Ja(x) sin 2 e = 2/ (1 — z) sin nradz
asinh #7= /o a 0

2 oot
= —(—cosnmz)z(l —z)| + — / (1 — 2z) cosnmzdr
nw 0o N Jo
2 oot
= (1 —2z)sinnmz — / (—2) sinnrrdx
(n7)? o ()2 Jo
4 1
= (n)? (— cosnmz) . =- (n)? (cosnm — 1)
8
S — k=12 .
(2k — 1)373’ o

The solution then is, see also Figure 7.3 and the Maple file Laplace.mws,

sin(2n — 1)z sinh((2n — 1)7y

> 3
u(@,y) = Z (2n —1)373 sinh(2n — 1)7

n=1

Figure 7.3. Plot of the partial sum Sao(x,y) of the series solution.

How do we find the solution for the first case, i.e., ui(x,0) = fi(z) and
up(z,y) = 0 on other three boundaries? We can repeat the method of separation

of variables; or we can change the problem to a one that we have already solved.
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Let y =b—y, T =z, then
deflne _

ur (7, y) = ui(Z,b—9) 1 (2, 9)
. We have the following
82ﬂ1 . 82U1 % . _% 82ﬂ1 . 82u1
02 Ox?’ oy Oy’ oy>  Oy?
82111 82111 _ 82u1 n 82u1 _0,

0z? 0> ox? oy?
ﬂ1(07g):u1(0ab_y)zoa al(aag):ul(a7b_y)zoa ﬂl(fao):ul(:mb):(x

ﬂl(f,b) = ul(x,O) = fl(it)

We apply the previous solution formula to get

2 a
E A, sin 22 ginh Y mry A, = 717/ f1(x)sin 0T iz
asinh #7= /g a

We switch to the original coordinates to get

oo b—
u(z,y) = Z A, sin ? sinh w.

n=1
For the non-homogeneous part along the boundaries x = 0 and = = a, we can
use the symmetry arguments by switching x with y, and a with b, we can get a

formula for the entire problem

u(z,y) = ZA sm—s1 h +ZB sm—s h@—k

(7.35)

oo

= Z n—smh ZD sm—51hmbm

where the coefficients are

2 @ nwT 2 @ nwx
A, = 7/ r)sin —dx, B, = 7/ ) sin ——dx.
asinh”T”b 0 hiw) a asinh"T”b 0 fa() a

n asmh ’”“‘ / 91y sm d Dy, = bbmh n7ra / g2(z) sin —dx

7.4 Method of Separation variables in Polar
coordinates

In many applications, it is preferred to use polar coordinates especially when we

deal with circles, annulus etc. Often we can solve two or three dimensional problem
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using one dimensional settings if the problem posses axis-symmetry. How will PDEs

be changed using the polar/cylindrical coordinates? We know that

r=rcos, y=rsing, r=+\/224y2 0=arctan(y/z). (7.36)

For a function u(x, y), we can represent the function and its partial derivatives using
(r,0)

u(z,y) = u(rcosb, rsinf) = a(r,0). (7.37)

For simplicity, we often omit the bar if there is no confusion occurring. Next, we

replace the partial derivative as well using the chair rule. We have
ou_oudr  ouoy
Ox Ordx 000x
ou_dudr  ouds
dy Ordy 0009y
From r = /22 + 42, § = arctan(y/x), we also have

Q_ 2x _rcosH_E

dr o2ty T T

%_#(_ﬁ)_i__g__min@

333_1_,_(%)2 72 _xQ—l—yQ_ r2 r2
Thus we get

Ou _0u gy v (_rsnfy _dux Ouy

ar  or VT B0 2 ) " orr 0012

%—@g+%£—%win0+@cosa

dy  orr 9072 o’ 90 1

Pu_ 0 (Oux duy

dr2 Oz \drr 00 r2

The derivations are long and tedious. Fortunately, for most practical PDES, vector
relations, we can find the conversions through mathematical handbooks or online

tools. The Laplace equation in polar coordinates in two-dimensions is
Pu  10u 1 0%u

Au=Vu=—5 +——+ ———

or?2  ror * r2 062

Note that there is no % term in the expression above. We can use the dimension

= 0. (7.38)

analysis to figure out the coefficient in the above terms knowing that 6 is a dimen-
sionless quantity. For the radial symmetric case, that is, the solution is independent

of 0, we have the simplified Laplace equation

9%u  10u
72, _ " -7
Au=Vu= 52 + o 0. (7.39)
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Series solution to the Laplace equation in circular regions

BC BC
r " BC ©__BC
atiodi petjiodic BC BC
periodic
BC BC
No BC 27 ¢ om0 0

Figure 7.4. Diagrams of domains and boundary conditions that may be

better solved in polar coordinates.

Consider the Laplace equation on a circular region r < a,

Pu  1ou 1 0%
— U2, — —
AU,—VU—W—F;E—FT—Qw—O, 0<r<a, 0<60<2m, (740)
with a Dirichlet boundary condition at r = a, u(a,0) = f(0). Note that r = 0 is
an interior point, not a boundary. There is no boundary condition at r = 0 except
that the solution should be bounded. With the method of separation of variables,

we set u(r, ) = R(r)©(0), the PDE becomes
1! 1 / 1 1
RO + ;R@—i— r_2R@ =0, (7.41)

R'+1R 16"
- r -2 42
R + r?2 © 0, (7.42)

R'+ R\ ©"
) = = =\ 7.43
, ( . ) . (7.43)
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We have two related Sturm-Liouville eigenvalue problems
0"+ X6 =0, 0(0) = O(27), (7.44)
r?R" +rR + AR, 0<r<a. (7.45)

The boundary condition ©(0) = O(27) is called a periodic one. We do not know
the solution of R(0) and R(a) except that they are bounded. Thus, we should solve
the first Sturm-Liouville eigenvalue problem first. If A < 0, we would have

0(0) = Cre™ VM 4 CheV™?

which can not be peridot, neither the case A = 0 for which we have ©(0) = C1 4+ C46.

Thus we must have to have A > 0 for which the solution is
O(0) = Cy cos VI + Cysin VAG.
Apply the periodic boundary condition, we should have
O(0) = Cy cos VA(O + 21) + Cy sin V(O + 27) = Cy cos VA + Cosin VNG,

which leads to 2rvV\ = 27n, n = 0,1,2,---, or A2 = n2. Note that in this case,
n = 0 is a valid solution. The eigenfunction then is

O(0) = a,, cosnb + b, sinnd, n=20,1,2---,. (7.46)
Now we use the second ODE to determine the coefficients
R’ 4+rR —n?R =0, 0<r<a. (7.47)
It is an Euler’s equation, see Appendix ?7. The indicial equation is
ala—1)+a—-n*=0 (7.48)
whose solutions are
R =Cu(5) +Ca(B) " n=120, (7.49)

Since the solution is bounded at 7 = 0, we have to have C,, = 0, so the series

solution is
u(r,0) = ag + Z (2) (an cosnb + by, sinnb) . (7.50)
n=1 a
We apply the boundary condition to get

u(r,0) = ap + i (an cosnb + b, sinnd) = f(0), (7.51)

n=1
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which is the Fourier series expansion of f(#) with

1 (" 1 [
a0 = 5 f(@)d@, Gn = — f(@) COSs n@daz,
2 J_, T) .
1 [" )
b, = — f(0) sinnddo, n=12--
T

Example 7.8. Find the steady state solution of the following

0
8—?:Au, 22+ <1,

u(1,0,t) =100 — e, u(r,0,0) = rsiné.

Solution: The steady state solution of the following
Au =0, 22 +y? <1,
u(1,6) = 100.

We can compute the coefficients of the Fourier series of f(#) = 100 to get ag = 100,
a, = 0 and b,=0. The Fourier series is itself corresponding to cosOx and the
solution is uf) = 100!

How about u(1,0,t) = sin 50 4 cos 70?7 The steady state solution is the normal
modes solution u(6) = r°sin 50 + 77 cos 76.

How about u(1,0,¢t) =100 if 0 < 0 < w and u(1,0,t) =0if 7 < 6 < 27?7 We

have
1 [7 L[
ag = _/ 100d6 = 50, a, = —/ 100 cosnfdd = 0,
27T 0 ™ 0
1 [7 1 0" 1
by = —/ 100sinngd = 20— <501 100y,
T Jo 77 n |, nm
The solution is
100 o= 1
0) =50+ — ) —(1—(=1)")r"sinnd
u(r,0) + — ;n( (=1)")r" sinnd,

The series is uniformly convergent if » < o < 1, but not in (0, 1).
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Chapter 8

Fourier and Laplace

transform

We have seen the power of various Fourier series in solving boundary value problems
of partial differential equations and their applications. If we et L goto oo, and
replace the summation with integration, then we will have the Fourier transform.
The Fourier transform is very useful in terms of theoretical analysis, get analytic

solutions of certain PDEs especially those defined in the entire space.

8.1 From the Fourier series to Fourier integral
representation

Give a function in L?(—L, L), we have the Fourier expansion

f(z) = { (/ £(t) cos—dt) (/ £(t) sm—dt) i "“}.

Let ”T’” —wor = %“—T‘L’ = %Aw. The expression above becomes
1 [* I
= Z {— </ )coswtdt) coswzx + — </ f) sinwtdt) sinwx} .
n=0 @ g -L
As p — oo, we get
flx) = / (A(w) coswz + B(w) sinwz) dw, (8.1)
0
where
1 o0
Alw) = — / f(t) coswt dt, cosine transform of f(x) (8.2)
™ — 00
1 (o)
B(w) = —/ f(t) sinwt dt, sine transform of f(x) (8.3)
Tr — 00

83
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The expression (8.1) is called Fourier integral representation of f(x) which converges
to f(x) is f(z) is continuous at a point x; and to (f(x—) + f(z+))/2 if f(z) is
piecewise continuous.

If we put cosine and sine transforms together and use the trig-identity cos(a —
B) = cos(a) cos(B) + sin(a) sin(B), we derive the Fourier transform of f(x) below.

f(x)

1 o0 o0
— / / () (coswt coswa + sinwt sin wz) dt dw
—o0

1 [ [
— / / f(t) cos(z — t)dt dw
™ Jo —0o0o
/ / zw z—t) + elw(ert)) dt dw
/ / f m;(T t)dt dw — — / / f uu(T f)dt dio

(t)e' @D dt dw

Il
X[
3
— °
8
|
8

~

= — [ — t)e “tdt dw
V2T ) o V2T /_oo 1
L /00 f(o.})ei“’mdw
V2T J s .
The expression

1 > —iwx
f) === [ j@e (8.4)

is called the Fourier transform of f(x). From the derivation above, we also have

1 > WwT
f(z) = \/—2_71_‘/7006 dw, (8.5)

which is called the inverse Fourier transform.

Example 8.1. Find the Fourier transform of f(z) = e~ where a > 0 is a
constant.
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The problem can be solved directly from the definition.

1 o ,
f(o.}) _ e—a\m\e—zwmdx
V2T J s
1 0 ax —iwmd T 1 > ax —iwmd
= — e e X — e e X
V2T J o V2 Jo

1 > , 1 & ,
V2T /0 V21 Jo

oo

1 _e(inra)w
+

0 V2r  itw+a

[ee]

1 e(iwfa)w

Vor tw—a

0

! Lo,
_\/27r a+iw  a—1iw
_\/5 ‘

TV r a2+ w?

1 4 < a,
Example 8.2. Find the Fourier transform of the square function f(x) = { 0 Zji ||x|| “
if |x|>a

where a > 0 is a constant.

The problem can be solved directly from the definition.

1 —iwzx |

1 >~ —iwT
f(w)Z\/—2—7T/_Dof(a:)e dx

1 e
= — e Wy = —— —
V2T /_a V2T w
1
wiv 2T

1
= ( coswa — isinwa — (coswa + zsmwa))
wiy/ 2w

_ 2 sinwa_ 2 sinwa
T Voar o w Vrow

Note that the w = 0 is a removable singularity since

. 2 si 2
f£(0) = lim SHReT a\/j.
w—0 ™ W ™

Example 8.3. Find the Fourier transform of a point source function f(x) = é(z),

—a

(efiwa o eiwa)
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a special function defined only in the sense of distribution.
[ f@ite — iz = (@) (5.6)
if a is in the domain of integration.

The problem can be solved directly from the definition.

¢ 1 > —iwz _ i
flw) = E/oo o(x)e dx = Nors

Note that the point source function é(x) is called a Dirac delta function, which
can be regarded as a ‘limit’ of the following non-negative function whose has a unit
area

Lol <
de(x) = € . (8.7)
0 Otherwise

It is easy to show that

e—0

lim / f(@)de(x — a)dx = f(a).
Such a J.(x) is unique, for example, the following function plays the same role

1

— (1 + cos E) if x| < 2e,
Se(z) = 4e 2e

0 Otherwise

The Dirac delta function is the weak derivative of the Heaviside function

Hiz) = 1 if z>0, (8.9)
] 0 Otherwise. '

8.1.1 Properties of Fourier transform

Theorem 8.1. Let i be the Fourier transform of a function u € L?, then

du
5y =~ Wi, (8.10)
ou
= i, (8.11)

i=u. (8.12)
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Proof: From the definition, we have

~ 1 o
o= — e
\/27T/;oo

For the partial derivatives, first from the definition, we have

TG dw = u.

gu_ L 7 @ewmdw
or  2r J_. Ox '

On the other hand, if we take the partial derivative with respect to x assuming we

can switch the integration and the partial derivatives, we get

ou 1 0 e
1 > - TWTS
= Nor we™ u(w) dw.
g—g = wi.

If we switch the position between w and x, v and u, we get

Thus the inside expressions have to be the same, that is,

g 1 /Doe “%dx
0w  2r J_o Ow

and by differentiating the Fourier transform with respect to w we get

o1 1 o .
v —/ —ize "“Tudz.
ow  V2r ) o
Thus we get % = —ixu, which completes the proof.
Parseval’s relation: Under the Fourier transform, we have |42 = ||ul|2 or
oo oo
/ (2o = / luf2dz . (8.13)
— 00 — 00
It is easy to generalize the equality, to set
o
— = (w)"au 8.14
= (iw) (8.14)

i.e., we remove the derivatives of one variable.

8.2 Use Fourier transform to solve some of PDEs of
Cauchy problems

The Fourier transform is a powerful tool to solve PDEs, as illustrated below.
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Example 8.4.

Consider
ug + aug =0, —o<zr<oo, t>0, wu(zr0)=u(x)

which is called an advection equation, or a one-way wave equation. This is a Cauchy
problem since the spatial variable is defined in the entire space and ¢ > 0. On

applying the FT to the equation and the initial condition,
U +auy =0, or U+ aiwi =0, (w, 0) = Gp(w)
ie., we get an ODE
i(w, t) = 4w, 0) et = g (w) e~
for @(w). The solution to the original advection equation is thus

(Z‘ t sz i w) e—z’awt dw

m/
RERy S
u(x — at,0),

on taking the inverse Fourier transform. It is notable that the solution for the advec-
tion equation does not change shape, but simply propagates along the characteristic
line x — at = 0, and that

lullz = l|allz = [la(w, 0)e™** |2 = |a(w, 0) |2 = [[uo]2-
Example 8.5.
Consider
Up = By, —o<x<oo, t>0, u(x,0)=ug(x), lim =0,

|z|— 00

involving the heat (or diffusion) equation. On again applying the Fourier transform
to the PDE and the initial condition,

—

Uy = Puge, or U = f(iw)*a = —pwi, (w,0) = tp(w),
and the solution of this ODE is

i(w, t) = i(w,0) e Pt
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Consequently, if > 0, from the Parseval’s relation, we have
~ ~ _ 2
[ulle = ll@fl2 = [li(w, 0)e™ l2 < fuollz -

Actually, it can be seen that lim;_, ||u||2 = 0 and the second order partial deriva-
tive term is call a diffusion or dissipative. If § < 0, then lim;_, ||ulj2 = oo, the

partial differential equation is dynamically unstable.
Example 8.6. Dispersive waves.

Consider

B 82m+1u anu
U = D2l + D2 +l.o.t.,

where m is a non-negative integer. For the simplest case u; = Uy, we have

—

3

Uy = BUugpe, Or Uy = B(iw)3ﬁ = —iw’u,
and the solution of this ODE is
a(w,t) = a(w,0) et .
Therefore
[ulls = l|all2 = [[a(w, 0)]l2 = [[u(w, 0)l2,

and the solution to the original PDE can be expressed as

1 R w3t
— e dg(w)e™™ P dw
V 27T [oo 0( )

1 Rl 2
_ iw(z—wt) o d
e — € UplWw) aw .
Vor /_Do o)

Evidently, the Fourier component with wave number w propagates with velocity w?,

u(z,t) =

so waves mutually interact but there is no diffusion.
Example 8.7. PDFEs with higher order derivatives.

Consider

82mu 82m71u

+——— +lot.,

Ut = Q5 om T pem—1

where m is a non-negative integer. The Fourier transform yields
—aw?™ G+ - iftm=2k+1,

Uy = a(iw)*™ i+ - =
aw?™ i 4 - - - if m = 2k,
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90
hence
_ a(w,0) e i = 2k 1,
u =
a(w,0) e ™ o ifm =2k
such that u; = ug, and uy = —Ugee, are dynamically stable, whereas vy = —ug,

and Uy = Ugeqe are dynamically unstable.
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The Laplace transform

The Fourier transform is for the entire space (—oo, 00) while the Laplace transform
is for half space (0, co) such as time variable ¢ > 0. The Laplace transform is defined

L(f)(s) = F(s) = intC f(t)e " dt, (9.1)

where s is in a complex number. A necessary condition for existence of the integral
is that f must be locally integrable on [0, 00).

Example 9.1. Find the Laplace transform of f(t) = 1, f(t) =2, f(t) = t, and
f(t) = ot,

We apply the facular to get

91
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Appendix A

ODE Review

A.1 First order ODEs

We review the solution or ODEs. We start with the first order linear and homoge-
neous PDE

Yt pa)yla) =0. (A1)

For a more general ODE a(x)j—*z + b(x)y(x) = 0 we can divide by a(z) assuming it
is not zero to get g—;’ + %y(m) = 0. If a(x) = 0 at some places, the differential
equation is singular since there is no derivative involved.

If we rewrite the ODEs as

dy _

) —p(z)dz, (A.2)

and integrate on both sides, we get

Yoo [owirre. og@l=C [pr

The solution can be written as
y(z) = Ce~ I P@)dz, (A.3)

For a non-homogeneous ODE

Wt @) = o), (A1)

we can multiply a function p(x), call an integrating factor so that the ODE can
become something 4 (sth.) = f(z) and can be integrated easily. In other words,

93
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we wish to have

w(@) L+ p(p()y(e) = g()u(e). (4.5)

We wish the left hand side becomes - (u(z)y(z)) = g(z)u(z), then the solution
would be

o) = o ( [ st + cl> |

The left hand side in (A.5) is the same as the left hand side of the ODE. This leads
to

!

py' +u'y =py' +ppy,  or = pp.

We get p(z) = Coel @)% Plug this into (A.6), we get the solution

1
vo) = e Iren ([ arcael v 1 )

_ e [pla)s (% + / g(x)efm)dm) (A.6)

2

— e~ Jp@)de <C + /g(x)efp(m)dr)
Example A.1. Solve y'(z) — y(z) = 2.

In this example, p(z) = —1, g(x) = 2, the solution is

y(z) = el 1z <C + / 2e~[(1)dm) =e" (C — Qe*x) .

Note that, for this problem we can also use the undetermined coefficients method

to find the particular solution.

A.2 Second order linear and homogeneous ODE with
constant coefficients

The ODE has the form
ay’(x) + b(z)y’ +cy = 0. (A.7)
The corresponding characteristic polynomial is defined as

aX* + b\ +c=0 (A.8)
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whose discriminant and roots are

> (0 there are two distinct roots Ay, Ao,
b2 —4ac{ =0 there is one double root, Ay = Ay = A,
< 0 there are two complex roots \; = a+ fi, Ay = a — fi, i =/—1.

The solution to the ODE are
o b2 —dac> 0, y(x) = CreM? + Cye2?.
o b2 —dac=0, y(z) = C1e* + Coze™.

o b2 —dac <0, y(z) = e (Cy cos Bz + Cy sin f).

A.3 Useful trigonometric formulas

There formulas are very useful in Fourier analysis

sinacos f = % (sin(a + 8) + sin(a — 5)) (A.9)
cos arsin B = % (sin(a + B) — sin(a — B)) (A.10)
cosacos B = % (cos(a + B) + sin(a — B)) (A.11)
sinasin f = —% (cos(a + B) — cos(a — B) (A.12)
sin? o = w (A.13)
cos? a0 = % (A.14)

A.4 ODE solutions to the Euler’s equations

A second order Euler’s equation has the following form
22y + axy’ + By = 0. (A.15)

An nth order Euler’s equation has the following form

n " n—1 dn—ly
at oy H e ey + agy = 0. (A.16)
For a first order Euler equation zy’ + ay = 0, we have %’ = —2 and the

solution is log |y(z)| = —alog|z| + C or y = C|x|*.
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For a second order Euler’s equation, we look for the solution of the form of
y(x) = 2", y'(z) = rz"~! and y'(x) = r(r — 1)2"~2. The ODE then becomes

2*r(r — V2" 2 + azra™ ! + B2" =0, (A.17)
which leads to an indicial equation
r(r—1)+ar+p8=0. (A.18)
There are three cases corresponding to different general solutions.

1. Two distinct roots, 71 and r5. The solution then is
y(@) = Crla|™ + Cofa[™.
2. One repeated root ry. The solution is
y(x) = Cifz|™ + C2 (log |x]) x[™.
3. A complex pair r = a + ib, the solution is
y(z) = |z|* (Cy cos(blog|z|) + Casin(blog |z|)) .
Example A.2. Solve the ordinary differential equation x*y" + 2zy’ — 6y = 0.

Solution: The indicial equation is 7(r — 1) +2r —6 = 0, or 12 + 7 — 6 =
(r+3)(r —2) = 0. Its roots are 11 = —3 and ro = 2. The general solution is

C
y(z) = Ci|z| ™ + Colz|* = ﬁ 1 Cya®.

Example A.3. Solve the ordinary differential equation x*y"” + 3zy’ + 10y = 0.

Solution: The indicial equation is 7(r — 1) +3r +10 = 0, or r* 4+ 27+ 10 = 0.
The solutions are r = —1 + 3i. The general solution is

y(x) = |z| 1 (C1 cos(3log |z|) + Cosin(3log |x])) .
Example A.4. Solve the ordinary differential equation x%y" + 3zy’ +y = 0.

The indicial equation is r(r — 1) +3r+1 =0, or r> +2r + 1 = 0. There is one

double root r = —1. The general solution is

y(z) = Cilz|™" + C2 (log |]) ] 7.
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