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Matnzes and Systems of Lmear Eq,uaﬁws
Matrix:  rechangular arvay of numbe3 acromged in rows, coluwmns

Gy Qi - Gy ' m oW
AR I (a” " columns
: : Hrix
a cee Opmn n...ndu} mxn maohrix
Gme Gma index C ovder of A
nXn matny called square
Tf m=1 (ome row), colled row vector.
If n=1 (ome olemn)  called column vector
. . b Y
Vectors:  short for column vectons , €9, b= : X = %
Matrix Nulhplicattm bm Xn
. me-vecter n-veltor
A mxn B nxp "
C=A8 s mxp Ciy = E| A & b-&J'
Exomol | = inner product of (Peow cf A a
e S itk
ommp |1 2 o 13 3 wH\J column ¢f
-t o2 of =|~* 1 146 +0:2 ¢ 1-1=7
! @ |
System ¢f  m linear equatmms in N unknowns A
ap %, + =+ Qpn Xy = b, Written in matrix form

Qent ¥¢ + - - - +a’“"x“=~b"‘ »
Matrix mwltiplicaheon (g associative, not necessarily comnwutative.
Diagonal anmd Trangulor Matntes

S'u\ppo.«.e A s squace , nxnN

4y, Q31, "7, Qan called ciagmal entres of A
A with ( *) called  off-diagonal  entries
ag; with ¢ <) Called  super- dmﬁml entries
agj WH‘“" ¢ >j called Sub~ diaqonal emtnies

If Cch =0 for ¢ #J ; A called dllgm! matr'y
T¢ Qi =0 for L>y A called u_pper-‘ih'a.nsulaf
Ifay =0 Hfor ey A caled

lower - Mmangular

Exemtise: Show +hat a Squave matric 15 diogeal  HF (t s beth uppeand lowe mang.
Tdeatity Matriy I, nxn (If n isunderstoed, yust write I.)
In= 0 !

10 -0 I, A= A (¥nxpmatces /)
. o} I, =08 {(¥man matvices B)
‘o

o



Lnverse maineces ‘
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Scb.u.a,re nxn matty A Called

‘ol

Invexrtible if 3 an nxn mattx B suchthat
B 13 called the inverse of A , written A-;‘

AG = BA = I, .

Scalar multipiicabim (ci A) i xK agg

Ewercse: Show +hat A can have af mest ome ‘inverse.
Facts : I¢ A is Inverhble, so is .44-' , ond (A7) = A
If A,B inverhibie, sc is AB, and (AB) = BTA”
MatrY additen A, 8 some order A+B8=C Cy = Qg rbyj
(& scalar)

Propertres.  A+B= B+A

Null Matriy oy =0 “C)..) .

(A+8)c = AC+ BC

(A+8)Y+C = A+ (B+c) a(RB) = (@A)B = Al(aB)

«(A+B) = aA +u«8B
@+B) A = <A +gA
If Ais invertible amd @ %0,
wate O for rwll matwy,

Hhen oA is Invertible, and @M= LA

Lineor Gembmatnams

I 2 nevectrs

) )
b, X(U + by X(” + & 54‘ 1”‘) colted a Itaear combmaton

(WV\M bi, Ty b.h Scalars).

Let A be mxn, Q; = movector  which X the jH columncf A
For any n-vector X, CAX = o%a, t X 8, Fo + XaQa

‘s & linear cembmaten of +he <columnscf A,
= ° called J“\ wnit vechr

Let -‘;4.3 = 3™ cclumn of I, = :
positwn y=> | |

0!
For any n-vecinr L b= by + --- + ba kn
e mwn matmx

Exitence amd U.m'?uenes; of Solutims v Ff(;s = he givin m-vecror
— wAKROY N Nevester

M If x=1x, is a sclukon of AX=b, then any cther sclubm X, is of the form

2= X +Y Where y X a silutim e the homegeneaus system Ay =0
() Ax=b has af most one sclubon & Ag =0 has only the “Mival scluton” y=0.
G Any homogemeous |inesr sysiem  with fewer equa. tioms Hhan unknowis has nonmwnal selutron
“) If Ax=b hagsa Soiution for every m-veror b | then 3 nam C sunm that AC=TI,.

(5) If BA=TI ) then Ax = O  has dnl’ the vrl! sciution.
(6) T AY=hb has a schhtn fveveymvecior b, then m &0
("1) Let A be sgquare nNxn. The &l(awu‘nﬁ are e?.uw.luf

(W Ax=c has only X=0 as sslutom

(i) Ax=z=b has a soluhon +ov every n-vector b

@ity A is inverhble



Linear Tndependence
a,, -, 4a N m-vectoss
r'} Lin. ind.: %‘9".(,!'&31.‘.... + Xn 80 =0 = %=X = = XnT0 -

OHharwise, called |mearly dependent .

Let A be mun matrix whose columns ore g__‘) - n
Q. -, 4, lin ind & Axz¢c has ontg mvial soluwinm.

Ary set of more then M m-vectors (s lin. dep.

Basis If every m-veckor b cam be wriffen as a lin. comb of

~

g'. AN a. (whm ‘av“ -+, Qa are lin. a‘l\l.) ) we call Q,;, T, a,
a basis Hha setof all m-vectors)
So a, -, 2 bess ] A}_ =é has a u.m‘%.ug scln. for each b

Thus m must equal n.
Trumsebsd A mxn

B=A' i3 nxm bij = aj
Ir AT=A , A called sr_qmﬁﬂ‘c (maust ba \s?u.é.m)
~ Facs: (48)7 = BTAT o
(_AT)T = A

-l -
If Ais inverhible (AD) = (A nt
( semetmes wee . no fation AT fv 3 mamix)

b are real n-vechws, Scalar product s
h‘ﬁ": ..b.TQ= L;al‘f'"' *bnan
C”'\jtxjc\fe tramspoye [ or Hermiham fomspme)

(omplex  matrives (A“) o = a:,'u (% is tnyugate ef 2)

If A re!, AY = AT
I¢ At= A, A called  Hermitmm

Scatar prduct f  conplex vectors:

b“g-‘— b,Q(*’""""r\an-

-/



Determinants
P ]

Lot o, denote the Smmetnc group of degree n | the  sef of all permutehons

P". S_ ha,- ,n} - {l,l,“')n} (one-‘lo—am,niv)
There are n! such permutatims, sc dn has n! elements. "
Defme Th £ - [ if pis an even permuizhim

e the smn of p by s (P {_, s‘Fpna,naMpermuhh\m
Define the determinant of A by
def (A) = E‘&‘ A‘T‘CP) al,PU) al,pll) o a“)P‘")

P é*F degree n -

Let A be an nxn mafrx .

_ BExamples n=i ' Ci] even

dtA = Qg

n=2 L1 2] even 2 1] odd
dithA = 6,8, — Q29

"
)

n

—_— [123)even [231] wem (312Jeven [323edd O 323edd (213
(M A .= a“ 011 a33 + a‘z qz3a3‘ + a,; Qz, QJZ- a’3qzzq3’ - q”qz;qaz-alqulqs

(easy wugy 10 remembar 3%3 dd‘&rmimfs
cauhtm — does net wark for Y14 or 5.33“.)
- £ . N
| + N4 4

Theorwm 1§ A s upper- or loww-frio.c\sular, det A =

Q; Q22 " Gan
Prof  The m\l& term in the sum which Con be nonzero is when p T3 the
dentity permwiation.

Teem IF Aand 8 are min matices |, dat (A8) = (dat A)(t8)

Theorem A i3 invertible i  dt A $0

Com puting Determinents .
Pecform PLU factorization  usng Ganssran eimination with piveting
det A = (dot P)( dat L) et W)
dst P= aqn (p) whars p i3 Fa associated permstation
: dut L= | dat U= Uy, Upy = Unn
r' - . Jat A= agn(p) UplUaa 7

Sec bwlk for  Cramer's Rule

Unn

, Qwsrm in minery.



Matrix Frm of Row Operatins ‘

W am  nxn matuxg A “ym-‘ﬂ%‘""“j nxn malrias R
(ie. Jrming RA) 4aa T slatd sfpct on Az |
® 1"-...‘ O

R= .
() L

J

rultiplias the i rew of A by o

(i)
R = . O odda o Jimea ﬁ\'-j'“‘nm.r o A
RS o i mi%‘w‘GA
(M | o - |
LE] ‘5 ]
(iic) i N A 2ome s T aogt ri=ry=0, =i l)
: N ‘
i o
R = - l._.' o) me%WS%M,‘,A
(M) 3= ! 'Ol ‘ . .
- V4 L Py PO (This da a prvmulation matnix .)

Guncise B fhot tach of Mo maicss R in ), 66,0 above in imwatidds,
and that e wnupnd.m.g MWNLLL AL 5
)

M Turg &mm,u.,azyu Ax=b md-Ax-b w_‘a*“”__"-”'_"‘t.
i Day dove the sama Aefulion act ce., (vxem") Ax=b Ay

é:)):;n.;wnglmw o

o (W)

Mﬂumw Ax=~ Whmww
mw Ax =b @MMWR. do A=PRA amd

-

] @) K= R

*

!tr-)

?n

q,
= Rb

tv—)

-k

A
= AX=
T = A




