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Abstract

A finite element method is proposed for one dimensional interface problems involving discontinuities in the
coefficients of the differential equations and the derivatives of the solutions. The interfaces do not have to
be one of grid points. The idea is to construct basis functions which satisfy the interface jump conditions.
By constructing an interpolating function of the solution, we are able to give a rigorous error analysis which
shows that the approximate solution obtained from the finite element method is second order accurate in the
infinity norm. Numerical examples are also provided to support the method and the theoretical analysis. Several
numerical approaches are also proposed for dealing with two dimensional problems involving interfaces. © 1998
Elsevier Science B.V. and IMACS. All rights reserved.
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condition; Error analysis

1. Introduction

Consider the following model problem:

—(Bx) ) + q(@)ulz) = f(z), 0<z <1, (1.1)
u(0) =0,  u(l)=0. (1.2)

We assume that 0 < ((z) is piecewise continuous and may have finite jumps at interfaces «;, s,
..., 0s. Across the interfaces, sometimes also called internal boundaries, the natural jump conditions
hold:
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Fig. 1. A diagram shows why a finite element method cannot be second order accurate in the infinity norm if the interface
is not a grid point.

(u]q, & lim u(z) - lim u(z) =0, (1.3)
Bucle, & lim f(z)u/(x) = lim Blx) v/ (z) = 0. (1.4)

Ty T

The solution of (1.1) is typically non-smooth at the interfaces if 5(z) has a finite jump at each interface.

The problem can be solved by both finite difference methods and finite element methods. The
immersed interface method (IIM) [6,7,9-11] is an efficient finite difference approach for interface
problems with discontinuities and singularities. The solution obtained from the IIM is typically second
order accurate in the infinity norm regardless of the relative position between the grid points and
the interfaces. However, for two or higher dimensional problems, the resulting linear system obtained
from the IIM may not be symmetric positive definite.

If the finite element method with the standard linear basis is used for (1.1) with presence of interfaces,
second order accurate solutions can still be obtained if the interfaces lie on the grid points. This can
be proved strictly in one dimensional space. For higher dimensional problems, the analysis is usually
given in an integral norm which is weaker than the infinity norm, see [1,3,4,13], etc. If any of the
interfaces is not a grid point, then the solution obtained from the finite element method is only first
order accurate in the infinity norm, see Fig. 1. For two or higher dimensional problems, it is difficult
and costly to construct a body-fitting grid so that the interface aligns with the triangulation, especially
for moving interface problems.

In this paper, we try to develop a numerical method which maintains the advantages of the simple
grid structure of the finite difference method and the nice theoretical properties of the finite element
method. The idea is to take a simple Cartesian grid, for example, a uniform grid, and modify the
basis functions so that the interface jump relations are satisfied. With the simple grid, or triangulation,
the finite element method corresponds to a finite difference method in which the resulting linear sys-
tem of equations is symmetric positive definite. By choosing modified basis functions, second order
accuracy is achieved in the infinity norm for one dimensional problems. Inhomogeneous jump con-
ditions then can be taken care of easily by adding some correction terms according to the immersed
interface method. We also propose some numerical methods for constructing basis functions for two
dimensional problems involving interfaces. While second order convergence is preserved in the en-
ergy norm for those methods, the convergence of those methods in the infinity norm is still under
investigation.
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2. Modification of the linear basis

Define the standard bilinear form
1

alu,v) z/ (B(x) (2)v' (z) + q(z)u(z)v(z)) dz, u(z),v(z) € H}(0,1), (2.5)
0

where H}(0,1) is the Sobolev space. The solution of the differential equation u(z) € H}(0,1) is also
the solution of the following variational problem:

1
a(u,v) = (f,v) = / f@)(z)de, Vo e H(O,1). 2.6)
0

Without loss of generality, we assume that there is only one interface « in the interval (0, 1). Integration
by parts over the separated intervals (0, «) and (¢, 1) yields

87

0= /{—(61/)’ +qu— flv+ B ugv” 2.7
0
1
+ /{—([J’u/)' + qu — f}v ~ Brutot. 2.8)
[
The superscripts — and + indicate the limiting value as = approaches a from the left and right,
respectively, and u; = u/. Recall that v~ = vt for any v in Hé, it follows that the differential
equation holds in each interval and that
[u] =ut —u~ =0, [Buz) = Bruf — B7u; =0,

where we have dropped the subscript « in the jumps since there is only one interface. These relations
are the same as in (1.3), (1.4), which indicates that the discontinuity in the coefficient 3(z) does not
cause any trouble for the theoretical analysis of the FEM and the weak solution will satisfy the jump
conditions (1.3), (1.4).

Now let us turn our attention to the numerics. For simplicity, we use a uniform grid z; = ¢h,
i=0,1,...,N, with xy = 0, zy = 1 and h = 1/N in our discussion. The standard linear basis
function satisfies

1, ifi=k,
dizk) = {0, otherwise.

The solution up () is a specific linear combination of the basis function from the finite dimensional
space Vj:

N-1
Vi = {Uhi vh= Ui(bi(fﬁ)}a (2.10)

i=1

a(uh, ’Uh) = (f, ’Uh), for Yuy, € V3. 2.11)

(2.9
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If an interface is not one of grid points z;, usually the solution uy, is only first order accurate in the
infinite norm, see Fig. 1. The problem is that some basis functions which have non-zero support near
the interface do not satisfy the natural jump condition (1.4) at the interface.

The solution is to modify the basis functions in such a way that natural jump conditions are satisfied:

1, ifi=k,
di(zx) = {0, otherwise, (2.12)
(¢:] =0, (2.13)
[6¢5] = 0. (2.14)

Obviously, if z; < a < xj41, then only ¢; and ¢, need to be changed to satisfy the second jump
condition. Using an undetermined coefficient method, we can conclude that

( 0, 0<z< Ti—1,
ili—j—:u, Zj1 Lz < Tj,
#;(@) = 4 le;xﬂ, 2 <z <a (2.15)
ﬂhl;__xl, a << Tjp,
0, Tipp ST <,
where
n=40, p~=1, B*=5, a=2/3 n=40, B"=5, =1, a=2/3
1 1
0.8 0.8
O'GT 0.6
0.4 0.4
02 0.2
LY 0.65 0.7 Y 0.65 0.7
n=40, =1, B*=100, 0:=2/3 n=40, B~=100, p*=1, 0=2/3
1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2 W
0 0
06 0.65 0.7 06 0.65 0.7

Fig. 2. Plot of some basis function near the interface with different 3~ and 57.
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B~ Bt -5
p= 7 D=h- . (zj+1 — ), (2.16)
and
(0, 0<IL'<.’L‘],
x;):vj’ r; Sz <aq,
¢j+1(x) = 5@i§ﬁQ+L a <z <zjy, (2.17)
Tito — T
sz—“, Tj+1 € T K Tjy2,
LO, Tjpo <z <L

Fig. 2 shows several plots of the modified basis functions ¢;(x), ¢;41(z), and some neighboring
basis functions, that are the standard hat functions. At the interface, we can see clearly the kink in the
basis function which reflect the natural jump conditions.

3. The theoretical analysis

In this section, we prove that the solution obtained from the finite element method with the modified
basis function is second order accurate in the infinite norm.
For the sake of clean and concise proof, we derive the theoretical analysis for the simple model:

Bz = f(x), f(z)e Cl0,1], 0<r<l, (3.18)
u(0) = 0, u(1) =0, (3.19)
with
B, if0<z<a,
ﬁ(a:)—{5+’ ifa<z<1,

where 3~ and 8% are two constants. The solution u(z) € H]} satisfies the natural jump conditions
at «. If the value of the solution at « is known, say u,, then the problem is equivalent to the following
two separated problems:

g = @), 0<z<a . [-Btu'—f@), a<z<l,
u(0) =0, u(a) = ugq, an u(a) = g, u(1) =0.

Therefore from the regularity theory we know that u(z) € C?[0,1] in each sub-domain and u,, =
lim,_,,~ v”(z) and v}, = lim,_,,+ u”(z) are finite. We define

oo = max { Juz, | [kl sp uzal, sup [ul}. (3.20)
O<z < a<z<l

which is bounded.

3.1. The interpolant of the solution

As in the standard FEM analysis, an interpolating function of the solution plays an important role in
the error analysis. In this subsection, we will define the piecewise linear function in the space Vj, which
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also interpolates u(x) at the node points. Assuming that z; < o < z;4], we define an interpolant of
u(z) as follows:

%%ﬁu(wi)+ x;m, WTit1), 1# G T <T L Tip,
u(®) =\ ule;) + (e - ulay), <o <o (321)
w(xjp1) + £ p(e — z41), a <2< Tjqn,
where
w(zivt) — u(z;
O T e ) 0
It is easy to verify that
wr(zs) = u(w), i=0,1,...,N—1, (3.23)
[w] =0,  [Bui] =0, (3.24)

and hence u;(x) € Vj,. Before giving an error bound for ||us(x) — u(z)||~, we need the following
lemma which gives the error estimates for the first derivatives of u;(z) approximating u'(z).

Lemma 3.1. Given ur(z) as defined in (3.21), the following inequalities hold:

a—z; — pla — zj1) = min{ 3k, 3hp}, (3.25)
Ik —uy| < Cllulloo b, (3.26)
lpk —uf] < Cllu"|eo by (3.27)
where
2max{1, p}
= 28
min{1, p} (3.28)

So C acts like a condition number for the interface problem.

Proof. It is obvious that

a—xz;— pla—x41) > plzje —a) > 3hp, if a—z; < Jh,

a—z;—pla—zj4) > a—1x; > 1h, if @ —z; > 1h,
which concludes the first inequality. Using the Taylor expansion about ¢, we have

u(@jer) —ulz;) -
a—a;—pla—a)
ut 4 ud (w501 — @) + Juea () (@541 — @)?
a—x;— pla—z54)
CuT (2 - a) + jus()(e - o)
o —; — pla—511) 4k

where £ € (o, z;j11) and & € (z;,«). With the jump conditions u™ = u~ and u} = pu, the
expression above is simplified to

|k —ug | =
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| 3ttae (62) (Tj11 — )] + | FUae(€2) (x5 — @)?] o 1
a—xj— plo—xjq1) \mln{ ,

|k —uy | = ||l B
P}

which implies the second inequality (3.26). At last,
o —ug| = plr —uz| < Clu"[loch

This completes the proof of the lemma. O

We are now ready to prove the following theorem on the accuracy of the interpolating function

ur(x).
Theorem 3.2. If uy(z) is given as in (3.21), then

[(z) = ur(@)]| ., < CR*[lW" s, (3.29)
where

— _ 2max{l, p} 3 3

¢= min{l, p} 2 _C+2‘

Proof. Again we assume that « € [z, 2;41) for some integer 0 < j < N —1. Forany = € [z;, Zi11]
which does not contain the interface «, from the standard interpolation theory, we know that

(@) — ur(e)] < $R2Y" oo < TR oo
If z; <z < «, then
w(z) =u(z;) + ' (z)(@ — 25) + 5(z — z;)"u" (&)
= u(z;) + uy (¢ — x5) + v’ (&) (z — a)(x — z;) + 3(z — ;)" (&),

where & € (z;,a) and & € (z,a) from the intermediate value theorem, and u; = lim,_,,- v'(z).
Thus using the bound in (3.26), and the fact that |z — a| < h and |z — ;| < h, we have

‘u(x) —uy(x | = ’ —k)(x — z; ‘ + ‘u” &)z —a)(z —zj) + %(m — wj)zu”(&)’
<Ch2|lU"Hoo 3R]l oe < CR? U]/ so-

The proof is similar if o <z < zj41. O
3.2. Convergence theorem for the finite element method

We are now ready to prove that the approximate solution obtained from the FEM with the modified
linear basis is second order accurate to the exact solution in the infinite norm. First, we need to prove
the following lemma.

Lemma 3.3. If u(z) is the solution of (1.1), (1.2), and u;(x) is the interpolating function defined in
(3.21), then

Ti41
B(z) (u(z) — u;(:c))/vg(x) dr =0, Vvp,€eV,, and 0<i<N-1. (3.30)

T
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Proof. If « ¢ [x;, z;11), then 8(x) and v} (x) are two constants. So
h

[ 8@ @) — () @) do = B v o) [ (uta) - ur@)' e

Tipl _
g - 07

= 5(95i+1/2) U;z(xi+l/2) (U(I) - UI(»"U))

where x; 1/ = x; + h/2. On the other hand if € [z}, 7;41), then

/ B(x) (ulz) — ui(w)) vh(z) dz
= 5 (&) / (u(z) — ur(x) dz + B} () / (u(z) - us(2)) do

= B vh(€n)(u” —up) = BF0h(@)(wt —u7) =0,
where &; and &, are any two points in the interval (z;, o) and (o, z;41), respectively. In the derivation

above, we have used the natural jump condition (1.3), (1.4) for the basis function v;, and continuity
conditions for u(z) and ur(x) at a:

Brup(6) = BTp(&), Wt =w,  wf=w;. O
Below is the main theorem of convergence for the modified finite element method.

Theorem 3.4. Let up(z) be the solution obtained from the finite element method with the modified
basis function. Then

|u(z) — un(z)|, < Cllw"lloch?, (3.31)
where
_ 2max{l, p} (3.32)
~ min{l, p} :

Proof. For any v, € V},, we have
a(u —up,vp) =a(u — up + up, — ur,vp) = a{u — up, vp) + alup, — ur, vp) = alup, — Ur, vg).

From the definition of a(u,v) and Lemma 3.3, we know that

1 N_1 Titl
a(u —ur,vp) /ﬂ (u —up) v dz = Z / B(z) (u(z) —uI(:L')),v;l(ac)dafZO.
0 =0 g,

Take v, = up, — uy € V3, we conclude a(up — uyr, up, — ur) = 0, which implies that up(z) = ur(x).
Thus

lu(z) — up(2)| < |u(z) — ur(@)| + |us(z) — up(z)| < |u(z) — ur(@)| < Cllu"|loo h?. a
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Remark 3.1. The conclusion can be easily extended to the more general case (1.1), (1.2) with variable
B(z). The key modification is the following:

N—1 Tit+1

alu —uy,vp) = Z / (ﬁ(x) - Bi+1/2)(u - UI)/U;L dz

—I—/(ﬂ(m)—-ﬁl)(u—u;)'vgdx—% / (B(z) — B,)(u — ur)'v} dz,

where 3,15, B; and 3, are the average values of 3(x) in the intervals [z;, zi11], (25, ] and [a, 2511],
respectively, which are first order approximations to 3(x) in that specific interval. Note that ur(z) is
a second order approximation to u(z) in the infinite norm, which means that v/ (z) is a first order
approximation to u'(x) except at grid points and the interface «. Thus we have

a(up, = ur,vp) < Cibllu —uglliflonlly < Crh?[[w”[|oolon )1
Taking vy, = up, — ur € V3, we conclude
lun, = urlli < Crh?[[u" oo
The final inequality then follows:
lu(z) — up(z)| < |u(@) —ur(@)| + |ur(z) — un(z))
< u(@) — ur(@)] + [Jun(@) — ur(@)]], < Cllu”||oh?,

with a different error constant C.

4. Numerical examples

We have done quite a number of numerical tests. All the results agree with the theoretical analysis.
The integrals

Tyt Tit1
/ 6i(z)f(z)dz and / 8(2)¢) () da

are evaluated using the trapezoidal rule. We just present one example below.
The differential equation is

g ifz<a,
8t ifz>a,
w(0)=0, w(l)=1/8"+(1/8~ —1/8")a".

The natural jump conditions (1.3), (1.4) are satisfied. The exact solution is

(Bue)e = 1227,  0<z <1, @:{
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B x“/ﬂ_ if x < o,
ue) = {x4/ﬁ+ +(1/67 = 1/8%)at ife>a,

where the parameters 3~ and 31 are two constants.

Since Simpson’s rule has degree of precision “three” and f(z) is a quadratic, there are no errors
in computing [ ¢;(z)f(x)dz and [ ¢;(z)¢(x) dz. We expect the solution obtained using the FEM
method to be the same as the interpolating function defined in (3.21), provide there is no round-off
error involved. In other words, the computed solution agrees with the exact solution at grid points and
is second order accurate at any other points. Numerical experiments have confirmed the theoretical
analysis. The infinity norm of the computed solution at grid points is between 6 x 10~% to 3 x 10713
in double precision. At any other points, the FEM solution is defined as

N
up(z) =Y wigi(), (4.33)
i=0

where u; is the computed solution at the grid point z;, the error decreases by a factor of 4 if we
double the grid size. Table 1 shows the grid refinement analysis in the infinity norm for two different
points which are not part of the grid. In the first case, 3~ = 1, 3% = 100, and the interface is o = %
which is not a grid point. We see that the computed solution at the interface itself has average second
order accuracy. In the second case, we take the same 3~ and 87, but the interface is « = 0.5 which
is a grid point. Since there is no interface between the grid points, the solution at the interface a is
again accurate to the machine precision up to a factor of the condition number of the discrete linear
system. The right part of the table shows the grid refinement analysis at o + % which is not a grid
point. We see that the error is reduced by a factor of 4. Notice that, for interface problems, the error
constant which is O(1) may not approach to a constant. It will depend on the relative position of the
interface and the grid. This is the case in the left part of the table. By the second order accuracy, we
actually mean the average convergence rate of the solution, the reader is referred to [10,12] for more
information on the error analysis. For the second case, since the interface is a grid point, the error
constant will indeed approach to a fixed number.

Fig. 3(a) is the plot of the solution with 40 grid points. There is no difference between the computed
and the exact solution at the grid points. The differences in other places are too small to be visible.

éiti)clienleﬁnement analysis for the example with 3~ = 1, 87 = 100. The left part of the table: the error of the solution
evaluated at the interface x = a = % The right part of the table: the error of the solution evaluated at x = 0.5+ %, a=0.5
n en en/€mn en/€in n én en/em
20 44312 x 1073 20 2.2844 x 107°
40 5.4822 x 107°¢ 8.0829 40 5.8259 x 10~° 3.9211
80 2.7347 x 107¢ 2.0047 16.2038 80 1.4420 x 10~° 4.0403
160 3.4478 x 1077 7.9318 15.9010 160 3.6229 x 1077 3.9801
320 1.7038 x 1077 2.0235 16.0503 320 9.0347 x 107* 4.0100
640 2.1582 x 107* 7.8948 15.9752 640 2.2615 x 10~% 3.9950
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n=40, B =1, f'=100, 0=2/3
T T T T T T T T T w10t Errar Plot n=40, B =1, $*=100. a=2/3

T T T T T T —

025k o O Computed 1
Exact

(a) (b)

Fig. 3. Comparison of the computed solution and exact solution when n = 40. (a) The solution plot. (b) The error plot.

Fig. 3(b) is the error plot of the error in the entire interval. We see the errors are zero at grid points
and O(h?) at other points.

5. Constructing basis functions in two dimensions

The model equation in two dimensions on a rectangular region with a closed interface is

V- (6Vy) = f(z,y), (z,y) €, (5.34)
given BC on 942, (5.35)

see the diagram in Fig. 4. The natural jump conditions across the interface I" are
[u] =0, [Bu,] =0, (5.36)

where u,, is the normal derivative.

As discussed in previous sections, we will use a uniform triangulation, see Fig. 5. If a cell contains
no interface, we can use the standard linear basis function over that cell. It is more difficult to construct
basic function in two dimensions when interface cuts through the uniform triangulation. It is true that
we can easily find piecewise linear, or quadratic, or cubic function which interpolates the solution
of (5.34), (5.35) to second or higher order accuracy using the Taylor expansion. The difficulty in
constructing the basis function is the requirements of continuity in the entire region and the jump
conditions across the interface. There are several approaches currently under investigation. Bube and
Kaupe [2] are tying to use a quadrilateral triangulation. Hou and Wu [5] are experimenting with both
conforming and non-conforming basis functions. Below we propose an approach which is in the same
spirit as our discussion for one dimensional problem. We will stick with conforming basis functions,
that is, the basis functions belong to H/(2).



264 Z. Li /Applied Numerical Mathematics 27 (1998) 253-267

ﬂ-}-

Fig. 4. A diagram for a model problem in two dimensions.

Yj
F G
B+
B
D
2 C r
1 3 I
E {
J ' I
0 4
6
5 h
8-
h

Fig. 5. A typical cell with the interface cutting through.

5.1. A coupled approach

Now take a typical case as shown in Fig. 5. An arbitrary closed interface can be approximated by
piecewise line segments. We want to find a basis function ¢(z,y), for example, centered at (z;, y;)
which satisfies

p(z,y) € C(2),  dzi,y) =1, (5.37)
(4] =0, [Bén] = 0. (5.38)

It is quite obvious that a linear basis function will not work. Instead, we try to use a piecewise quadratic
basis function. In Fig. 5, the interface does not cut through the triangles 4, 5 and 6. Therefore the
basis function can be taken as the standard linear basis function over those triangles.

The triangles 1, 2 and 3 contain a portion of the interface which divides the region into six pieces,
three triangles and three quadrilaterals. The piecewise quadratic function over the six pieces can be
determined using the undetermined coefficient method. The total number of degrees of freedom is 36
without any constrains. The continuity constrains involving both the sides of the triangles and the
interface are 33. The remaining 3 degrees of freedom are then used to satisfy the flux jump condition
[B¢n] = O to certain degree. For instance, we can force [8¢,] to be zero at the mid-points of linear
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segments AB, BC, and CD. At other points of the interface, [3¢,] will also be very small from the
continuity condition of the solution and the assumption that the normal direction of the interface does
not change too much in the cell.

In the end, we need to set up a linear system of equation for the coefficients of the quadratic basis
function. The number of unknowns can be greatly reduced if we take advantage of the boundary
conditions. For example, the function ¢(x,y) on the quadrilateral ABOFE can be written as

¢(2,y) = a0 + a1(z — zi-1) + a2(y — ;) + a3z — zi—1)(y — )

It is not so easy to implement the approach discussed above because the basis functions on several
cells are coupled together. This is the price which we need to pay for interface problems to obtain
more accurate results. However we can simplify the process of constructing the basis function if we
can pre-determine the values of the basis function at points B, and C as in the example of Fig. 5. An
interpolation approach to determine those values will be discussed later in this section.

5.2. A decoupled approach

Suppose we can pre-determine the values of the basis function at those points B, and C in Fig. 5,
then we can construct a bilinear function in each quadrilateral which interpolates the function values
at the vertices and those intersections such as the points B, and C in Fig. 5. The bilinear functions
¢(x,y) will be linear on the boundary of the region as shown in Fig. 5. For example, the bilinear
function ¢(x,y) on the quadrilateral ABOE is

T —Ti—1 Y—Y;

(z,y) = T +1+q(x—zi-1)(y — ¥5),

where ¢ is chosen such that ¢(zp,ys) = ¢p, the pre-determined value of the basis function at B.
Once we have determined the bilinear function on each quadrilateral, then we know the values
of the basis function at mid-points of all sides of each triangles. Thus a quadratic function is easily
determined from the six values of the basis function on each triangle.
In the approach we described above, we are almost able to find the basis function on each triangle
separately, which makes it easier to assemble the stiffness matrix.

5.3. Interpolation scheme for the pre-determined values

The approach described above rely on the values at intersections of the interface and the interior
sides of the triangles. Ideally, the basis function can be taken as the solution of the following Poisson
equation with natural jump conditions:

V- (8V¢) =0, (5.39)
[¢] =0,  [B¢n]=0. (5.40)
The boundary condition is
E:_];”Ci_—l on EO,

0 on EG, GH and HF'.
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Once we know the solution of the PDE above, we can get those pre-determined values. However, it
is too costly to solve the PDE above at all the cells which contain the interface. What we can do,
however, is to use an interpolation scheme in terms of the boundary values, the jump conditions, and
the partial differential equation itself, for example,

¢B = 0O + a4 + a3dF + cudg + asdp + asPH + a1 + agdo + s .

The coefficients can be determined using the weighted least squares interpolation {10] and the procedure
is briefly described below:

—
e Select a point X on the interface.

ik
o Use the local coordinates at X in the tangential and normal directions of the interface.

*

e Use the Taylor expansion over X to expand the values from each side of the interface.

e Eliminate the quantities of one side, such as the solution, the derivatives up to second order, in

terms of another using the jump conditions and the differential equation.

e Set up and solve the linear system of equation to get the coefficients of the interpolation.

The details can be found in [8,10] with some modification.

Theoretically, if the basis functions belong to Hé (£2) space and satisfy the natural jump conditions,
then the standard error analysis using the energy norm would apply. So we would have the standard
convergence result even if there is an interface in the solution domain. It is not easy to see or prove
whether the methods described above are still second order accurate in the infinity norm. However,
the approaches described above certainly has better accuracy compared to the straightforward finite
element method with no modifications. The price is the extra cost at those cells where the interface
cuts through.

In summary, the modified finite element method using the simple or uniform triangulation is very
accurate for one-dimensional problems and very promising for two-dimensional problems. The cor-
responding finite difference method would allow us to deal with inhomogeneous jump conditions.
However, the analysis for two or higher dimensional interface problems is far from complete. We
hope the ideas presented in this paper will eventually lead to the development of some efficient finite
element methods with simple triangulations for two and three dimensional problems.
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