Chapter 1

Introduction

A differential equation involves derivatives of an unknown function of one inde-
pendent variable (say u(z)), or partial derivatives of an unknown function of more
than one independent variable (say u(x,y), or u(t,x), or u(t,x,y, z) etc.). Differ-
ential equations have been used extensively to model many problems in daily life,
in fluid and solid mechanics, biology, material sciences, economics, ecology, sports
and computer sciences.! Examples include the Laplace equation for potentials, the
Navier-Stokes equations in fluid dynamics, biharmonic equations for stresses in solid

mechanics, and the Maxwell equations in electro-magnetics.

The main part of this textbook is to learn different linear partial differen-
tial equations and some techniques to find their solutions. Solutions to differential
equations often have physical meanings such as temperature, velocity and acceler-
ation fields, concentration, populations, trajectories of moving objects, stock price
etc. With solutions of some differential equations, for an example, we can compute
the drag, lift, and resistance force of a flying airplane. We can use solutions of
differential equations to predict or compute many physical quantities and use the
information to design or control solutions for practical applications. Often, better
understanding of differential equations is essential to improve mathematical models.
Another part of this textbook is about Fourier series and analysis that have practical
applications in wave propagation, radio or television broadcasting, and fast com-
puting based on fast Fourier transforms (FFT), and in solving partial differential

equations using series solutions.

However, although differential equations have wide applications, not many
can be solved exactly in terms of elementary functions such as polynomials, log x,
e”, trigonometric functions (sinzx, cosz, ...) etc., and their combinations. Even

if a differential equation can be solved analytically, considerable effort and sound

IThere are other models in practice, for example, statistical models.
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mathematical theory are often needed, and the closed form of the solution may
be too messy to be useful. If the analytic solution of the differential equation
is unavailable or too difficult to obtain, or takes some complicated form that is
unhelpful to use, we may try to find an approximate solution using two different

approaches

e Semi-analytic methods. Sometimes we can use series, integral equations, per-
turbation techniques, or asymptotic methods to obtain approximate solutions

to differential equations.

e Numerical solution methods. The rapid development in modern computers
has provided another powerful tool in solving differential equations, called nu-
merical solutions of differential equations. Nowadays, many applications such
as weather forecasts, space shuttles lunches, robots, heavily depend on super
computer simulations. There are tons of books, software packages, numerical
methods, online classes for solving differential equations numerically, which
is a developing area of study and research and provides an effective way in

solving many problems that were impossible to solve before.

In this book, we mainly adopt the first approach and focus on either analytic solu-

tions or series solutions.

If a differential equation whose solution has only one independent variable,
then the differential equation is called an ordinary differential equation (ODE). We

should have seen many ODE examples before. Below are two simple examples,

dy dy

&= aw Y
The solutions to the above ODEs are y(z) = L;—FC’ and y(x) = Ce”, respectively, for
arbitrary constant C, which means that if we plug the solution into the differential
equation, we will get an identity between the left and hand right hand sides of the
differential equation.

If a differential equation whose solution has more than one independent vari-

ables, then the differential equation is called a partial differential equation (PDE).

We use the partial derivative symbol g to represent a partial derivative with one

particular (independent) variable such as %7 % etc. Below are some examples.

Example 1.1. Solve the following partial differential equation,

ou ou
95 =% O %(:L‘,t)—:v. (1.1)
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Sometimes, we can specify the independent variables in the PDE as in the second

expression above to avoid possible confusions.

Solution: In the above PDE, since there is only one derivative with respect
to x, we can treat the PDE as an ordinary differential equation while regarding
the second variable as a parameter (constant) to get u(z,t) = %2 + C(t) for any
differentiable function C'(t). Now we can check that u(z,t) = %2 + C(t) is indeed a
solution to the PDE. To to so, first we differentiate u(z,t) with respect to x to get
g—g =z + 0 and plug it into the PDE to have

0
the left hand side = 871; = x + 0 = the right hand side.

Thus, we have verified that u(z,t) = %2 +C(t) is a solution to the PDE for arbitrary
differentiable function C(t).

Example 1.2. Check that u(z,t) = f(x—at) is a solution to the partial differential

equation,

ou ou

where a is a constant and f(s) is an arbitrary differentiable function.

Solution: First we differentiate u(z,t) with respect to x using the chain rule
to get % = f'(z —at). Note that since f(s) is a function of one variable, we can use
the symbol f’. Similarly, we differentiate u(z,t) with respect to t using the chain
rule to get %—;‘ = f'(x — at)(—a). We plug the partial derivatives g—g = f'(z — at)
and 2% = f'(z — at)(—a) into the PDE to get

ou ou

LHS = 5 9% = f'(x—at)+ f'(x —at)(—a) = 0= RHS.

Note that LHS and RHS stand for the left hand side and the right hand side,
respectively. Thus, we have verified that u(z,t) = f(z — at) is a solution to the
partial differential equation.

Example 1.3. Check that u(z,y) = 2> + y? + C1x + Coy + Cs is a solution to the
partial differential equation,

*u  O%u

7 a4 (1.3)
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where, Cq, Cy, and Cs are constants. We should pay attention to the high order

differential notations.

Solution: First we differentiate u(x,y) with respect to x and y twice, respec-

tively to have

ou 0 ou  O*u
P M R
ou 0 ou  O*u

— =92 _— = — =
dy y+Cs oy dy  Oy?

We plug them into the PDE to get

Pu  0*u
LHS=—+—-—=2+4+2=4=RHS.
0x? + Oy? +
Thus, we have verified that u(z,y) = 22 + y? + C12 + Coy + C3 is a solution to the
partial differential equation.
Note that for ordinary differential equations, the solution can differ by a con-

stant while for partial differential equations, the solution can differ by functions.
Some examples of ODE/PDE are listed below.

1. Initial value problems (IVP). The canonical form of a first order system is

Y _t(ty). i) =0 (1.4
A higher order ordinary differential equation of one variable can be rewritten
as a first order system. For example, a second order ordinary differential
equation
u(t) + a(t)u' () + b(t)u(t) = f(b),

u(0) = ug, ' (0) = vy,

(1.5)

can be converted into a first order system by setting y;(¢) = v and ya(t) = u/(t)
with y1(0) = up and y2(0) = vg. Note that the two conditions that uniquely
determine the solution to the differential equations are all defined at ¢ =0, a

distinguished feature of an initial value problem.

2. Boundary value problems (BVP). Below are two examples of an ODE BVP.

The first one is one-dimensional,

(1.6)
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Note that the two conditions above are defined at different points (z = 0
and z = 1). The second example is a BVP example of a partial differential

equation (PDE) in two-dimensions,

Ugg T Uyy :f($7y)a ($7y) EQa

(1.7)
u(x7y):u0(x7y)7 (xay) 6697
in a domain € with boundary 92, where
ou 0%u
Uy = 87{17’ Uyy = 87y2 (18)

and so on for simplicity of notations if there are no confusions occur. The
above PDE is linear and classified as elliptic. There are two other classifica-
tions for linear PDE, namely, parabolic and hyperbolic, which will be briefly
discussed later in this section. The PDE above is called a two dimensional
(2D) Poisson equation. If f(x,y) = 0, it is a two dimensional Laplace equa-

tion.
3. Boundary and initial value problems, e.g.,

up = gy + f(x,1), 0<z<l1,

w(0,t) = g1(t), u(l,t) = g2(t), BC, (1.9)

u(z,0) = ug(z), IC,
where BC stands for boundary condition(s) while IC for initial condition(s).
We call f(x,t) a source term. If f(z,t) = 0, the PDE is called a one di-
mensional (1D) heat equation, which is a parabolic PDE. Note that the PDE
u; = —c?uy, is called a backward heat equation. A nonzero perturbation

at some time instances will result an exponential growth in the solution as ¢

increases. A two dimensional heat equation has the following form
U = 2 (Upy + Uyy) - (1.10)

4. Eigenvalue problems, e.g.,

u'(z) = du(z),

(1.11)
w(0) =0, u(l)=0.

In this example, both the function u(x) (the eigenfunction) and the scalar A

(the eigenvalue) are unknowns.
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5. Diffusion and reaction equations, e.g.,

?;Z:v.(ﬁvu)+a-Vu+f(u) (1.12)

where a is a constant vector, V is the gradient operator which is the derivative

Vu(z) = % in 1D, and Vu(z,y) = [2%, g—Z]T in 2D, V - (8Vu) is called a

diffusion term, a- Vu is called an advection term, and f(u) is called a reaction
term.

6. Wave equations in 1D have the following form
Ut = Uy, (1.13)

where ¢ > 0 is called the wave speed. The PDE is hyperbolic. 2D wave

equations have the general form
Uy = ¢ (Ugy + Uyy) - (1.14)

7. Systems of PDEs. The incompressible Navier-Stokes model is an important

nonlinear example for modeling incompressible flows:

p(ua;+ (u-Viu) =Vp+ pAu+F,
V-u=0.

(1.15)

which has three equations in 2D, and four equations in 3D.

In this book, we will consider linear PDEs mostly in one dimension (1D) or

two dimensions (2D). A 2D linear PDE has the following general form

a(x, Y)uzs + 20(2, Y) Uy + (T, Y)Uyy (1.16)
+d(@, y)us + e, y)uy + g(z.y)ulr,y) = f(.y), '

where the coefficients are independent of u(z,y) so the equation is linear in v and
its partial derivatives. In the example above, the solution of the 2D linear PDE is
sought in some bounded domain . According to the behaviors of the solutions,
the PDE (1.16) is classified as the following three categories:

e Elliptic if b — ac < 0 for all (x,y) € Q,
e Parabolic if b — ac = 0 for all (z,y) € Q, and

e Hyperbolic if b2 — ac > 0 for all (z,y) € €.
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For some well-known PDEs, for examples, heat equations are parabolic; advection
and wave equations are hyperbolic; Laplace and Poisson equations are elliptic. Ap-

propriate solution methods typically depend on the equation class.

For a first order system

ou A ou

— = —, 1.17
5 = A5 (1.17)
the classification is determined from the eigenvalues of the coefficient matrix A(x).
The system if hyperbolic if all eigenvalues are real; otherwise it can be elliptic or

parabolic.

1.1 Further reading

This textbook provides an introduction to differential equations and Fourier analy-
sis. There are many textbooks on this topic. Each textbook has its own character-
istics. Some are long and comprehensive; some are more theoretical, and some are
problem solving orientated. At the Department of Mathematics, North Carolina
State University, the following textbooks have been used by different instructors

(an incomplete list).

e Partial Differential Equations with Fourier Series and Boundary Value Prob-
lems by Nakhlé H. Asmar [1].

e Applied Partial Differential Equations (Undergraduate Texts in Mathematics)
by David J. Logan, [9]

e Introduction to Applied Partial Differential Equations by John M. Davis [2].

Advanced partial differential equations can be found in [3, 6] and many others. We
would also recommend students to Schaum’s outline series for summaries, applica-
tions, solved problems, and practices, [12, 13]. Often the solutions to partial differen-
tial equations are complicated especially with series solutions. It is beneficial to use
some powerful packages such as Maple [4] or Mathematics for symbolic derivations
and visualizations, and Matlab [5] for computations and visualizations. In terms of

numerical solution techniques to PDEs, we refer the readers to [7, 8, 10, 14, 15].

1.2 Exercises

E1.1 ODE Review: Find general solutions or solutions to the following problems.
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(a). y'(x)

(b). y'(z) =

(©). ¥'(x) =—3,y(2) =
(d). ¥'(x)

(e). ¥'(x)

(). zdy = ydx.

E1.2 The hyperbolic sine and cosine functions are defined as

et —e 7T et +e %
inhy =2 ¢ he=2"¢"
sinh x 5 , cosh z 5
(a). Check they are solutions to ODE y” —y = 0.

x

(b). Express e” and e~ in terms of hyperbolic sine and cosine functions.

(c). Find the Wronskian of W (sinh z, coshz). Can it be zero?

E1.3 Find the general solution of the following partial differential equations assum-

ing that the solution is u(z,t).

ou
ou
(b). i 0.
ou . . .
(c). i f(z), where f(z) is a given function.
0%u
(d). oxot

E1.4 Verify that

(a). u(x,y) = x? + y? satisfies the Poisson equation ug, + u,, = 4.

(b). u(z,y) = log /22 + y? satisfies the 2D Laplace equation uy, + ty, = 0
if 22 + 9% # 0. Hint: You can use Maple to verify.

E1.5 Verify that a solution to the heat equation u; = ku,, is given by u(x,t) =
1 ek
varkt

tion. Hint: Maple can be used.

It is called the fundamental solution of the 1D heat equa-

E1.6 Show that u(r,0) = logr and u(r,0) = rcosf are both solutions to the two-
dimensional Laplace equation in the polar coordinates,

Upp + —Up + U = 0.
r r



Chapter 2

First order partial

differential equations

One of the simplest first order partial differential equation (PDE) may be the ad-

vection equation

(?;Z + agz =0, or u;+ auy =0, (2.1)

where a is constant at this moment, ¢ and x are independent variables, u(x,t) is the
dependent variable that to be solved. In most of applications, ¢ often stands for the
time, and x stands for the space, and a is called a wave speed. The PDE is called
a one-dimensional, first order, linear, constant coefficient, and homogeneous one.
Although there are two independent variables, it is called one-dimensional (1D)
advection equation since there is only one space variable x. The PDE is classified
as a hyperbolic one, and it is also called a one-way wave equation, or a transport

equation.

2.1 Method of changing variables

There are several ways to find general solutions of an advection partial differential
equation. One of them is the method of changing variables. The idea is to change
the partial differential equation to an ordinary differential equation (ODE) so that
we can use an ODE solution method to solve the problem. A simplest way of
changing variables is the following,

£ =o—at, v =&+ an,
or (2.2)

Under such a transform, we have u(z,t) = u(§ + an,n) denoted as U(&,n) = u(§ +

an,n). Then, we represent the original PDE in terms of the new variables using the

11
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chain rule to have
8u_8U% 8U@_ ou oU

ot~ ocar T amar . “og " ap
ou_ouoc ooy _ou v

Or 06 0x Onodx 0&  On
Plug them into the original PDE (2.1), we get

ou

— =0. 2.3
5 (23)
Integrating both sides above with respect to 7, we get U({,n) = C. Note that in
an ODE, C is an arbitrary constant. But in a PDE, it can be arbitrary differential

function of &, denoted as f(§). Thus we get the solution

u(z,t) = w(€ +an,n) =U(En) = f(&) = f(z - at). (2.4)

It is straightforward to check that w(z,y) above is indeed a solution to the PDE
(2.1). Tt is called the general solution of the PDE since there is no condition attached
to the problem. Note that u(z,t) = f(x — at) = f(a(z/a —t)) = F(z/a —t) and

the general solutions can have different expressions that are essentially the same.

The General Solution of 1D Advection Equation u; +
au, = 0 is u(z,t) = f(xr — at) for any differentiable function

/().

Example 2.1. The general solution to 22% — 3%% = 0 s u(z,t) = F(z + 3t) = 0
or u(z,t) = F(2x + 3t) for any differentiable function F(x).

Remark 2.1. We require f(x) to be differentiable so that u(x,t) satisfies the
PDE at every point (x,t). Such a solution is called a classical or strong solution
of the PDE. In many applications, however, a function satisfies the PDE almost
everywhere but at a few isolated points or lines or surfaces where the solution maybe

discontinuous. Such a solution is called a weak solution.

Note that there are more than one ways of changing variables. In general, we
can use
§ = anx+ at,

(2.5)
1N = a1 + asot,
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where a;;’s are parameters of a transformation matrix A = {a;;} that satisfies
det(A) # 0. We can choose a;;’s so that the PDE in terms of the new variables is
simple, like an ODE, so that we can solve it easily. In the discussion above we have

aj; — 1, a1 = —a, Azl = O, and ago — 1.

2.2 Solution to Cauchy problems

A Cauchy problem is an initial value problem that is defined in the entire space
with an initial condition, that is

ou ou
8t+a8x 0, 00 < x < 00, (2.6)
u(zx,0) = ug(z), (2.7)

where ug(z) is a function defined in (—oo, 00). Since we know that the general
solution is u(z,t) = f(z — at), we have u(z,0) = f(x) = up(z). Thus the solution

to the Cauchy problem is
u(z,t) = up(x — at), (2.8)

where ug(z) is called an initial condition. The solution u(zx,t) = ug(x — at) means
that the solution at (x,t) is the same as the initial solution at (z — at,0). When
a > 0, x —at < x, the solution propagates towards right without changing the
shape. That is why it is called a one-way wave equation, or advection equation.

The Solution to a Cauchy Problem of an Advection

Equation u; + au, =0, —oo <z < o0, u(z,0)=g(z) is

u(z,t) = gz — at) (2.9)

for a given differentiable function g(z).

Example 2.2. Let a = 2 and

sint —7<ax <,
up(z) =
0 otherwise.
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The solution to the Cauchy problem is

sin(z —2t) —7<zx—-2t<mw
ug(z,t) =
0 otherwise.
In Figure 2.1, we plot the solution at ¢ = 0 and ¢t = 2.5, we can see that the solution

is simply shifted to the right.

4

2r u 0(x-2t)

-10 -5 0 5 10

Figure 2.1. Plot of the initial condition ug(x) and the solution u(z,t) to

the advection equation at t = 2.5 with the wave speed a = 2.

2.3 Method of characteristic for advection equations

A characteristic to a partial differential equation is a set in which the solution
to the PDE is a constant (does not change). For a first order PDE of the form
us +p(x, t)u, = f(x,t), a characteristic is often a continuous curve (t(s), z(s)) with
a parameter of s, for example, the arc-length of the curve. Let us examine an
advection equation u; + au, = 0 first. Since along the characteristic, the solution
u(z,t) = C is a constant, we differentiate the equation on both sides with respect
to t to get
Oou Oudz

Since u(z, t) is the solution to the PDE, we have to have % = q or z = at+C. Thus
we have C' = z — at. Since u(x,t) is a constant along the line (the characteristic),

we have

u(z,t) = u(C,0) = ug(C) = ug(z — at), (2.10)
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where ug(r) is the initial condition. Often we can simply write C = C. Note
that in a partial differential equation, an arbitrary constant often corresponds to
an arbitrary function, so we have C' = f(x — at) = u(z,t). Once again, we get
the general solution using a different method. It is important to know that along
a curve T — x = a(t — t), the solution u(z,t) is a constant, which is the basis to

determine appropriate boundary conditions for boundary value problems.

2.4 Solution of advection equations of boundary
value problems

Now consider an initial and boundary value problem of an advection equation,
ou Ju
— — =0 0 L 2.11
5 +a pe , <z <L, (2.11)
u(z,0) = up(z), 0<z<L, (2.12)

for a positive constant L. We need one or two boundary conditions to make the
problem well-posed, that is, the conditions that make the solution exist and unique.
Given a point (x,t), 0 < z < L and t > 0, we can use the method of characteristic
to track back the solution to either the initial condition or the boundary condition

whichever is the first hit by the characteristic in the domain.

For example, assume that a > 0, see the left diagram in Figure 2.2 for an
illustration. The line x = at passes through the origin and divide the domain, a

strip in the first quadrant, as two parts.

Solution in the lower right triangle: In this domain, we should have one
of the following, x < at or = > at. Which one is it? Usually we can select a point
to decide. At the point z = L/2, t = 0, we have L/2 > a -0 = 0, which means
x > at. Thus, the domain is characterized as x > at. Next, we trace back the
solution u(x,t) to the initial condition, not that the boundary condition, why? To
do so, we temporarily fix a point (x,t), and write down the characteristic line using

(z,t) and the slope a in the x-t plane, or 1/a in the t-z plane,
(X —2) =a(T — 1), (2.13)

where (z,t) is a point that we want to find the solution of u(z,t), and (X, T) is any
point on the straight line. If the line intersection the z-axis, that is, T = 0 for some
X* between zero and L, then the solution is determined from the initial condition.
By setting T'= 0, we get X* = & — at. Thus we have

u(z,t) = u(X™,0) = up(X™) = up(z — at), (2.14)
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which is the same as the solution to the Cauchy problem if 0 < at < z < L when
a > 0.

Solution in the strip above the right triangle part: If 0 < x < at, then
the intersection of the line (characteristic) and the z-axis is X* = x — at < 0 that
is out of the solution domain. The line (characteristic) also intersects the ¢ axis at
X =0 for some T™*. Thus, we set X = 0 to solve for the T" to get —z = a(T™ —1t), or
T* =t — x/a. Thus, the solution is from a boundary condition, say g(0,t) = g;(),

X

u(z,t) = u(0,T) = g(T*) = g, (t . g) . (2.15)

In summary, for a > 0, we need to prescribed a boundary condition at = 0,
say, u(0,t) = gi(t), here g;(t) means the boundary condition at the left end.

Solution to an Advection Equation of BVP:

u+au, =0, a>0 0<z<L,

(2.16)
u(z,0) = up(z), u(0,t) = gi(t)

up(z —at) O<at<x<L,t>0

is  u(z,t)=

g1 (t—g) 0 <z <min{at,L} and t > 0.
a

Example 2.3. Solve the boundary value problem:

2u; +3u, =0, 0<x <3,
uo(x) = sin(bmz), 0<az <3, u(0,t) = sin(3t).

First we suggest to write the PDE in the standard form wu; + %uw = 0. From the
formula above, we get the following solution to the BVP,

t 3t
sin<57r(:v—32)) 0<5<x<3,t>0,

ux,t) =

2 t
sin <3(t—;)> O<x<min{32,3} and t > 0.
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t

a>0 a<0

x< at
x—L=at

x=at

O<x<L-+at
x> at

Figure 2.2. Diagrams of the regions where the solution of an advection
s determined either by an initial or a boundary condition. The left diagram is for

a > 0 while the right is for a < 0.

2.5 Boundary value problems of advection equation

with a <0 *
With similar discussions, we know that the initial and boundary value problem,
ou ou
— — =0 0 L 2.17
T +a o , <z <L, (2.17)
u(z,0) = up(z), 0<z<L, (2.18)

with a < 0 requires a boundary condition at x = L, say, u(L,t) = g,(t), which
needs to be specified, as illustrated in the right diagram in Figure 2.2.

The line equation x = at will be out of the solution domain, which is useless
anymore. We should use a line equation like x = at 4+ C' that can cut both the axis
t = 0 (for initial condition) and the boundary x = L. Obviously, the line equation
x = at + L passes through (L,0) and divides the domain in the first quadrant as
two parts; in one region we have 0 < = < at + L; in the other region we have
L+ at <z < L. Once again, we can take a point (L/2,0) to check. Since L/2 < L,
the triangle region is described by = < at + L.

Solution in the lower left triangle: In this domain, we have 0 < x < at+L.
Next, we trace back the solution u(x,t) to the initial condition, not the boundary
condition, why? To do so, we write down the characteristic line using a point (x, t)

and the slope a in the z-t plane, or 1/a in the ¢t-z plane,
(X —z) =a(T —1t), (2.19)

where (z,t) is a point that we want to find the solution of w(z,t), (X,T) is any
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point on the straight line. If the line intersection the x-axis, that is, 7' = 0 for some
X* between zero and L, then the solution is determined from the initial condition.

By setting T'= 0, we get X* = & — at. Thus we have
u(z,t) = u(X™,0) = up(X™) = up(z — at), (2.20)

which is the same as the solution to the Cauchy problem if 0 < x < at + L.
Solution in the strip above the right triangle: If at + L < z < L,
the intersection of the line (characteristic) and the z-axis is X* = x —at > L or
X* > at + L > L that is out of the solution domain. The line (characteristic) also
intersects the line X = L for some T™. Thus, we set X = L to solve for the T to
get L—x =a(T*—t),or T* =t+ (L —x)/a and the solution is from the boundary

condition
L— L—
u(x,t)zu(L,t+ax> =g <t+ax> if L+at <x<L.

In summary, the solution when a < 0 is

ug(z — at) O<z<L+at;t>0,
(2.21)

'LLO(LI?,t): L —
gr<t+ m) max {0, L +at} <z < L, t > 0.
a

Example 2.4. Given the boundary value problem below

ou ou
T % g, 0 L
o “ox <T<b

u(z,0) = sin(z), 0<z<L.

Assume that we know an appropriate boundary condition is tcost, where should it

be prescribed, x =0 or x = L? Solve the problem as well.

Solution: In this example a = —2, so the slope of characteristics is negative.
The line passing through x = 0 and t = 0 is z 4+ 2¢t = 0 that is out of the solution
domain. The line passing through x = L and ¢t = 0 with slope —2 is = + 2t = C.
Plugging in x = L and t = 0, we get C' = L. The line x4+ 2t = L divides the solution
domain in two regions. The solution in the region bounded by x = 0, ¢ = 0, and
r+2t =1L, 0 < x < L, can trace back to the initial condition.

In another region, the solution can be traced back to the boundary condition
at x = L. The line equation that passes through (z,t) with slope —2 can be written
as (X —z) +2(T —t) = 0. Let the intersection of the line with z = L be (L,t*).



2.6. Method of characteristics for general linear first order PDEs 19

Plug them into the line equation to get (L — x) 4+ 2(¢t* — t) = 0 and solve for t* to
get t* =t — (L —x)/2. Thus, the boundary condition should be described at = = L
as u(L,t) = tcost. The solution is

sin(x + 2t) O<z<L+2tt>0,

UO(xat): L— L—
(t—zx) cos(t—2$> max {0, L — 2t} <z < L, t > 0.

2.6 Method of characteristics for general linear first

order PDEs
Consider a general linear and homogeneous first order PDE
ou ou
t = 0. 2.22
(st (222)
Using the method of characteristics, we set ‘fl—f = p(z,t). If we can solve this

ODE to get © — g(t) = C. Then the general solution to the original problem is
u(x,t) = f(x — g(t)) for any differentiable function f(x).

Proof: If u(z,t) = f(z — g(t)) and % = —g/( ) = p(z,t), then we have %? =

f'g'(t) = —f'p(x,t) and G2 = f'. Thus we have 37 +p(z,t) 5% = f'(~p) +pf' =0.

General Solution to an Advection Equation with a Variable
Coefficient 2% + p(z,1)%% = 0. Use one of two below.

Ccllf p(x,t), = /pdt+C = f(z,t) + C = u(z,t) = G(z — f(x,1)).
or ;Z (;t)’ t:/;dx—i-C':r(x,t)—o—C’:u(x?t) = G(t —r(z,1)).

Example 2.5. Find the general solution to

Ou o 5 0u
ot Oz
Find also the solution to the Cauchy problem if u(z,0) = sinx.

=0.

Solution: We set ‘fl—f = p(z,t) = 22 or ’i—ﬁ = dt. We get —% =t+ C or
C =t+ 1. The general solution is u(z,t) = f(t + 2).
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Since we have u(z,0) = f(—1/x) = sinz. Let y = 1/x we get f(y) = siny.

sin —%£—. We verified

The solution to the Cauchy problem is u(x,t) = sin ﬁ = sin 5.

that the solution satisfies the PDE using the Maple.

Example 2.6. Find the general solution to

1ou, o
t2 0t  Ox
Find also the solution to the Cauchy problem if u(x,0) = sinx.

=0.

Solution: We set % = p(z,t) =% or x = t3/3 + C. We get C =z — 3/3.

The general solution is u(z,t) = f(z — %)

Since we have u(z,0) = f(z) = sinz. The solution to the Cauchy problem is
u(x,t) = sin (a; — %), which satisfies the PDE as verified by the Maple.

2.7 Solution to first order linear non-homogeneous

PDEs with constant coefficients

Using the method of changing variables, we can transform a first order linear non-

homogeneous PDEs with constant coefficients

ou ou
o + as +bu = f(x,t) (2.23)

to an ODE. Thus we can solve the ODE to get the general solution to the PDE.
We use the same new variables

£ =o—at, v =&+ an,
or (2.24)

Under such a transform, we have u(z,t) = u(§ 4+ an,n). We denote U(§,n) =
u(€ 4+ an,n). Then using the chain rule, we can get

Ou _oUO¢ oUOn  0U  0U

at _ocot "o "o T an
u QU I U OU

9z~ 9o opox o€
Plug them into the original PDE (2.23), we would get

ou

o bU = f(&+an,n) = F(&n). (2.25)
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The equation above is actually ordinary differential equation with respect to n
(treating £ as a constant). If we can solve the ODE above, we can get the general

solution to the original PDE.

Example 2.7. Find the general solution to

37u+2@_u_t
ot or -

Solution: With the changing variable £ = x — 2t, n = ¢, the PDE becomes

It is a non-homogeneous ODE and the solution can be expressed as
U=U,+U,

in which U}, is the homogeneous solution to %—g —U = 0 and U, is a particularly
solution to the ODE. It is easy to get Up(§,n) = g(§)e”. From the ODE technique,

we can set

U,=An+B

for two constants A and B. Plug this into the ODE and matching terms on both

sides, we get A = —1, B = —1. Thus the solution in the new variables is
Un(&n) = g(§)e” —n— 1.
Thus, the general solution to the PDE then is

u(w,t) = g(z — 2t)e’ —t — 1.

Solution to First Order non-Homogeneous PDE with Con-
stant Coefficients 2% + a2% + bu = f(z,1).

oU
E=x—at,n=t, — ™ +bU = F(&,n), Assume the solution is
n

U(&,n), then the original solution is wu(z,t) = U(z — at,t).
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Example 2.8. Find the general solution to

Ou _10u 4y — at
ot 29 0T

Solution: With the changing variable £ = = + %t, n = t, the PDE becomes
oU 1
— 44U =€ — = .
o (5 277) !

It is a non-homogeneous ODE and the solution can be expressed as
U=U,+U,

in which Uy is the homogeneous solution to %—g +4U = 0 and U, is a particularly
solution to the ODE. It is easy to get Uy (£,1) = g(¢)e~*". From the ODE technique,

we can set
Uy=An*+Bn+C

where A, B, and C are constants. Plug this into the ODE and matching terms on
both sides, we get A = —1/8, B = % + %, C = —% — 6—14. Thus the solution in the
new variables is
2
— —an _ 1" § i _ é _ i
Thus the general solution to the PDE then is

t 12 t/2 1 t/2 1
>6_4t_+<x+/+ >t_x+/

t) = - -
u(z,t) g<x+2 5

4 16 16 64

2.8 Exercises

E2.1 Classify the following PDE as much as you can (linear, quasi-linear, or non-
linear; order; constant or variable coefficient(s); homogeneous or not; dimen-
sion(s); type: hyperbolic, elliptic, parabolic; physical meanings: heat, wave,

potential ) as much as you can. Also give physical backgrounds if you can.

(a).
Auy = B(Uugy + uyy) + f(z,y), consider A # 0 and A = 0.

(b).
Ut = B(uxx + Uyy) + f(ac,y)
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(c).

us + auy = Bug, + f(u).
In the expressions above, A, B, a, and u are constants.
ou Ou

E2.2 Gi — 4+ — =0.
Given 5 +(93: 0

(a). Find the general solution.

(b). Find the solution to the Cauchy problem given u(z,0) = 272", —o0 <
x < o00o,t>0.

(c). Sketch of the solution at ¢ = 3 if the initial condition u(x,0) is given

(2.0) 1—]z] -1<z<1,
u(x,0) =
0 otherwise,

see the top plot which is called a hat function. Mark the height of the
solution at t = 3.

E2.3 Derive the general solution of the given equation

(a), 2us+ 3u, = 0; (), aus+buy =u, a®+b*#0.

2

Solve the Cauchy problem with u(z,0) = sinz, and u(z,0) = e~ *".

E2.4 Solve the given partial differential equations below by the method of charac-
teristics. Check you your answer by plugging it back into the equation.

(a).

U + sintu, = 0.

(b).

x2
€" ug + xuy = 0.

E2.5 Find the solution to the following transport equation:

ou 10du

— 4+ -=—=0 0 1, t>0
8t+28x , <z <l, > 0,
u(z,0) =€ %, O<zx<l,

u(0,t) = 2, 0<t.
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E2.6 Find the solution to the following transport equation * :

ou 10u

A O 1, t>0
ot 20¢ <r<lh =20
u(z,0) =€ %, O<z<l,

u(1,t) = 2, 0<t.

E2.7 Solve the following PDE with u(z,0) = f(z).

(a). u + au, = €**.
(b). u + zu, = 0.
(c). up +tu, =0.
(d). u¢ + 3ug = u+ at.
E2.8 Simulate the solution (make plots or movies) using Maple or Matlab for the

advection equation u; 4+ au, = 0 of the Cauchy problem (—oo < z < 00) with

the following initial conditions:

(a).
cos(2zx) —2m <z <2,
ug(z) =
0 otherwise.
(b).
I1—Jz] -1<z<1
ug(r) =

0 otherwise.
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Solution to one
dimensional wave

equations

A one dimensional (1D) wave equation has the following form
Pu 0%
— = —
ot? 0x?

where ¢ > 0 is the wave speed in physics. The partial differential equations is

(3.1)

a second order, linear, constant coefficient, homogeneous one. According to the
criterion defined on page 8, the PDE is classified as hyperbolic. We first to derive

the general solution for which no constraints are imposed.

We can use the method of changing variables to simplify the PDE by setting

§=x—ct, $:£+T777
or (3.2)
77:_7;—}—@1‘;7 t:n 5
2¢c

Under such a transform, we have u(z,t) = u (HT", ”2_05) = U(&,n). Then using the

chain rule, we can get

ou_ouoe ooy o ou
ot o¢ ot onot O on’
ou_ouos ooy _ou v

or 06 0x Onpdx 0  On’

Differentiating the first expressions above with respect to t again, we get

82u 82U 0¢ 82U an  0%U 9 02U an

e B i Y 0 Pl A i o T el

ot 9e2 ot ondE ot “ocan ot ' on? ot
LU, 02U ,0%U

“oe T dgon T o

(3.3)

25



26 Chapter 3. Solution to one dimensional wave equations

assuming both 2 Tan and gn g are continuous so that they are the same. Similarly

we can derive

0%u 02U U 8
= 2 . A4
022~ o¢2 " oton T on? (34)

Plugging (3.3) and (3.4) into the original PDE, we obtain

20U PU
o&om? ocon

after some manipulations and using the fact that ¢ # 0. We integrate 8{78 =0
with respect to n to get = f(§); and integrate it with respect to £ to further
have

UE,n) = / F(E)de + G(n) = F(€) + G(n)

since [ f(€)d¢ is still a function of €. Finally, we substitute the new variables back

to the original ones to get the general solution

(@, ) = u <'5*2”7 ”;f) _ U ) = Fla—ct) + Gla+et)  (35)

for any twice one dimensional differentiable functions F'(x) and G(z).

is

The General Solution of 1D Wave Equation % = 02%
u(x,t) = F(z — ct) + G(x + ct)

for any differentiable function F(z) and G(z).

atz — 3?);; =0 is

u(z,t) = F (m+\/§t> +G (m— \/gt)

for any differentiable function F(z) and G(x).

Example 3.1. The general solution to 22
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3.1 Solution to Cauchy problems of 1D wave
equations

A Cauchy problem (an initial value problem) of a one-dimensional (1D) wave equa-

tion has the following form

?u 0%

a2 = C a2 —00 < & < 00, (3.6)
ou
u(z,0) = f(x), a(m,()) = g(z), —00 < T < 00, (3.7)

where f(x) and g(x) are given initial conditions. The solution to the Cauchy prob-
lem can be represented by the D’Alembert’s formula

x+ct

(o, ) = % (Fw—at)+ fla+er) + Qic / als)ds (3.9)
Proof: First we check the initial conditions. We have
u(,0) = 5 (F(2) + F(@)) +0 = f(x)

since the integration is zero if the lower and upper limits of the integration are the
same. Secondly, we differentiate the equality (3.8) with respect to ¢ first, then let
t =0 to get

ou 1

2 ,0) = 5 (F@)(—) + F()e) + 5 egla) — g(x)(~¢)) = g().

To prove that the function in the D’Alembert’s formula satisfies the wave equation,
we just need to find F'(z) and G(x) in the general solution in terms of f(z) and

g(x). From the initial condition, we already have

u(z,0) = F(z) + G(z) = (). (3.9)

Differentiating the general solution u(x,t) = F(x — ct) + G(x + ct) with respect to
t, we get

ou , ,

Tl F'(z —ct)(—c) + G'(z + ct)c, (3.10)
which leads to

du , ,

a(z,O) =—F'(z)c+ G'(x)c = g(z). (3.11)

We further integrate the equality above from 0 to x to get

_F(e)+ Glz) = © / " g(s)ds + 24, (3.12)

Cc
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where A is a constant. Note that we use 2A for simplicity of derivation. Add (3.12)
and F(z) 4+ G(x) = f(x) together we get

1 1 [
G(z) = if(:c) + 2(:/0 g(s)ds + A.
From (3.9) and the above identity, we also arrive at
F(a) = f(a) = G(o) = 37(0) = . [ als)ds = A
0

Plug F(z) and G(z) above into the general solution, we get

u(z,t) =F(z—ct) + Gz +ct) = %f(m—ct) — 216/036_0 g(s)ds — A

1 r+ct
+2f(x+ct)+2c/0 g(s)ds + A

1 0 T+ct
=g+t fara)+g [ awassg [ atsas

N | —

x+ct
= (f(iU_Ct)+f(33+ct))+26/ g(s)ds.

—ct

N —

Solution to the Cauchy problem of a 1D Wave Equation

Pu_ ,00u
52 = C 552 00 < < 00,
ou
u(z,0) = f(x), E(az,O):g(az), —00 < 2 < 00,

is given by the D’Alembert’s formula

xr+ct

u(z,t) = % (f(x —at) + f(x + ct)) + %/ g(s)ds.

r—at

Example 3.2. Solve the Cauchy problem for the wave equation
Pu 462u
ot2  0x?’

{ sinz if |z| <, ou

—o0 < T < 00,

u(z,0) =
0 otherwise, ot
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Solution: The solution is simply

(f(x =2t)+ f(z +2t)).

N =

u(z,t) =

If ¢ is large enough, then the non-zero regions of f(x — 2t) and f(x + 2t) do not
overlap. We see clearly a single sine wave in the domain (—m,7) propagates to
the right and left with half the magnitude, see the solution plot in Fig. 4.3 for an
illustration. In the literature f(z —ct) is called the right-going wave, while f(x+ ct)

the left-going wave.

4
3 N VRN
ol S uo(x+2t) N4 uo(x-2t)
1 A~
/N
0 // \
\: u 0(x)
1 AN
-10 -5 0 5 10
X

Figure 3.1. Plot of the initial condition ug(z) and a solution u(z,t) at a

later time (t = 2.5) to the 1D wave solution with the wave speed ¢ = 2.

Example 3.3. Solve the Cauchy problem for the wave equation

oz "0z%’ oSS
u(z,0) =sinz ?:(x, 0) = ze .

Solution: According to the D’Alembert’s formula, the solution is
1 x+\ft
u(z,t) = 3 (sm(x —V/2t) + sin(z + \ft f/

% (sm(x — \ft) + sin(z + ft)) 4\1/5 (e,(x,\/gm B e*(x+\/§t)2> ‘
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Example 3.4. Plot or sketch of the solution of the Cauchy problem for the wave

equation below for large t.

Pu_0u e ca<oo
otz ox?’ ’
2 if0<z<3,
o1 3u
u(z,0) =1 2(1—=) ifi<z<1, o (2,0)=0.

0 otherwise.

In Figure 3.2, we show the plot of the solution at time ¢ = 0, ¢ = 0.3, and t = 5.
We can see clearly how the one wave split into two with half strength towards left
(x —t)) and right (z —t)). A Matlab movie file is also available (wave_piece.m and
fp.m). For this kind of problems when the initial condition is a piecewise continuous

function, it is much easy to use a computer to find and plot the solution.

0.5

t=0

-5

=]

0.5

t=0.3

-5

t=3

Figure 3.2. Plot of the wave propagation at timet =0,t = 0.3, andt = 5.
We can see clearly how the one wave split into two with half strength towards left

(x —t) and right (r —t).



3.2. Normal modes solutions to 1D wave equations of BVPs with special initial conditions31

3.2 Normal modes solutions to 1D wave equations of
BVPs with special initial conditions

Now consider the boundary value problem of an one dimensional wave equation

0%u 5 0%

ﬁ =cC ﬁ’ O<z<lL

u(0,t) =0,  u(L,t) =0, (3.13)
ou

U(O,t):f(l'), a(l’,o):g(x), 0<z <L,

for a positive constant L. An application is an elastic string of a length L with two

ends fixed, which corresponds to the homogeneous boundary conditions.

Figure 3.3. A diagram of an elastic string with two ends fized. The motion

can be modeled using a 1D wave equation.

Since the motion of an elastic string is oscillatory, we would expect the solution
is of sort of trigonometric functions of two variables of x and ¢. We can consider
sin(ax) cos(St), sin(ax) sin(St), cos(ax) cos(Bt), cos(ax) sin(ft), etc. The vanishing
boundary condition at z = 0 eliminates the cos(fz) option. The solution would
look like sin(au) cos(ft), sin(ax)sin(St). Since the solution is zero at © = L, we
should have sin(aL) = 0 which means al. = nw for n = 1,2,---. Finally the
solution should satisfy the PDE, after we differentiate sin(ox) cos(5t) twice with z
and ¢, we will get 5 = ner/L.

Thus, a special function

(3.14)

for a non-zero integer n can be one of solutions. It is obviously that w,(0,t) =
u(L,t) = 0 and u,(z,t) satisfies the PDE (3.13). Note that u,(z,0) = sin “7* and
%(x,O) = 0. Thus, if f(z) = sin *F* and g(x) = 0, then u,(x,t) is the solution to
the initial-boundary value problem (3.13). Such a solution is called a normal mode

solution to the initial-boundary value problem.
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Similarly,

nmrx . nmnct
sin

L L

Un(z,t) = sin (3.15)

also satisfies the boundary condition and the PDE. Now we have @, (z,0) = 0 and
%(x,O) = 2% sin “7%. Thus, if f(z) = 0 and g(x) = 7" sin “F*, then @, (x,t) is a
normal mode solution to the initial-boundary value problem (3.13).

The following normal modes

. nmx . nmct . nTXx nmct
sin sin sin CcoSs
L L’ L L’
N
. nNTXx . nmct nmct
sin — | A,, sin + B, cos ,
- L L L
n=

satisfy the 1D wave equation and the homogeneous bound-
ary conditions, but NOT arbitrary initial conditions.

Example 3.5. If f(z) = %sin 523” and g(x) = 0, find the solution to the initial-
boundary value problem (3.13).

Solution: According to the normal mode solution, the solution is

1 . bmx dret
u(z,t) = 5 Sin——cos ——.

Example 3.6. If f(z) = 0 and g(z) = % sin 7%, find the solution to the initial-
boundary value problem (3.13).

Solution: According to the mormal mode solution of the second type, the

solution 1s

_ L . bwmx . bmet
- 107e L L’

Example 3.7. If f(z) = sin 7% — IOsinzo% and g(z) = isin 15L”, find the

solution to the initial-boundary value problem (3.13).
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Solution: According to the normal mode solutions and the principle of super-

position, the solution is

(2,1) = si Srx bret 105 207> 207‘('Ct+ L . 1bwmx . 1bwet
u(x,t) = sin 7 cos 7 sin 7 cos 7 307TCSII1 7 sin 7

This is because the PDE is linear, homogeneous, and with homogeneous

boundary conditions.

Challenge: How about the normal modes of

5 ( t) nmtr . nwct R ( t) nmwT nmct 0
Uy (x,t) = cos — sin Uy (x,t) = cos —— cos !
n ) L L b n b L L

From the superposition, we know that the linear combination

nwr | n7rct> (3.16)

N
nmwx nmct
t) = g in — —— + by, sin ——
un(z,t) 2 (ansm 7 Cos T n SN —— sin —

is the solution to the initial-boundary value problem (3.13) with special initial

condition
N nwT
un(z,0) = f(z) = nz_:l ap sin <

nmwx

YL
W(:E,O) =g(z) = nzlbnm sin ——.

What should we do for other general f(z) and g(x)? We can use the method
of separation variablea and Fourier expansions (N — oo) that will be discussed

later.

3.3 Exercises

E3.1 Let @ = cQaz—u (A). Find the general solution; (B). Find the
' o~ o ‘ & L
solution to the Cauchy problem (given u(x,0) = f(z) and 8—1:(1:, 0) =g(x)).

(a). c=1/m, f(x) =sin(rz), g(x)=0.
(b). ¢c=1, f(z) =sin(mx) + 3sin(27z), g(x) = sin(nz).



34

Normal modes solutions to 1D wave equations

E3.2

E3.3

E3.4

(c). Computer project. (Extra Credit) c=1, g(z) = =z,

2 x ifo<az <3,
f@)=1{ 2(x) ifi<a<l,
0 otherwise.

Plot or sketch the solution at ¢ = 0.5 and 1 for all the problems above. Make

a movie of the solution between 0 < ¢ < 50.

2 2.,
Let th = 22 5, 0 <z < L. with u(0,t) = u(L,t) = 0. Find the solution to
ou
the initial and boundary value problem given u(z,0) = f(x) and 5 —(z,0) =

9(z).

. 2mx
(a). f(z) =sin ", glx) =0,
1 T 1 . 3mx 2 . Trnx
(b) f( ) §Slnf+1 IHT—{—E Sin — L s g(x)—O
1 . 3mx 1 . 6mx
(c). f(x)=0, g(z)= ZSIHT BT

1 37rm 1 67m: 1 3rx 2 Tx
d). Zgin T 4 = gin 2F — —sin T Zgin T2
Assume that ¢ = 2, L = 3, can you solve the 1D wave equation (3.13) with

the following f(x) and g(x)?

(a). f(x) = (67796) g(x) = 0.

(b). f(z) =0, g(x) = sin(3rz).

(c). f(z) =zsinz, g(x) =0.

(d). f(z) =sin(6mx), g(x) = sin(3rz).

(e). f(z) =sin(6mz) — Tsin(24nz), g(x) = sin(37z).

Given the functions below

up(z,t) = i %sin mzm‘ sin mr;/gt7 ug(z,t) = i\’: %Sin n;m cos nﬂ;/gt.

(a). Assume that u(z,0) = uq(z,0) and ?:(x,O) = uz(z,0), and u(0,t) =
u(2,t) = 0, find the wave equation and the solution with those initial
and boundary conditions.

(b). Use a computer software (Maple, Matlab, Mathematica etc.) to plot the
functions with n = 5, n = 50, and n = 500. What do you observe?
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Orthogonal functions &
expansions, and

Sturm-Liouville theory

For one-dimensional wave equations with homogeneous boundary conditions, even
if there is only one non-zero initial condition that is an elementary function such as
u(x,0) = f(z) =e® or f(z) = sz'vzo a;x' assuming that us(x,0) = 0, we cannot use
a combination of normal mode solutions unless we have infinite number of terms.

In fact, we may be able to get a series solution if we can expand e*, for example,

as below
> nmTL
T~ b, sin —. 4.1
e nzl sin I ( )

We use the symbol ~ to indicate that the above expansion may or may not be
identical on both sides. Is this expansion possible? When is this possible? Is this
valid in (0, L) or any interval? If the expansion is valid in (0, L), then (4.1) is called
an orthogonal functions expansion of e” in terms of {sin %} Often we use the
pair of braces ‘{ }’ to represent a set. How do we get those orthogonal functions?

One of answers is from the Sturm-Liouville eigenvalue theory.

Here we give a glimpse of the method of separation of variables for a 1D wave

equation of a boundary value problem,

u  ,0%u

@—c @, O<x<L,

u(0,t) =0, u(L,t) =0,
ou

We try a solution that has the special form w(z,T) = T(t)X(x), in which the

variables are separated. To satisfy the boundary conditions, we should have X (0) =

35
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0 and X (L) = 0 since T'(t) cannot be zero. Thus, we have %%‘ =T"(t)X(x) and
Pu _

%2 = T(t)X"(x). Plugging them into the wave equation we get
T//(t) B X//(:L,)

') X(x) =ATHX" (2) = 2T~ X))

In the second expression of above, the left hand side is a function of ¢ while the

right hand side is a function of z, which is possible only if

T"(t) _ X" () _
AT(t) X(x)

for some constant A\. We will see why we use the negative sign in front of A\ later.

Thus, we have
X"(z) + A\X(x) =0, X(0)=X(L)=0. (4.2)

This is called a Sturm-Liouville eigenvalue problem of the boundary value problem
since both A and u(z) are unknowns. From ordinary differential equation solution

methods and theory we know that the solution is
X(z) = CreV ™% 4 Cpe VAT,

If A <0, then we have to have X (x) = 0 from the boundary condition. X (z) =0 is
called a trivial solution. Note also that X (z) = 0 cannot satisfy the initial condition
unless f(x) = 0 and g(z) = 0, and thus, should be discarded. If A > 0, then the

solution is
X () = Cy cos(VAz) + Cosin(vVA ).

The condition X (0) = 0 implies that C; = 0. Thus, we get X (z) = Cysin(v/Az).
The condition X (L) = 0 implies that X (L) = sin(v/AL) = 0, which leads to

2
VAL =nm, or )\:(n—;), n=1,2---,

and X, (z)=sin ?

The functions {X,,(z)} = {sin ¥} above satisfy the ODE and the homogeneous
boundary conditions for any natural number n, and are called the eigenfunctions
of the special Sturm-Liouville eigenvalue problem. Note that, we usually ignore
the constant Cy in the expression of {X,, ()} because eigenfunctions can differ by
a constant. More important, those eigenfunctions are normal modes as we know.

Next, we solve for T'(t) using

T"(t) + N\, T(t) = 0, (4.3)
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™)2 that have already been found. Therefore, the solution of T(t) is,

where A, = (“F

nmct . nmct

7 + bj, sin 7

We put X,,(z) and T,,(t) together to get a normal mode solution

T (t) = by cos(V A ct) + b2 sin(V A ct) = by, cos

17 + b;, sin 7 (4.4)

. nmx cntt . cnmt
Up (2, t) = sin 7 b, cos ,

which satisfy the PDE, the boundary conditions, but not the initial conditions.

We put all the normal mode solutions together to get a series solution.

= t t
u(z,t) = Z sin ? <bn cos anw + b}, sin CTZT > (4.5)

n=0
which satisfies the PDE and the boundary conditions. The coefficients of b,, and b,
are determined from the initial conditions u(x,0) = f(x) and w(x,0) = g(z). The
question is how and why we can do it. In this chapter, we will present a systematical
discussion about how to generate those normal modes and how to obtain b,, and b},

from initial conditions.

4.1 Orthogonal functions

Orthogonal functions are similar to orthogonal basis in the R™ space in linear al-
gebra. Examples and applications include Fourier series, orthogonal polynomials,
approximation theory and methods, and many more. One of notable applications
is that we can expand functions in terms of orthogonal functions. Orthogonal func-
tions are also intensively utilized in computational mathematics as approximation

tools.

In the R™ space that is composed of all column vectors with n components,

the simplest orthogonal basis are {e;}?_;. For example, if n = 3. we have

1 0
€] = 0 ) €y = 1 ) €3 = 0 )
0 1
which satisfies
1 ifi=j,
(ei,ej) = ezTej = o .
0 ifi#j,
where e;fej is the sum of the products of corresponding components of e; and

e;j, which is the Euclidian inner product of the two vectors. For any vector a =
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[a1,a2,a3]”, we have a = aje; + azes +azes. If b = {b;} is a vector, then the inner
product of a and b is defined as (a,b) = Zle a;b;.

There are other orthogonal basis in R3, for example,

1 0 0

~ ~ 1 ~ 1
€ = 0 ; €y = _ﬁ ) €3 = ﬁ ’

0 1 1

V2 V2

also form a normalized orthogonal basis since €;,7 = 1,2, 3, have a unit length in
the Euclidian norm. How do we express any vector in terms of {€;}? It is easy to
check the following expressions,

(a, éi) ~

a= e + azes + ases, oy = = (a, &;).

(€, €;)

Similar to the R™ space, we define a functional space which is a set of functions

that has operations. All square integrable functions in an interval (a, b) form a linear

space, called the L?(a,b) space,

L%(a,b) = {f(x), / 1 (2)Pdz < oo}. (4.6)

It is a linear space because if f(z) € L*(a,b) and g(x) € L?(a,b), then their linear
combination w(z) = af(x) + Bg(x) is also in L?(a,b) for any constant o and 3. In

L?(a,b) we can define an inner product similar to that in R™ space as

(f.9) = / F(@)g(x)da, (4.7)

where g(x) = g(z) in the real number space and is the conjugate of g(x) is the
complex number space. For example, if f(z) = e® +isinz, then f(z) = e —isinz,
where i = v/—1 is the imaginary unit. We call f(z) and g(z) orthogonal (similar to
perpendicular in Euclidean geometry) in L?(a, b) if (f, g) = 0.

Example 4.1. Let f(x) =1 and g(x) = sinz. Are the two functions are orthogonal
in (0,2m)? We check the inner product

27

(f,9)= (z)g(z)dx = /0 i sin zdz = 0.

0

Thus, the two functions are orthogonal in the interval (0, 2m) or any interval of

length 2, but it is not orthogonal in the interval (0, ).
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The norm of a function f(x) in L?(a,b) in terms of the L?(a, b) inner product

is defined as
b
!UMzHﬂuw=VUJ%=M/\ﬂ@PML (48)

Often the subscript is omitted if there is no confusion occurs, that is, || f|| = || f]|2-

Example 4.2. Given an interval (a,b) = (0, 27), find the L*(a,b) norm of f(z) =1

and g(x) = cosz. According to the definition, we calculate,

27
1]l = / | (@)|2de = Var;

0
27 27
lgll2 = / l9(z)|?dx = / cos?2 x dx = /7.
0 0

Example 4.3. We redo the computation but with a different interval (a,b) = (0, 7).

1l = /Wuuw%xzwm

0
lgll2 = ,// cos2zdy = 4| =
0 2

Note that there are many different norms, for example,

b
Hlez/ [f(@)lde,  [[flle = max [f(z)], (4.9)

0<z<27m

which are not associated with the L?(a,b) space. In fact, all these norms can be

put in a uniform form
b 1/]7
Hﬂp—</|ﬂ@WM> (410)

for any p > 0. It can be shown that ||f|lcc = li_>m || fllp,- Note that only when
p—>00

p = 2, the norm is differentiable and it is why the L? norm has the most useful
applications.

There are more than one ways to define an inner product, so is the related

norm. An inner product is a special functional?® of two arguments that satisfies

2A function whose arguments are functions.
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o (f,9)=1(9, f)
o (af +Bg, h) =alf, g) + B(g, h) for any scalars « and /3.

A norm is also a functional that should satisfy

b
e £l >0and ||f| =0 if and only if f(2) =0, or / P2 (2)de = 0;
e |laf] = |a|||f]| for any scalar a;

o ||/ + gl <I|Ifll + |lg]| which is called the triangle inequality.

All these statements are true in the R™ space. The famous Cauchy-Schwartz in-

equality is also true in L?(a,b) space, that is

(£ o)l < fli2llgll2,  or

< \// f(2)2d \// 2)2da. .

Particularly, if we take g(z) = 1, we get

/abf(aj)dm 2

An example of different inner product is a weighted inner product. Let w(x)
be a non-negative function such that w(z) > 0 and f x)dx > 0. The weighted

x)dz

b
<(b—a) / f(z)%da. (4.12)

inner product of f(z) and g(x) is defined as

b
_ / F@) g (@ w(z)dz. (4.13)

The function f(z) and g(x) are orthogonal with respect to w(z) on (a,b) if

b
:/ f(@)g(x)w(x)dr = 0. (4.14)

The corresponding norm is then

1l = \/ / )| (@)|2dz. (4.15)

We will see an applications of weighted inner products and norms for partial differ-

ential equations in polar and spherical coordinates for which w(r) = r.

Example 4.4. Find the parameter a such that the two functions f(x) = 14+ax and

g(x) = sinx are orthogonal with respect to the weight function w(z) = x in (0,7).
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Find the L2 (0,7) norms of f(x) and g(z). Also find the two normalized orthogonal
functions.

Solution: With some calculations or using the Maple, we get foﬂ(l—i—aaj) x sinxdr =
m(1 4+ a). To make the two functions orthogonal with respect to w(z) = z, we

conclude that a = —1. Next, we compute

[fllw = \//0 (1—2)2zdx = \/%\/m7

™
llgllw = \// sinz -z de = &
0 2

The two normalized orthogonal functions are

[

2
(1-2z), and g(x)= —sinz.

T 3m2 — 87+ 6 s

4.2 Function expansions in terms of orthogonal sets

We can represent or approximate a function f(z) in terms of a set of orthogonal

functions under some conditions.

Definition 4.1. Let fi(x), fo(x), -+, fu(x), -+ be a set of functions in L?(a,b),
which can also be denoted as {fn(x)}, . It is called an orthogonal set if (f;, fj) =
0 as long as i # j for all i and j’s. The orthogonal set is called o normalized
orthogonal set if || fi|| =1 for all i’s.

Example 4.5. The following functions,

fi(x) =sinz, fo(x) = sin 2z, f3(z) = sin3x, -, fn(x) =sinnz,-- -,

or {sinnz},_, is an orthogonal set in L*(—m, ).

Proof: If m # n, we can verify that

™ ™ 1
/ sin nz sinmadr = / D) < cos(m + n)x — cos(m — n)x) dx

):0.

—1T

sin(m — n)x

1 (sin(m+n)x|"
2 m+n

o m-—n
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Note that if m = n, then we have

s ™ 1 _ 2
/ sin? nazdx = / ydx = . (4.16)

—Tr —T

Thus, we have ||f,|| = /7. The new orthogonal set {fn(m)} ={fn(z)/\/7} is a
normalized orthogonal set.

Note also that the above discussions are true for any interval (a,a + 2m) of

length of 2m since sinnx, n # 0, is a periodic function of period 2.

4.2.1 Approximating functions using an orthogonal set

We can expand a function f(z) using an orthogonal set of functions {f,(z)} that

has a finite or infinite number of terms literally as

N o)
F@)~ Y anfa(@);  F@) ~ ) anfal@). (4.17)
n=1 n=1

While we can always do this, the left and right hand sides of above may not be the

oo

same, and that is why we use the ‘~’ sign. To find out the coefficients {a,},_;,

we
assume that the equal sign holds and apply the inner product of the above with a

function f,,(x) to get

(F@), fml@)) = (Zanfm),fm(x)) = > an (fal@), @)

n=1

Since {fn(x)},_; is an orthogonal set, the right hand side terms are zeros except
the m-th term, that is

(f(x), fm(a:)) =am (fm(x), fm(a:)) = oy, = @) Im)) (4.18)

Expansion of f(r) in terms of an orthogonal set {¢;(z)}Y,

on an interval (a,b), where N can be oc.

Ny oy o F@) @) [y f@)on(r)d
f( ) ; n¢n( )7 " (¢n(x)v ¢n(£€)) - f;qﬁ%(az)daz ’

Example 4.6. Ezpand f(x) = x in terms of {sinnzx} on (—m, ).
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We know that {sinnz} is an orthogonal set on (—m, 7). The coefficient a,, is

w T cosnz
+ / d:r)
-7 — n

an:—:—

™ .

f_ﬂ rsin nxdr 1 T COS NI
T . -

I sin?nxdr 7

n

2 cosnm

s n

The expansion then is

2 = 2(=1)n !
T~ 2s8inx —sin2x + —sindx — -+ = Zisinnz.
3 — nmw

From the Fourier series theory, we know that the equality sign holds for this case

at any x in (—m, ) but not at two end points —7 and 7.
Example 4.7. Ezpand f(z) = 22 in terms of {sinnz} on (—x,7).

It is easy to check that a,, = 0 for all n’s. This is because we have

s .
f 2 sin nzdx
ay, = —x =0
n — s . -
I sin? nxdz

The integrand is an odd function whose integral in a symmetric interval is always
0. Such an expansion is meaningless. This is because the function f(z) = 22 does

not share much properties of the orthogonal set {sinnz} on (—m, ).

We call the orthogonal set {sinnz} on (—m, ) is incomplete or a subset in the
space L2(m,m). In Figure 4.1, we show a diagram among function sets in L?(a,b).
The sets {sinnxz} and {cosnz} are subsets of L?(—n, 7). While {sinnz} or {cosnx}
is not complete in L?(—m, ) meaning that not all the functions in the space can
have meaningful expansions by the orthogonal sets, they are complete in some
smaller spaces if additional conditions are imposed such as some kind of boundary

conditions, even or odd functions etc.

It is easy to check that the set {cosnaz},. ; is also an orthogonal on (—m,).
Note that this set includes f(x) = 1 when n = 0. We can expand f(z) = 22
in terms of {cosnz} - ,. But it is meaningless to expand f(z) = z in terms of
{cosna}, . However, if we put the two orthogonal sets together to form a new set
{1, cosnz,sinnz} -, then we can show that the new set is another orthogonal set
since ["_sinma cosnz = 0 for any m and n. Any function f(z) in L?(—m,7) can

be expanded by the orthogonal set,

flx) ~ % + nzl (an cos nx + by, sinnx) , (4.19)
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Figure 4.1. A diagram of orthogonal function spaces in L*(a,b). If we
regard all functions as a universe because no one can count them, then L*(a,b) is a
complete subset, called a Hilbert space since an inner product is defined. L?*(a,b) is
complete meaning that any Cauchy sequence will converge to a function in L*(a,b).

The orthogonal set {sinnz} and {cosnz} are subsets of L*(0,).

where
1 T
ap = — f(x) cosnxdzx, n=0,1,---;
L
1 [" (4.20)
by = — f(z)sinnxdz, n=1,2---
™ J_x

This is called a Fourier series of f(z) on (—, 7). The reason to have a factor % for

ap is that we can have a uniform formula for {a, }72,.

4.3 Sturm-Liouville eigenvalue problems

Sturm-Liouville (S-L) eigenvalue problems provide a way of generating orthogonal
functions that have some special properties. One example is the S-L eigenvalue
problem obtained from the method of separation of variables for one-dimensional
wave equations uy = ¢y, in the domain (0, L) with homogeneous boundary con-
ditions u(0,t) = u(L,t) = 0. The Sturm-Liouville eigenvalue problem would lead
to a set of orthogonal functions {sin “Z%}. For any function f(z) € L?(0, L) with
f(0) =0and f(L) =0, we can have a meaningful expansion of f(z) in terms of the

orthogonal functions {sin - }
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Here we discuss Sturm-Liouville problems that have the following form

(p(2)y' () +q(2)y(z) = f(x), a<z<b (4.21)

with boundary conditions (BC) at x = a and « = b. Take z = a for example, three

types of linear boundary conditions are often used.

(a). The solution is prescribed, that is, y(a) = a is known. It is called a Dirichlet
BC.

(b). The derivative of the solution is prescribed, that is, y’(a) = 8 is known. It is

called a Neumann BC. Note that the solution is unknown at x = a.

(c). The BC is prescribed as ay(a) + 5y’ (a) = v with 5 # 0. It is called a Robin
or mixed BC.

We can write down a uniform form of the three boundary conditions at the two

ends as

e c1y(a) + coy’(a) = by, i +c3 #0;

o dly(b) + dzy,(b) = bl, d% + d% 75 0.

The notation ¢ + c3 # 0 means that ¢; and ¢y cannot be both zero simultaneously.
The ordinary differential equation (ODE) is called a self-adjoint ODE. Note that
p(z)y" (z) + w(z)y' (z) + q(z)y(z) = f(z) is not a self-adjoint ODE unless it can be
transformed to the standard form (p(z)y(z)) + G(z)y(z) = f(x).

A Sturm-Liouville problem will have a unique solution if both p(z), ¢(x), and
f(x) are continuous®, and p(x) > pg > 0 and ¢(z) < 0 with suitable boundary
conditions, for example, a Dirichlet BC at one of two ends. However, here we are

more interested in problems below that have multiple solutions

(/@) + (@) + 2r(@)) yl) =0, a<z<b,
c1y(a) + coy'(a) =0, ci+c3 #0, (4.22)
diy(b) +day/(b) =0, di +d5 #0,

with both y(x) and A\ being unknowns. Such problems are called Sturm-Liouville
eigenvalue problems. Note that the ODE and the boundary conditions are all

homogeneous and r(z) is a weight function.

3These conditions can be lessened in high level mathematics.
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Apparently y(z) = 0 is a solution, called a trivial solution. We can find some
A such that the problem has non-trivial solutions. In a Sturm-Liouville eigenvalue
problem, we want to find both an eigenvalue A, and a corresponding eigenfunction
ya(x) # 0 that satisfies both of the ODE and the boundary conditions. We call
such ((A\,ya(x)) an eigenpair of the S-L eigenvalue problem.

Example 4.8. Solve the eigenvalue problem

v +dy=0, 0<z<m,

Solution: In this example p(z) = 1, ¢(z) = 0, and r(z) = 1. The roots of the
characteristic polynomial of the ODE are £+/—A. If A < 0, then the solution is

y(x) = CreY ™2 4 Cpe VA7,

Plugging the boundary conditions y(0) = y(7) = 0 into the above, we get
C1+Cy =0, CreV ™2 4 Che V2T = 0.

The only solution is C; = 0 and Cy = 0, which leads to a trivial solution y(z) = 0.
Similarly if A = 0, then y(x) = Cy + Cazx, which again leads to y(x) = 0 using the
boundary conditions.

However, if A > 0, then the general solution is
y(z) = Cy cos V Az + Cysin vV Az.

The boundary condition y(0) = 0 leads to C; = 0. Thus y(z) = Cysinv)\z.
The second boundary condition y(7) = 0 leads to Cysinyv/Ar = 0. When does
sin(z) = 07 We know that © = 0, or 7, or 27, or ---, and so on, which leads to

x = nm. Thus, we get
\f)\ﬂ':nﬂ'—))\:n27 n=12,---

Note that n = 0 leads to a trivial solution and should be discarded. The solutions

to the eigenvalue problem are
A\p = 12, yn(z) = sinnz, n=12,---

Usually, we do not include constant Cs term since eigenfunctions can differ by

constants. Note also that the eigenfunctions {sinnz} is an orthogonal set in (0, 7).
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Class practice
Solve the eigenvalue problem

y' +Ay=0, 0<z<l1,

The solution is \,, = (nm)? and y,(z) = sinnrz, for n =1,2,---.

4.3.1 Regular and singular Sturm-Liouville eigenvalue problems

Consider again a Sturm-Liouville eigenvalue problem,
(p(2)y' ()" + (a(x) + Ar(@))y(x) =0,  a<z<b,
ay(a) +eoy'(a) =0,  (e1)? + (e2)? #0, (4.23)
diy(b) + day'(b) = 0, (d)? + (d2)* # 0.

Mathematically we require

1 p(z), ¢(z) and r(x) are all continuous, or p,q,r € C|a,b] for short.
2 p(z) > po>0and r(z) >0 for a <z <D,

where pg is a positive constant. Such a problem is called a regular Sturm-Liouville
problem. For a regular Sturm-Liouville eigenvalue problem, the eigenfunctions are
all continuous and bounded in (a, b). From advanced differential equations theories,
we require p(z) is continuous and non-zero in (a, b) so that the ordinary differen-
tial equation remains to be a second order ODE. If the conditions, especially, the
condition on p(z) is violated, we called the Sturm-Liouville eigenvalue problem, a

stngular problem. Below are some examples:
y' +dy=0, —-1<x<1, regular;
(xy) +Ay=0, —1<xz <1, singularatx = 0;
(1—2%)y) +Xy=0, —1<wz<l1, singularatxz==+1.

Sometime, we need some effort to re-write a problem to have a standard Sturm-

Liouville eigenvalue form to judge whether the problem is regular or singular.

Example 4.9. 2%y"+2zy'+ Xy = 0 can be written as (xy’)' +2zy'+\y—2zy’ = 0,

which is (x%y") + Ay = 0. The eigenvalue problem is a regular in an interval (a,b)
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that does not contain the original, and that the zero is not one of two end points.

Otherwise it would be singular.

Example 4.10. We can divide by 2> for xy" —y'+ A xy = 0 to get %y”— w%y/—i—)\y =
0 which is (%y’)/ + Ay = 0, which is a standard S-L eigenvalue problem. The
discussion in the previous example about whether the problem is reqular or singular

also applies to this S-L eigenvalue problem.

Below we present an example for a different boundary condition, a Neumann

boundary condition at x = b.

Example 4.11. Solve the eigenvalue problem

v ' +dy=0, 0<z<m,

Solution: From previous examples, we know that the solution should be
y(z) = CysinvAz. Thus the derivative is i/ (z) = Cav/Acos v Az. From 3/(7) =0
we get y(7) = cos v/ Ar = 0. Thus, the eigenvalues are

1 1 2
\/Xﬂ-:<2+n>ﬂ_a n:071727'”7 — )\n:<+n> )

2
. (1
Yn(z) = sin (2 + n) x.

Question: Can we take n = —-1,n=-2,---7

The eigenfunctions {sin(% + n)x}zozo form an orthogonal set that can be used
to solve the wave equations uy = cug, with the boundary condition u(0,t) = 0
and 2% (m,t) = 0 on the interval (0, ).

Example 4.12. Solve the eigenvalue problem with a mixzed boundary condition

(also called a Robin BC)

y' +Ay=0, 0<z<l,

y(0)=0, y1)+y'(1)=0.

Solution: From previous discussions, we know that the solution should have
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the form

y(z) = y(x) = Cy cos(VAz) + Cysin(vVAx),
y'(z) = SoYeh Sin(\/Xx) + VA, cos(\/Xx).

From 3(0) = 0, we conclude that Co = 0 since /A = 0 implies a trivial solution

y = 0. From the mixed boundary condition we have

Cl<cosﬁ—ﬁsin\5\>:0, or cosﬁ—\/Xsin\fA:O, —  cot VA=V

501 L—

: it i |

0 50 100 150

Intersections of y(x)=x and y(x)=cot(x)
15 T T T T
n I ]

Figure 4.2. Plots of y = x and y = cotxz. The intersections are the
squares of eigenvalues of \,. Note that round-off errors from the computer and the

effect of the singularities of cotx at km, k=1,2,---, are visible.

There is no closed form for the eigenvalues, which are zeros of a non-linear
equation. But we do know that the squares of the eigenvalues are the intersections of
the graphs of y = z and y = cot « in the half plane x > 0. There are infinite number

of intersections in the first quadrant at: a; =0.86---, g =3.43 -+, a3 =6.44---.
2

n?

The eigenvalues are A\, = a;, and the eigenfunctions are y,(z) = cos\,z. In

Figure 4.2, we show two plots of ¥y = x and y = cotz. The intersections are

n =V An.
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4.4 Theory and applications of Sturm-Liouville
eigenvalue problems

For a regular Sturm-Liouville eigenvalue problem,

!/

(r@y/ @) + (9@ +r3r@)y@) =0,  a<z<b,
c1y(a) + c2/(a) = 0, el +c2#0, (4.24)

Assume that all p(z), q(z),r(z) € C(a,b) are real functions, p(z) > py > 0, r(x) >
0, fab r(x) > 0. Then we have the following theorem.

Theorem 4.2.

1 There are infinite number of eigenvalues, which are all real numbers. We can
arrange the eigenvalues as

M< A< <Ay <o m lim A, = oco. (4.25)

n—oo

Furthermore, If q(x) < 0, then all the eigenvalues are positive A\, > 0 for
n=1,2,---.

2 The eigenfunctions yi(x), y2(x), -+, yn(x), -+, form an orthogonal set with

respect to the weight function r(z) on (a,b), that is
b
/ Ym (2)yn (z)r(x)dx = 0, if m#n. (4.26)

3 For any function u(z) € L%(a,b) that satisfies the same boundary condition,

u(z) can be expanded in terms of the orthogonal set {y, ()}, that is,

b
0o u(z)yn (x)r(x)dx
u(zx) = Z Anyn(x) with A, = /‘1 v . (4.27)
n=l Yu(2)r(z)dz

a

Sketch of the proof of the orthogonality: Let yi(z) and y;(z) be two

distinct eigenfunctions corresponding to the eigenvalues of A\, and A;, respectively,
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that is,
/
(py;) + (a+xr)u =0, (4:28)
/
(py;) + ( q+ Akr) — (4.29)

We multiply (4.29) by y,(x) and multiply (4.28) by yi(x); and then subtract the
two to get

Yk (pr-), — Y (py;2>/ + (Aj = A)ry;ye = 0. (4.30)

Integrating above from a to b leads to

b b
(Aj—Ak)/ ryjykdz:/ yr ((0y) — s (pyy)") da.

Applying integration by parts to the right hand side and carrying out some manip-

ulations, we get

b
() — M) / rysedz = pO)Y, (D) (5) — p(a)y; B)4(b)
— pla)y (@) (a) + pla)y; (@) (a).

From the boundary condition at x = a we have

yi(@ yi@ [[e]_[o
yr(a) yila) | | 2 0
Since ¢? + 3 # 0, we must have that the determinant of the 2 x 2 coefficient matrix
1T6

must be zero, that is, y;- (a)yr(a) —y;(a)y;(a) = 0. Since p(a) # 0, we conclude that
p(a)y;(a)y(a) — p(a)y;(a)yi(a) = 0.

By the same derivation at x = b, we also have
p(0)y; (b)yr(b) — p(b)y; (b)yy.(b) = 0.

Thus, we have (\; — )\k)f; ry;yxdxr = 0 and since A\; # Ai, we conclude that
ff ry;yrdx = 0. This completes the proof.
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4.5 Application of the S-L eigenvalue theory and
orthogonal expansions

Let us revisit the initial and boundary value problem of one-dimensional wave equa-

tions,
Pu  ,0%u
ﬁ = C @, 0 << L,
u(0,t) =0, u(L,t) =0,
ou

u(0,t) = f(x), T (,0) = g(x), 0<z<L,

for general f(x) and g(x). As discussed at the beginning of the chapter, the solution

can be expressed as a superposition of normal mode solution,

- t t
u(z,t) = Z sin ? <bn cos 1% 4 by, sin am > (4.31)
n=0

L L

that satisfies the PDE and the boundary conditions. The coefficients of b,, and b},
are determined from the initial conditions u(z,0) = f(x) and u.(z,0) = g(z). Using

the orthogonal expansion process, we have

n

u(z,0) = Z b, sin %, — b, = L/O f(z)sin zxdm,
n=1

ou . . nrx cnm . cnmt cnm cenrt
—(z,0) = Z sin <—bn sin +b; Cos > ,

ot o L L L "L L
ou . . enwt,, enm N 2 L . nTT
a(x, 0) = ;Sm 7 b"T = b, = ey g(x)sin de.

Thus, the coefficients b,,’s are the coefficients of the orthogonal expansions of u(z,0) =
f(z) in terms of the eigenfunctions; while the coefficients b} are the coefficients of
the orthogonal expansions of u;(z,0) = g(x) in terms of the eigenfunctions differed

by some constants.

Solution to the 1D wave equation with homogeneous BCs

( t) > . nNTXx b cnmt b i cnrt
u(x,t) = sin — | b,, cos —— . Sin
’ — L L L
2 [ 2 [
b, =— [ f(x)sin wdw, by = — | g(x)sin T gz

L J, L " enm ) L
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Example 4.13. Solve the wave equation,

o _ ot
otz 0x?’

u(0,t) =0, u(1,t) =0,

O<z<l,

u(z,0) = —(z,0) =0.
Solution: In this example, c =1, L = 1, and g(x) = 0, we have b} = 0 and

1
2

1 1
2 3 2
b, = 2/ f(x)sinnrxdr = 2/ sinnrrdr = —— cosnmx
0 0

nmw 0
= _2 <cosn—7r —1) = 2 (1—cosn—7r>.
nmw 2 nm 2

The solution to the wave equation is

2 nmwy\ .
— |1 — cos — | sin n7wx cos nt.
nmw 2

Nk

u(zx,t) =

3
Il

We know that the series is convergent in the interval (0, 1). In Figure 4.3, we show

several plots of the partial sums defined as

N
Sp(x) = nzl % <1 — cos %) sin nmx cos nrt. (4.32)
with N =1, N =5, and N = 75 at t = 0. The series approximates the function
u(x,0) well in the interior of continuous regions when N is large enough but oscil-
lates at * = 0 as well as at the discontinuity = 1/2, which is called the Gibb’s
phenomena. In the Maple file, one can use the animation feature to see the evolu-
tion of the solution with time ¢. It is interesting to observe how the discontinuity

moves.
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0.8 1
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0.2 0.4 0.6 8
. X

Figure 4.3. Plots of the series approximations (partial sums) of the initial

—_

condition to the wave equation.

Example 4.14. Solve the 1D wave equation

0?u 0%

w =C ﬁ’ <z < 1,
u(0,t) =0,
quadu(1,t) =0,
1 1
u(z,0) = sinmr — 3 sin 2w + 3 sin 3z, ?Z(:E, 0) =0.

Solution: For this example, the initial conditions u(z,0) = f(z) and u(x,0) =
g(x) are some normal modes and in the expansion forms already. Thus, the solution

is a combination of normal mode solutions,

1 1
u(x,t) = sinwz cosmwet — B sin 27z cos 2met + 3 sin 37 cos 37ct.
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4.6 Series solution of 1D heat equations of initial
and boundary value problems

We use the method of separation of variables to solve,
o _ a0
ot 0x2’
u(0,t) =0, u(L,t) =0,

O<x<L,

u(0,t) = f(x), 0<z<L,

for a general f(x) € L?(0,L). The PDE is called a one-dimensional heat equation.
Note that there is only one initial condition. From the initial and boundary con-
ditions, we should have f(0) = «(0,0) = 0 and f(L) = u(L,0) = 0. If these two
conditions are satisfied, we call the initial and boundary conditions are consistent,
which is not always true in some applications. The method of separation of variables
includes the following steps.

Step 1: Let u(z,t) = T(t)X (z) and we plug its partial derivatives into the
original PDE so that we can separate variables. The homogeneous boundary con-
ditions require X (0) = X (L) = 0. Differentiating with u(x,t) = T(¢)X (x) with ¢

and x respectively, we get

o % s, P

The 1D heat equation can be re-written as

=T X" (2).

/ _ 2 " T/(t) _ X,/(x) _
T'(t)X (z) = AT X" (z) = T X~ N (4.33)

where A is a constant for given z and ¢. This is because in the last equality, the
left hand side is a function of ¢ while the right hand side is a function of x, which
is possible only both of them are a constant independent of ¢ and z. We need
to decide which is an eigenvalue problem that we can solve. Since we know the

boundary condition for X (z), naturally we should solve

X”(l‘)
X(z)

=-X or X"(z)+AXX(z)=0, X(0)=X(L)=0 (4.34)

first.

Step 2: Solve the eigenvalue problem. From the Sturm-Liouville eigenvalue
theory, we know that A > 0. Thus, the solution is

X" (x) = Oy cos V Az 4 Cysin VAz.
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From the boundary condition X (0) = 0, we get C; = 0. From the boundary
condition X (L) = 0, we have

CosinVAL =0, = VAL=nm, n=12---,

since Cy # 0 for non-trivial solutions. The eigenvalues and their corresponding

eigenfunctions are

2
An:(%), Xo(z) =sin 22 p=1,2,---

Next, we solve for T'(t) using

T'(t) + N\, T(t) = 0, (4.35)

nm

L
we have already known )

with known A, = ( )2. The solution is (not an eigenvalue problem anymore since

ntm

T,(t) = bpe~ @ Mt = be~ (E)E

Put X, (x) and T),(t) together, we get a normal mode solution

Up(z,t) = bpe™ ()t gin niLa:’ (4.36)

which satisfy the PDE, the boundary conditions, but not the initial condition.

Step 3: Put all the normal mode solutions together to get the series solution.

The coefficients are obtained from the orthogonal expansion of the initial condition.

The solution to the 1D heat equation can be written as
(4.37)

which satisfies the PDE and the boundary conditions. The coefficients of b,, are
determined from the initial conditions u(z,0),

n=0

Series solution to the 1D heat equation is

- 2/ nmw\2 2 L
N ST SRy
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Example 4.15. Solve the 1D heat equation with homogeneous boundary conditions
in the interval (0, ) and the initial condition u(x,0) = 100. What is the limit of

i 12
tlg]go u(z,t)

Solution: We use the formula above to find the coefficients of the series

2 [T 2 " 200(1 —
b, = — / 100 sin(nz)dz = 200 cos(nx)| = 00( cos(mr).
0

T nm 0 nm

Thus, the solution is

—n?t

Z 200 (1 — cos(nm))

sin(nz)e

Furthermore, we can easily show that tlim u(z,t) =0.
— 00

In Figure 4.4, we show plots of several partial sums of the initial condition
with N =1, N =5, and N = 175. In the middle, the series approximate the
function very well when N is large enough but oscillates at two end points, which
is called the Gibb’s phenomena. However, for heat equations, the oscillations will
soon be dampened and the solution becomes smooth with the time. In the Maple

file, one can use the animation feature to see the evolution of the solution.
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Figure 4.4. Plots of the series approximations to the initial condition
uo(z,0) = 100.

4.7 Exercises

E4.1 Find all values of b such that the following two functions are orthogonal

functions with respect to the weight function w(z) = e~* on the interval
O<x<m,

fi(z) = cos(bx), fa(x) = €.

N
2
E4.2 Given {cos nre } = {1, cos E, coS —mr,
p n=0

Nrnzx
-4+ ,C08S —,++ ,COS .
p

(a). Show that the set forms an orthogonal set in (—p, p). Hint: cosa cos f =
1
3 (cos(a + B) + cos(a — f3)).
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E4.3

E4.4

E4.5

E4.6

(b). Find the L? norm |[|f|;> = ,/ffp f2(x)dx of f(x) =1 (n = 0) and

f(x) = cos npg (other n).

(c). Find the orthogonal expansion of f(z) = |z| in terms of the orthogonal
set in (—p,p).
Hint: /:ccos axrdr =

xr sinaxr  cosax
+ 5

a a

Determine the constants a and b so that the functions 1, x, and a + bx + 22
are orthogonal on (—1, 1). Find the orthogonal function expansion of sin z or

cosz (choose one), for example,
sinz ~ ag + apx + as(a + bx + z?)

after you have found a and b. Plot the function sinx and the approximation
together.

Let {¢n(z)}22, be a set of orthogonal functions with respect to a weight

function w(x) in an interval (a,b).
(a). What does this mean?

(b). If f(z) = Z an¢n(z), then find the integral formula for a,, in terms of
n=1

the appropr_iate functions.

Find all the eigenvalues and eigenfunctions of the S-L. problem. Show all the

cases and process.
v +Ay=0, 0<x<m/2
y(0)=0, y'(7/2)=0
Also answer the following questions:

(a). Can the eigenvalues of regular S-L be complex numbers?
(b). Are there finite or infinite number of distinct eigenvalues?

(¢). If Y, () and y, () are two eigenfunctions corresponding to two different

eigenvalues A, and \,,, what is the result of foﬂ/ 2 Y ()Y (x)dz?

Expand f(z) = 22 in terms of orthogonal set {cosnmz}5%,, {sinnmz},,
and {1, cosnrx, sinnmx};2, in the interval (—m, m). Thus, there are three
expansions. Can we expand the function in the interval (—1, 1) in terms of
those functions? Why?
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E4.7

E4.8

E4.9

Check whether the following Sturm-Liouville eigenvalue problems are regular
or singular; and whether the eigenvalues are positive or not. If the problem is
singular, where is the singularity?

(@) (1+2%y) +Ay=0, y(0)=0, y(3)=0.

(b). zy"+y +Ay=0, y(a)=0, yb)=0, 0<a<hb.

(). 2" +2¢y +A\y=0, y(1)=0, ¢'(2)=0. Hint: Multiply by x.

(d). z¢" —y' +Xzy =0, y(0)=0, ¢'(5)=0. Hint: Divide by 22.

(). (1—2%)y) — 22y +(1+ M)y =0, y(-1)=0, y(1)=0.

Hint: First you need to re-write the problems as the standard Sturm-Liouville

eigenvalue problems if possible.

Find out the eigenvalues and eigenfunctions of the Sturm-Liouville eigenvalue
problem. It is encouraged to use computers to plot first three eigenfunctions.
(a). y"+Ay=0, y
(b). ¥"+ X y=0, y
(©). ¥+ =0, y(0)=
(d). y"+ Xy =0, y(0)

(€)- "+ y=0, y(0)+¢'(0) =0, y(r)=
(£). v"+ X2y =0, y(0)=0, yr)+y'(4r)=0.

Find out all eigenvalues and eigenfunctions of the Sturm-Liouville eigenvalue

problem.

Y +xy=0, 0<zx<p,

Plot first three eigenfunctions with p = 1/2, p = 2. Also answer the following

questions:

(a). Can the eigenvalues of regular Sturm-Liouville eigenvalue problem be
complex numbers?

(b). Are there finite or infinite number of distinct eigenvalues?

(c). If Yy (z) and y, (z) are two eigenfunctions corresponding to two different
eigenvalues \,, and \,, what is the result of f(f Ym () yn (x)dz if m # n?
How about fg)p Y ()Y (x)d2?
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E4.10

E4.11

E4.12

E4.13

2 82

Solve the 1D wave equation a—tg = 48—1; according to the following conditions:
x
: _, Ou
(a). The Cauchy problem —oco < x < oo with u(z,0) = ze 7, a(w,O) =

—x

e
(b). The boundary value problem u(0,t) = 0, u(2,t) =0, 0 < z < 2 with
0
u(z,0) = sin(4nx), —u(x, 0) = sin(4nx).

ot
(c). The boundary value problem u(0,t) = 0, u(2,t) =0, 0 < z < 2 with
0
u(z,0) = x, 8—2;(33,0) = 2.
. Ou 0%u .
Repeat the problem for the 1D heat equation Frie 4ﬁ according to the
i

following conditions:
(a). The boundary value problem u(0,t) = 0, u(2,t) =0, 0 < z < 2 with
u(z,0) = sin(4nx).

(b). The boundary value problem u(0,¢) = 0, u(2,t) =0, 0 < z < 2 with

u(z,0) = x.
Solve the 1D wave equation O u c? O%u ith Bu(o t) =0, u(L,t)=0
Vi wavt —_— = — W - — —
a ot 5a oz e
u

and the initial condition u(z,0) = f(x), (x,0) = g(x). Find the solution

ot

1 ifo<z<l,
when ¢ =3, L =2, g(x) =1, and f(x) =
0 ifl<z<2

2

Solve the 1D heat equation (?;: = cQgZ with «(0,¢) = 0, gu(L, t) =0 and
x x

the initial condition u(z,0) = f(x).

(a). Let u(z,t) = X (x)T'(t), derive the equations for X (x) and T(t).
(b). Solve the related Sturm-Liouville eigenvalue value problem for X (z) first.
(c). Solve for T'(t) using the eigenvalues above.
(d). Find the series solution to the 1D heat equation.
1 ifo<z<l,

(e). Find the solution when ¢ =3, L =2, and f(x) =
0 ifl<z<2
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Chapter 5

Various Fourier series,
properties and

convergence

We have seen that {sin %} and {cos "—ZI} play very important roles in the series of
solution of partial differential equations of boundary value problems by the method
of separation of variables. While these orthogonal functions are obtained from
Sturm-Liouville eigenvalue problems, they should have reminded us of Fourier series
in which {sinnz} and {cosnz} are used. Fourier series have wide applications in
many areas of sciences and engineering particularly in electro-magnetics, signal
processing, filter design, and fast computation using fast Fourier transforms (FFT).
In this chapter, we will introduce various Fourier series, discuss the properties and
convergence of those series. We will see three kinds of Fourier expansions of a

function f(z):

1 General Fourier expansions in (—L, L)

_ > nmx . nTT
f(z) ~ag+ ; (an €08 —— + b, sin T) : (5.1)

When L = m, we obtain the classical Fourier series. The reason to use ag

rather than ag can be seen later.

2 Half-range sine expansions in (0, L)

Fa) ~ D bsin (5.2)
n=1
3 Half-range cosine expansions (0, L)
= nwx
f(2) ~ g+ Y an cos . (5.3)
n=1
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5.1 Period, piecewise continuous/smooth functions

We know that sinx,cosz,sin2x,cos2z,--- , are all period functions. The above
three types of Fourier expansions all involve sine and cosine functions that are

periodic. What is a period function? A function repeats itself in a fixed pattern.

Definition 5.1. If there is a positive number T such at f(x +T) = f(z) for any

x, then f(x) is called a period function with a period T

According to the definition, f(z) should be defined in the entire space (—oo, c0).
Also, if f(x) = f(zx+T), then f(z+2T7) = f(x+T+T) = f(x+T) = f(x); and
2T is also a period of f(z). To avoid the confusion, we only use the smallest such

a T > 0, which is called the fundamental period, or simply the period, for short.
Example 5.1. Find the period of sinx,cosx,tanx, and cotx.

The period of sinz, cos z is 27, while the period of tan x, cot x is 7.

Example 5.2. Are the following functions periodic? If so, find the period of the
functions,

cosTx, Sinx + tanx, sinx -+ cos 3 S x + x, cos mx.

1 Yes, cosmx = cosm(x + T) = cos(mx + nT); so the period is T' = 2.

2 Yes, the sum of two periodic functions is still periodic; the period is the larger

one, T' = 2.

3 Yes, sinz + cos § = sin(x + T') + cos # Since the period of the second

function is T'/2 = 2w, we conclude that the period is T = 4.
4 No, since x is not a periodic function.

5 Yes, from cosmx = cosm(x + T') = cos(mz + mT), we know that mT = 2m;

2w
thus the period is T = —.
m

Note that if f(z) = C, then it is a periodic function of any period including
the zero. From the above example, we also know that the set {1, cos Z¥}7° | has a

common period T' = 2L, the largest period of all cos 7= for all n’s.

Example 5.3. Let f(x) = x —int(z) = x — [x], where [x] is called a floor function,
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which means that [x] is the greatest integer not larger than x, for example, [1.5] = 1,
[0.5] =0, [-1.5] = =2, or the integer toward left. Then f(x) is a period function

with period T' = 1. The period function can be expressed as

flx) = =, if 0<x<1,
(5.4)
= x— [z, otherwise,

or simply f(x) = f(x+1) outside [0, 1]. Often it is enough to write down the func-
tion expression in one period and state that the function is periodic with the period
specified. Figure 5.1 (a) is a plot of the integer (floor) function while Figure 5.1 (b)
s a plot of the fraction part function that is a periodic with period T = 1.

(a) (b)

The floor function f(x)=[x] The fractional part of x, f(x)=x-[x]

1.2

2~
1.5¢ (L °
1 o0—o -
0.8
0.5
0r ° © 4 0.6
0.5 1 04k
1 —_—0
0.2
-1.5r
2 fo—© 0r o
2.5 - - - -0.2
-2 -1 0 1 2 -2 -1 0 1 2
X X

Figure 5.1. Plots of some piecewise continuous functions. (a): the inte-
ger (floor) function that is not periodic. (b): the fractional part of x that can be

expressed as f(x) = x — int(x) which is periodic with period T = 1.

Example 5.4. The sawtooth function is defined by

(—m—z) if -1 <z<0,
flz) = (5.5)

(m—z) f0<z<m,

N =

N|—

and f(x) = f(x + 2n), see Figure 5.2 (b) for the function plot along its Fourier
series and sum partial sums. Note that sometime it may be easier if we use the

expression in the interval (0,27) since it is one continuous piece as

flz)==(r—2x), 0<z<2m,
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and f(x) = f(x + 27). Figure 5.2 is a plot of the sawtooth function whose Fourier

series and some partial sums are plotted in Figure 5.6.

The sawtooth function
; ‘ -

0.5

o

-0.5¢

'
_
T

151

Figure 5.2. Plots of the sawtooth function that is periodic with period T = 2.

Piecewise continuous/smooth functions

If a function f(x) is continuous in [a, b], then for any z¢ € [a, b], we have lim f(z) =
r—rxo

f(xg). We call that f(z) is in the continuous function space (set with operations)
denoted as f(z) € Cla,b]. It is obvious that functions: sinx, cosz, z® + 1, and their
linear combinations are continuous functions in any interval [a,b]. The functions
f(z) = 1/x is discontinuous at x = 0, but is continuous on any interval that does not
contain the origin. Note that 1/x is continuous on (0, 1] but not [0, 1]. The function
tanx is continuous on [0, 1] but not on [0, §] since the left limit Il_l}rg_ f(z) = 0.
From these examples, we should see the difference between ‘[’ (inclilded) and ‘(’

(not included) in describing an interval.
If there are finite number of points 1,2, -+ ,zn in [a, b] at which a function
is not continuous, but has finite left and right limits, that is

lim f(z)= f(x;—) and lim f(x) = f(x;+)

T—X;— T—xi+

exist but f(x;—) may not be the same as f(x;+), then such a function is called
a piecewise continuous function in (a,b), or precisely, a piecewise continuous and

bounded function. Below is an example of a piecewise continuous and bounded
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function.

0 if —co< <0,
Example 5.5. The Heaviside function H(x) = s a piece-

1 o 0<z<o0,
wise continuous function, which is also called a step function.

Figure 5.1, the floor function and the fractional part function, and Figure 5.2,
the sawtooth function, are some examples pf piecewise continuous functions. Pay

attention to when we use little hollow o’s, and little filled o’s.

If f(x) is a continuous function on an interval (a,b), but f’(x) is piecewise
continuous on (a, b), then f(x) is called a piecewise smooth function on (a, b). Below

is an example.

L=z if |2[ <1,
Example 5.6. The hat function h(z) =
0 otherwise,

is continuous but non-differentiable at = 0 in the classical definition of derivatives.

The derivative of the has function is

0 if |z >1,
R(z)=<¢ 1 if -1<z<0,

-1 if 0<z<]l,

which is discontinuous at = —1, x = 0, and « = 1. It is obvious that the
hat function is a piecewise smooth function, while h'(x) is a piecewise continuous
function, which is also a step function. Figure 5.3 shows a plot of the hat function
at the left, and the derivative of the hat function at the right.

Properties of period functions

The set of all period functions with the same period 71" form a linear space. That is,
let f(z) and g(x) be two period functions of period T, then w(z) = af(z) + Bg(x)

is also a period function of period 7. Note again that a period function is defined
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(a) (b)

The hat function The derivative of hat function
[
.l , o0
08y 05
06
0 p——m—-
0.4
ool 0.5
0 ° 1 66— &
2 1 0 1 2 2 1 0 1 2
X X

Figure 5.3. Plot of the piecewise smooth hat function and its derivative.

(a): the hat function; (b): the derivative of the hat function.
in the entire space —oco < x < oo.

Theorem 5.2. Let f(z) be a period function of period T and integrable, then

/0 " ) de = / " ey (5.6)

for any real number a.

Proof: To prove the theorem, we just need to show that faa+T f(z)dx is a
constant function of a. Therefore, we define F(a) = faa+T f(z)dz and take the
derivative with respect to a to get,

dF(a)
da

= f(a+T) - f(a) =0.

Thus, F(a) must be a constant, so F'(0) = F(a) = F(=T1/2) = - --, which leads to,

/OT f(x)dz = /{LHT f(x)dz = /+T f(x)dz.

Often we prefer to use the period that
e f(x) is a continuous piece;
e integration starts from the origin (a = 0);

e integration from a symmetric interval (—g,

Nl

).
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5.2 The classical Fourier series expansion and partial
sums

Let f(z) be a periodic function of 27 and f(z) € L?(—m, 7). The classical Fourier

series expansion of f(x) is defined as

f(z) ~ap+ i (an, cosnx + by, sinnx) . (5.7)

n=1

The coefficients ag, {a,} and {b,} are called the Fourier coefficients and can be

computed from the following formulas,

_ 1 (7 1 ["

ao =5 » f(z)dx, an = — » f(z) cosnzx dx, (5.8)
1 [7 )

b, = — f(z) sinnx dz, n=12---. (5.9)
™ —T

Note that ag has different formula from other a,’s by a factor of 2. We can use the

same formula if we use
flx) ~ a0 4 Z (an cosnx + by, sinnz) . (5.10)
2 n=1

We list a few applications of the Fourier series below:

e Express f(z) in terms of simpler trigonometrical functions;

e Provide an approximation method for evaluating f(x) using the partial sum
defined as

N
Sn(z) =ao+ Z (an, cosnx + by, sinnz) , (5.11)

n=1
as used in many computer packages for a given number N. We hope that
lim Sy(z) = f(z);
N—o0
e Basis for several fast algorithms such as Fast Fourier Transform (FFT);

e Used for spectral (frequency) analysis, signal processing, filters, etc.

Note that if = is a time variable for some physical applications, we call that
f(z) is defined in the time domain, while {a,} ., {bn} -, are defined in the

frequency domain.
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Classical Fourier series of f(r) € L*(a,b):

oo

Qo :
f(z) ~ ) + Z (an cosnx + b, sinnz) ,
n=1 (5.12)
1 [ 1 [
ap = —/ f(x)cosnxdr, b,= —/ f(x)sinnx dx.
TJ) . TJ .

Example 5.7. Find the classical Fourier series of f(z) = x.

Solution: We may wonder f(z) = z is not a periodic function and why it
can have a Fourier expansion. In fact, we only use part of f(z) = z in the interval
(—m,m) and disregard the rest (truncation ). We then use the piece of f(z) = z in

the interval (—7, ) to generate a periodic function (extension),

x if |z| <,

fl@) =19 .

f(z +2m) otherwise,

to get a periodic function that is identical to f(x) in the interval (—m, ), see Fig-
ure 5.4 for an illustration. The function f (z) is piecewise continuous and bounded
with discontinuities at x = +£2nmw,n =1,2,---. We use the formula to calculate the

Fourier coefficients,

ap=_ [ fla)dv=0, an=_ | fl@)cosnzdr=0, n=12,:.-,

—T —T

since f(z) and f(x)cosnx are odd functions. Furthermore, we have

1" 2 (™ 2 ’ 2
bn = /  sin nzdr = / sinnzde = ——zcosnz| = (-1)""'~.
) . T Jo nmw 0 n
Thus, we get

G 2 2 1
~ _1n+17' — 2gi —sin?2 —sin3x — —sin4
T n§:1( ) nsmnx sSinx — sin 2x + 38111 T 2sm T+

From the formula (5.12), we can have the Fourier series for any function f(z)
on (—m, ) literally as long as those integrations in the formula are finite. But the

series may or may not converge, or converge to a value that is different from f(z).
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To discuss the convergence of a Fourier series, we use the partial sums defined as

before,
a N
Sn(z) = f(z) ~ ?0 + Z (an, cosnzx + by, sinnz) . (5.13)
n=1

If the limit ]\;E}noo Sn(z*) = S(x™) exists, then S(z*) is defined as the value of the
series at x*.

In Figure 5.4 (a), we plot the function f(z) = x and a few partial sums of its
Fourier series, S1(x), S5(x), Ss5(x) using the Maple. Figure 5.4 (b) is the function
plot and the series plot in the interval (—3m, 37). From the figure, we can see that

the partial sum Sy (z) has the following properties:

1 converges to f(x) in the interior of (—m, ) as N — oo;

2 its value at @ = =+m is not the left or right limit of f(x), rather than its

average, for example, at x = T,

A}gnoo Sn(m) = 5 = 0; (5.14)
3 Sn(x) oscillates at the discontinuities £2nm, n = 1,2,---. It is called the

Gibb’s phenomenon.

Note that the series itself is not oscillatory and it is identical to f(x) = x in the
interval (—m, ), and it is zero at * = +7 which is the average of the left and right
limits of the new period function f(z), the same as the value of partial sums at
x = £, see Figure 5.4 (b).

Example 5.8. Find the classical Fourier series of f(x) = 10sinz + 5sin6x +
1

5 cos 30z.
Solution: The Fourier series of f(z) is itself with azg = 0.5, by = 10, bg = 5.
In Figure 5.5, we plot of the function and can see clearly the three frequencies and

their strengths that agree with the function.

Example 5.9. Find the Fourier series of the sawtooth function f(z) = (7 — z),
0<z<2m f(xr+2m) = f(x).

Note that f(z) is an odd function in the interval of (—m, ), thus a,, = 0, for

n = 0,1,---. For the coefficients of b,,, it is easier to use one continuous piece in
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6 Plot of x and its Fourier series
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Figure 5.4. (a): Plots of function f(x) = x and some partial sums Si(x),
S5(x), Ss5(x) of the Fourier series of the function. (b): Plots of the Fourier series
of f(x) whose values at x = £3m, 47 are zero, and f(x) = x, the dotted line. Note

that the two functions are identical in (—m, 7).

10 1

_15,

Figure 5.5. Plot of f(z) = 10sinz + 5sin6z + 1 cos30z. We can see

clearly three different frequencies.
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(0,27) to calculate the coefficients b,

1 [ 1 (1
by, = — f(x)sinnxda::/ — (7 — x) sinnx dx
T ) _x T Jo 2
1 C T cos N |27 2T 1 cosnx
= — wsinnx dxr + ——— — —dx
2 \Jo n 0 0 n
12 1
2rnm on’

Thus, the Fourier series is, see also Figure 5.2 (a),

sin nx

1 N si 1 1
Q(x—r)wg_:lsmnnw :sinx+§sin2x—|—gsin3:ﬂ+c---+

In Figure 5.2, we plot the function f(z) = (7 — x) of period 27 and a few partial
sums. We observe that the partial sum converges to f(x) = x — 7 except at those
discontinuities at x = 0 and x = +7. Once again, we see the Gibb’s oscillations of
the partial sums around the discontinuities. It is also important to note that the
series converges to f(x) in the interval except at the discontinuities where the value
of the series is the average of the left and right limits which is zero in this case.

There is no oscillations in the Fourier series though!

(a) (b)
The sawtooth function & its Fourier series
(-]

Figure 5.6. (a): Plots of some partial sum of the Fourier series of the
sawtooth function. (b): Plot the sawtooth function and its Fourier series. They are
identical except at the discontinuities where the series is the average of the left and

right limits.
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Example 5.10. Find the Fourier series of the triangular wave.

z+nm if —m<x<0,
f(z) = (5.15)

T—x 0<z<m,

and f(x) = f(x + 2m). Note that we can rewrite the function as one piece as
f(z) = m — |x| in the interval (—m, ), which is an even function in (—m, 7). The

function is continuous in the interval and it is piecewise smooth.

Solutions: Note that f(z) is an even function, we have

1 [7 1 [" 1(r—z)?|" =«
ap = — de = — —2)der = ———F"—| ==
ao = 5 » f(x)dx 7T/0 (m —x)dz 5 T3

1 [7 2 [T
ap = — f(x)cosnxdr = — | (m — x)cosnxdz

™) _xn ™ Jo

2 — 1) si N

_2 (Wﬂﬂsw +/ sinnxdm)

T n o N Jo

2 —cosnz|"\ 2/1 (1)
o n? |,) m\n? n?
2 .
9 — if n is odd,
-2 n
Tl o ifniseven

We can use one simple notation agg11 = m to cover both situations.
Thus, we have,

o0

4
f(z) = 5 + Z T@n T 17 cosm(2n + 1)x.
n=0

Since f(z) is continuous everywhere, we have the equality in the entire intervall In
Figure 5.7, we plot the function of the triangular wave f(x) = m — |z| of period 2,
and a few partial sums. We observe that the partial sum converges to f(x) = 7 —|z|
in the entire domain. We do not see the Gibb’s oscillations but round-ups at the
kinks, x = 0 and x = +m.

We can get some identities from the Fourier series. In this example, we have
oo
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T ; )
-2n 3=n -n n 0 n 3n 2n
2 2
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\
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Figure 5.7. Plot of the triangular wave and several partial sums. There
18 no Gibb’s phenomenon but round-up at the kinks. The series is identical to the

function of the triangular wave.

which provide an alternative way in computing 7 if we multiply 7 from both sides
and simplify to get

7r2_i 4 . 7T2_1+1+1+1+
2 (2n+1)? 8§ 32 22 72 '

5.3 Fourier series of functions with arbitrary periods

Given a period function f(z) € L?*(—L,L) with f(z +T) = f(x) and T = 2L, we
can also have a Fourier series expansion of f(x) in (=L, L). To derive the Fourier
series for a periodic function of 2L, we use a linear transform to convert the interval
(=L, L) to (—m, 7), apply the Fourier expansion, and then transform back using
the original variable.

Let t = ax and « is chosen such that when x = —L, t = —m, and when « = L,

t =m. It is easy to get v = T. Define also f(z) = f(£) = F(t). We can verify that

e
F(t) is a period function of 27 since

F(t+2w):f<t+a2”> :f<i+207;> =f<;+2L> :f<:;> — F ().
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Thus, F(t) has the Fourier series,

F(t) ~ap+ Z (@, cosnt + by, sinnt) ,

n=1

™

1 (7 1 ("
ag = — F(t)dt, ap, = / F(t) cosntdt,
bn:/ F(t)sinntdt, n=12--.

By changing the variable again using ¢ = 7 in all the expressions above, we get

Fourier Series of f(z) with an Arbitrary Period 2L:

f(z ~|— Z (an cos =L 4 b, sin ?) (5.17)

L
/ f(z) cos @dx bn:l/ f(x)sin?dx

—L

In the expression above we have a,, n =0,1,---,---, and b,, n = 1,2,---. Note
that the above formula includes the classical Fourier series if we take L = w. Thus,
it is enough just to remember this formula. Again the partial sum of the Fourier
expansion in (—L, L) is defined as

Sn(x) =ag + Z (an cos ? + b, sin ?) (5.18)

for a positive integer N > 0.
Example 5.11. Recall that the fractional part of x is a periodic function of period
T =1 and p = 1. The function can be written as f(x) = x —int(z). We can find

its Fourier series in (—1,1).

Using the formula, we have

_;/11f(x)dx:;</01(x+1)dx+/olxda:> =%,

1 0 1
ap, = / f(x) cos P G = / (x 4+ 1) cosnmx dx + / x cosnmxdr =0,
—1 p -1 0
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1
/ flx smd:v—/ (zc—{—l)sinnj;:d:v—i—/ xsin%dw
- 0

1
1 1
:/ SlnndSC—I—Q/ xsm@dx———(1—(—1)")—1——(—1)”
-1 p 0 p nm nm
0 ifn=2k+1,
= 2
—— if n =2k,
(nm)

Thus, we obtain

l\DM—A

i ki n(2kmz).
k=1

In Figure 5.8, we plot the function f(z) = = — int(x) and several partial sums of
the Fourier series. The Fourier series converges to f(x) in the interior. We observe
the Gibb’s oscillations at the discontinuity at z = 0, and the two end points x = —1

and x = 1.

(a) (b)

I 1 p © 1
08 0871
0.6
0 ° °
0.4
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0.2
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Figure 5.8. (a): Plots of some partial sum of the Fourier series of the
fraction part function, f(x) = x —int(x). (b): Plot the function and its Fourier
series. They are identical except at the discontinuity x = 0 and two end points
x = *+1 where the series is the average of the left and right limits of the periodic

function.

Remark 5.1. For the fractional part function example, the period is T = 1, we can

also have the Fourier series in (— which will be different from that in (—1,1).

2’ 2)
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Example 5.12. Ezpand f(x) = |z| in Fourier series in (—p,p

p > 0.

Solution: Note that f(z) is an even function, we have

1 p 2 p 1 22|P
do—/ |m\dw-/ pdr =~ =
2p J_, 2p Jo p 2],

1 [P nwx
an:/ x]cosﬂdsc—/ mcos—d:v
b

) for a parameter

Y

-p
if n = 2k,
__ e (1 —cosnm) = 4
(nm)? ~ P =2k 1,
(nm)?
1 [P
by, = / || sin "2 g = 0,
pJ)_, p
since f(z) and f(x) cos 7+ are even functions, and f(z)sin *7* is an odd function.
Thus, we obtain
- 4 2n+ 1
|x|—§—z 5 pl 2COS(n+)
= (2n+1)m) p
p A w1 3w 1 S 1 Tme
T2 e\ Tee 5 7

In Figure 5.9, we take p = 1 and plot the function f(z) and several partial sums of

the Fourier series in the interval (—2,2). The Fourier series converges to |z| only in

the interval [—1, 1] including the two end points. No Gibb’s phenomenon is present

for the partial sums since the function is piecewise smooth. But we do see that the

kink of |z| at x = 0 is smoothed by the partial sums, which are called round-ups.

When p = 7, we get the classical Fourier series in [—7, 7],

o0
s 4
=Ty T cos(2n+1
|| S Gn s D cos(2n + 1)z

s

2 7 32 52

4 1 1 1
=———|cosx+ — cos3x+—0055m+7—cos7sc~l—~' .

Remark 5.2. In the expansion above, we expand the 2p-function f(x) = |z| and

f(x + 2p) = f(x) in terms of the Fourier series. The expansion is the same as
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A A

Figure 5.9. Plot of the Fourier series and several partial sums of |x| in the
interval (—2,2) with p = 1. The Fourier series converges to |x| only in the interval

~1,1].

that for function g(x) = |x| in the interval (—p,p) but totally different outside the
interval. There is no Gibb’s phenomenon and the series is convergent to |x| in

(=p,p). The process can be summarized as extension and expansion.

Example 5.13. Ezpand f(x) = sinz in Fourier series in (—p,p) for a parameter
p > 0.

Solution: If p = &, then the Fourier expansion of sinx is itself. Otherwise,
we can expand sin z in terms of sin ”p#. Note that a,, =0, n =0,1,---, since f(x)

is an odd function. We just need to find b,,,

1 [ . . nTT 2 [P, . nTT
b, = — sinx sin —dx = — sin x sin ——dx
pJ_p P 2p Jo D

_ 2p(nmsinp cosnm — pcosp sin(nm))

p2 — m2n2

The integration is obtained by using the formula
1
sinasin 3 = —3 (cos(av+ ) — cos(a — B))

or using the Maple command
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F
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A

Figure 5.10. Plots of several partial sums of the Fourier series of sinx in

the interval (—2,2) with p = 1. The Fourier series converges to sinx only in the

interval (—1,1).

\int_0"p \sin x \sin \frac{n \pi x}{p} dx;

For the special case p = 1, we can get

> 2nmsin 1 sin(nrw)
sinx = g —1)ntt ,
’I’L:l( ) n27T2 o 1

which is valid only in the interval (—1, 1), see Figure 5.10 for an illustration.

It is important to know the relations among the function itself, its Fourier
series, and the partial sums. If the function f(z) is continuous at a point z*, then the
series has the same value as that of f(z). The partial sums are approximations to
f(x) and are different from f(x) in general, that is, f(z*) # Sny(z*). Nevertheless,
the limit of the partial sum is f(z*), that is, imy_o0 Sn(2*) = f(z*) if f(z) is
continuous at x*. If f(z) is discontinuous at a point z*, then the value of the series
is the average of the left and right limit, that is

o @) @ ) 4 per)

Jim, Sv(a") = $(a") = 2 R E—
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Figure 5.11. Plots of f(x), its Fourier series, and partial sums. Left:
f(x); Middle: Fourier series; Right: Two partial sums with N =2, N = 30. Gibb’s

oscillations can been seen at the discontinuities if N is large enough.

We use a step function below to illustrate the relations,

-1 if-1<z<0,
f(@) = (5.19)
1 0<z<l1.

In Figure 5.11, we plot the step function in the left; the Fourier series of the function
in the middle; and two partial sums of the Fourier series in the right. We can see
that f(x) is piecewise continuous. The Fourier series is identical to f(z) except at
the discontinuities z = —1, x = 0, and x = 1. At these points, the Fourier series is

the average of the left and right limit of the function, for example,

s = 1000 _—141

0, (5.20)

which is the same at x = —1 and x = 1. The partial sums are not the same as
f(x) but they will get closer to f(z) as N increases except at those discontinuities
at which the values are also the average of the left and right limit of the function.
Note also that we will see the Gibb’s oscillations around the discontinuities if N is
large enough. Intuitively, the Fourier series tries to approximate both the left and

right limit, which is impossible and causes the oscillations.

5.4 Half-range expansions

We have already seen that we can choose different expansions and seen some con-
nections between Fourier series and orthogonal functions from the theory of Sturm-
Liouville eigenvalue problems. With half-range expansion, we can also reduce some

workload compared to a full range expansion, and impose some special properties
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of the expansions. The techniques once again is based some particular truncations

and extensions.

Let f(z) be a piecewise continuous function in (0,L)*. If we extend f(z),
0 < x < L in the following way,
flz) ifo<ax<L,
felz) = . (5.21)
f(=z) if =L <z <0,

which is called an even extension of f(x), then we can have the Fourier series
expansion of f.(x) in the interval (=L, L). Since f.(x) is an even function, we have

b, = 0 and the expansion has cosine functions only

S 1t
ap = ZL/_L fe(z)dr = L/o f(z)dx, (5.22)

1 [ nwT 2 [t nmT
—— Sy = = ——dx. 2
an, L/—L fe(x) cos 7 dx L/o f(x) cos 7 dz (5.23)

Also in the interval, we have f.(z) = f(z), thus we obtain:

Half Range Cosine Series Expansion of f(z) in (0, L):

flz) = % + Zan cos ?, ap = E/o f(x) cos ?dm, (5.24)

n=1

for n=0,1,2,---. The expansion is valid only in (0, L).

Similarly, if we extend f(z) , 0 < x < L according to

f(zx) if0<z<IL,
folx) = ‘ (5.25)
—f(—x) if-L<x<0,
which is called an odd extension of f(x), then we can have the Fourier series ex-
pansion of f.(z) in the interval (—L,L). Since f,(x) is an odd function, we have

a, = 0 and the expansion has sine functions only

2 L
by, = L/o f(z)sin ?dm, (5.26)

4In fact, the discussions are valid for any interval (a, b) (b > a). we can use a shift s =z —a

to change the domain from (a, b) in z to (0, b — a) in terms of s.
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n=1,2,--- . Also in the interval, we have f,(z) = f(x), thus we have

Half Range Sine Series Expansion of f(z) in (0, L):

x) ~ ;bn sin ?, b, = Z/o f(z)sin ?dw, (5.27)

for n=1,2,---. The expansion is valid only in (0, L).

Example 5.14. Expand f(x) = x in both half range cosine and sine series in (0, 1).

What is the relation of the expansion with the Fourier series in (—1,1).

Solution: The function f(x) is an odd function. Thus, the half range sine
series is the same as the Fourier series in (—1, 1) for which the coefficients a,, = 0

and b, can be calculated as (verified by Maple),

1
2

by, = 2/ zsin(nrz)dr = g CIT (=) —.
0 nw nmw

Thus, the sine expansion (and the Fourier expansion) of f(x) = z in the interval
(0,1) is

Z — sm (nmx), z e (0,1).

The series is convergent in the interior of [0, 1) but is zero at x = 1 (f(1) # S(1)), see
Figure 5.12 (b) for plots of the function, and several partial sums of the expansion.
Note that the partial sums Sy (z) have Gibb’s oscillations near x = 1 if N is large

enough.

For the cosine half range expansion, the expansion is only valid in [0, 1], we

have

cosnm — 1 —4

1 1
1
ap /0 vdz = 2, a /0 x cos(nmz)dx ()2 ok 1)

Thus, the cosine expansion of f(x) = x in the interval (0, 1) can also be represented

as

(@)
ZCOS n—17m:
(2n—1)2

l\DM—t
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The series is convergent in the entire interval of [0, 1], see Figure 5.12 (a) for plots
of the function and several partial sums of the expansion. In this case, we have
faster convergence of the partial sum of the cosine expansion compared with the
sine expansion. Note that the partial sums Sy (z) do not have Gibb’s oscillations

but round-ups near x = 1 if N is large enough.

(a) (b)

0.3
.2
0.

-1 -0.5 0 0.5 1 1.5
x

Figure 5.12. Half range cosine/sine Fourier expansions of f(x) = x in
(0,1) and plots of several partial sums. (a) Half cosine, the series is convergent in

[0,1]; (b) Half sine, the series is convergent in [0,1) but not to x at x = 1.

Example 5.15. Ezpand f(x) = cosz in both half range cosine and sine series
in (0,7). What is the relation of the expansion with the Fourier series in (—m, ).
How about in (0,1)?

Solution: The function f(z) = cosz is an even function. Thus, the half range
cosine series is the same as the Fourier series in (—,7) or any 27 intervals, which
is itself but it is different in (—1,1).

For the half-range sine expansion, we have (verified by Maple)

2n(cosnm+1) 1 8k

2 (7 .
b, = 7T/o cos xsin(nz)dxr = 2 _1 T (2k)2 - 17

where n = 2k since for odd n’s, b, = 0. Thus, the sine expansion of f(x) = cosz in
the interval (0, ) is

o0

1 8
cosT = Z ;4n2n_ . sin(2nz), x € (0,m).
1

n—

The series is convergent in the interior of (0,7) but not to cosz at z = 0 and

x = 7, see Figure 5.13 (a) for plots of the function, and several partial sums of the
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expansion. Note that the partial sums Sy (x) have Gibb’s oscillations near z = 0
and x = 7 if N is large enough.

We also plot the function and several partial sums of the cosine expansion
of cosz in (0,1). In this case, the series is convergent in the entire interval [0, 1]
including two end points. The partial sums Sy (x) have round-ups at x = 1 if N is

large enough but no Gibb’s oscillations .

(a) (b)
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Figure 5.13. Illustration of half range sine/cosine Fourier expansions of
f(x) =cosz. (a): plots of the function, several partial sums of the half range sine
expansion on (0,m). The series is convergent to f(x) = cosx in (0,7) but not at
two ends; (b): half range cosine on (0,1). The series is convergent to f(z) = cosx

on [0,1] including the two ends.

5.5 Some theoretical results of various Fourier series

First of all, from the orthogonality of {cos T }ZOZO and {sin e }Zo:p we can easily

prove the Parseval’s identity.

Parseval’s identity: If f(z) € L?(—L, L) and
o0
f(z) = % —l-nz::l (ancos? —i—bnsin?) , —L<z<lL,

then the following Parseval’s identity holds

Parseval’s Identity

+ % (a2 +02). (5.28)

n=1

1 L ) a2
— do = -2
2L, |f(x)|"dx 1
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Note that the identity is not true for the integration in any interval but only for
(=L, L) for which the trigonometric functions on the right hand side is orthogonal!

Example 5.16. If f(x) = z cozs:x’ find the value of fde.

—T

n=0

1

575 bn = 0, thus we have

Solution: In this example, L = m, ag = 2, a,, =

1 [F ) I 1 1/ 1/4 7
or |, @)l da +2;::12% +2<1—1/4> 6

T e
= |f(m)|2dx:?.
From Parseval’s identity, we can get some useful identities of series like the one
I 1
above 3 Z oo
n=1

Now we discuss the calculus of Fourier series, which often deals with the limits,
the differentiation, and integration of Fourier series. The tool is to use the partial

sum of a series. We want to know whether the following is true.

d B o d B
(i [0 502 5 (s e o) (omeon 52 52

The partial sum forms a sequence {Sy(x),S1(z),S2(z), - ,Sn(x),---} or
{Sn(z)}. Note that Sy(x) has two parameters, x and N. We will discuss two
kinds of convergence, pointwise and uniform convergence in an interval. We will

discuss more general sequence f, ().

A pointwise convergence of f,(z) is defined for a fixed point x in an interval
(a,b) such that lim f,(z) = f(z). For the partial sum Sx(x), the pointwise
n—oo
convergence is the same as the convergence of the series.
sinnx

Example 5.17. Are the following sequences convergent? (a), fn(z) = — (b),

gn(z) = nre oL

sin nx
Solution: (a), lim f,(z) = lim = 0 for any z. (b), we can use the
I’Hospital’s rule to get the limit, that is, lim g,(z) = lim = lim =
n—o00 n—oo eN® n—oo ren®

for any = # 0, in which we differentiate n in the I’Hospital’s rule.
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In above examples, both f,,(z) and g, (z) are convergent to zero in any interval.
The function f,(z) gets smaller and smaller as n gets large, while there are always
points x near zero such that g,(x) ~ 1 no matter how large n can be. Such an
fn(z) is also called uniformly convergent, while g, (x) is not uniformly convergent
in the interval (0, 7). Note that g,(x) is uniformly convergent in any interval (a,b)
if a > 0.

Definition 5.3. Let f,,(z) be a sequence defined in an interval [a,b] and f,(x) has
the pointwise convergence lim f,(x) = f(x) for any  in [a,b]. Given any number
n— oo

e > 0 (no matter how small it may be), if there is an integer N such that

|fn(z) — f(x)| <€ for anyn > N and x in [a,b], (5.29)

then fp(x) is called uniformly convergent to f(x) in [a,b].

In the previous example, given an € > 0, for f,(z) = Si“%, we have

sinnz

[ fn(2)] =

<€,

n n

as long as n > int(1/e) + 1. Thus, we can take N = int(1/¢)+ 1 after which we have

—nz+1l 1o matter how large n is, we can

| fn(z) — 0] < €. However, for g, (z) = nxe
find an « = 1/n for which g,(xz) = 1 which can no be smaller than an arbitrarily

small number e. Thus, g,(z) is not uniformly convergent.

[ee)

Definition 5.4. For a given series Zun(x), if the partial sum {Sn(z)} is uni-
n=0

formly convergent in an interval [a, b, then the series is called uniformly convergent

in the interval [a,b].

It is not easy to check whether a series is a uniformly convergent or not
according to the definition. How do we know if a series is uniformly convergent
without using the partial sum and the definition? The idea is to compare the series
with a convergent series that does not have x in the series, which is always uniformly

convergent. This is summarized in the Weierstrass M-test theorem.

oo
Theorem 5.5. Weierstrass M-test theorem. Given a series Z un () that satisfies
n=0
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the following conditions

(1)1 |up(z)| < M, independent of x in an interval [a, D], (5.30)
(i) : Z M, < oo the series that does not have x converges,  (5.31)
n=0

then the series is uniformly convergent in the interval |a,b].

Example 5.18. Are the following series uniformly convergent? Find intervals that

the series are uniformly convergent.

> sinnzx > sinnzx >
(a): Z RCR () : Z — (c): Zlem sin nz.
n=

n=1 n=1

Solution: (a): We know that

oo
and the series Z

n=1

1
n2

1
n2

sinnz

n2

is convergent. Thus, the series is uniformly convergent. For (b), we can not use
the Weierstrass M-test since the series >, % is divergent. So we do not have a
conclusion about the uniform convergence since the theorem is a sufficient but not
necessary. We will see the series cannot be uniformly convergent below. For (c), in

any interval (a,b) where a > 0, we have
(o)
e sinnz| <e " <e ™, and Z e "¢
n=1

is convergent. Thus, the series is uniformly convergent in (a,b) when a > 0. The
series does not converge if z < 0, and it is convergent but not uniformly in any
interval (0, b) for b > 0.

Theorem 5.6. If a series
fl@) =" un(x)
n=1

is uniformly convergent in an interval (a,b), then the series, after we take a limit,

or integrate, or differentiate, term by term, is still convergent in the interval (a,b),

that 1is,
od [ N
JLIEJ da;;/a dx f(x):nio wliglo? da;;/a dz | un(z).
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We may be able to use the theorem to further determine the uniform con-
vergency of a series if the Weierstrass M-test fails. Reconsider the example (b)
above for the series Y > % for which the Weierstrass M-test fails. If the series
was uniformly convergent, then we could take the derivative term by term to get a
convergent series which is obviously untrue since the series Y -, cosnx after the
differentiation term by term diverges for almost any x. Thus, the series is not uni-
formly convergent. Another rule of thumb is that if the partial sums have Gibb’s
oscillations, then the series are not uniformly convergent. Therefore, the Fourier
series for sawtooth function, the fractional part of x, and most half-range sine ex-
pansions are not uniformly convergent, while the Fourier series for triangular wave,

and most half-range cosine expansions are uniformly convergent.

5.6 Exercises

E5.1 Find the period of the following functions. f(x) =5, f(z)=cosz, f(z)=
cos(rx), f(x) = cos(pr), f(z) = cos’x, f(xr) = coswsinz, f(x) =
cos(x/2) + 3sin(2z), f(z) = tan(mz) + e5"3®) and {cos ?}

n=0

E5.2 Expand f(z) = z and g(z) = 22, 0 < z < 2 as following series.

(a). (Half range) sine series.
(b). (Half range) cosine series.

(c). Fourier series.

Check the pointwise and uniform convergence of all the series. Plot or sketch

the series and the partial sums for large N.

) 0%u 0%u
E5.3 leen @ — 2@

(a). Solve the Cauchy problem (—oo < z < o0) with u(z,0) = |z|, |z] <1

gl;(a:,()) = (. Sketch the solution for

= 0. Find the general solution, and also do the following.

and u(x,0) = 0 elsewhere; and
t=25.

(b). Solve the Cauchy problem (—oco < z < o0) with u(z,0) = e *cosz,
ou

ot
(c). Solve the boundary value problem 0 < z < 3 with w(0,t) = u(3,t) = 0;

ou .
pn (2,0) = sin(24nz).

(,0) =sinz.

u(z,0) = sin(67z),
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E5.4

E5.5

E5.6

E5.7

(d). Solve the boundary value problem 0 < z < 3 with u(0,t) = u(3,t) = 0;

u(z,0) =z +1, 22:(:1:,0) = COS T.

Let f(z) =z, —m < x < 7 be a 2w-periodic function.
(a). Sketch the function in the interval [—3m, 37].

(b). Find the Fourier Series Expansion for f(x). Sketch the partial sums

Sn(zx) for large N, and the Fourier series.

(c). Are the formulas

1 T ) 1 27 '
b, = — f(x)sin(nx) dx, b, = — (z) sin(nzx) dx

L ™ Jo
the same? Why? Evaluate the second integration.
(d). Find the common period of 1, cos(nx),sin(nz), n =1,2,---
Expand f(x) = cos(2z) according to the following. Check whether the series
are uniformly convergent or not; sketch the partial sums Sy (z) with large N
and the series (mark Gibb’s oscillations or round-ups if applies); and write
down the Parseval’s identity.
(a). The classical Fourier series in (—, ).
(b). The Fourier series in (—1, 1).
(c). Half range sine series in (0, ).
(d). Half range cosine series in (0, 1).
(e). Half range cosine series in (0, 7).

Note: Pay attention to normal modes. It is okay to use Maple in some cases.

If you do by hand, you need to evaluate the integrals.

Write down the Parseval’s identity corresponding to the classical Fourier series
of f(x) = 22

Find the Fourier series of the following f(x) in (—p, p), sketch f(x), the
partial sums Sy (x) with large N, and the Fourier series in (—p, p).

(@). fl2)=-1, —p<x<0; flz2)=1, 0<z<p.
(b). fl@)=a(1-(2)?),~p<z<p.

a

c if x| <d,

(c). f(x)= where 0 < d < p.
0 d<|z|<np,
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E5.8

E5.9

E5.10

E5.11

Find the half-range sine and cosine expansions of function f(z) in (0, p),
sketch f(x), the partial sums Sy (z) with large N, and the Fourier series in

(0, p)

0 fo<ax <1,
r—1 1<zx<2.
(d). f(x) =sin(mz)cos(mx), p = 2.

(a). Use the Parseval’s identity and the Fourier series expansion of f(z) = /2

in (—m,m),
n+1

00
E ————sinnx

n=1
oo
1 w2
to obtain —_ = —
nz::l n? 6

— 1
(b). From (a) to obtain that Z ( = —.
k=1

2k)2 24

- 1
(c). Combine (a) and (b) to derive the identity Z e = o
(2 +1)2 8

Compute f?(x)dx using the Parseval’s identity.

—T

(a) :f(z) = i COSIT. () : fla) =1+ Z <cosm: sinnm) |

n
Hint: Use the geometric series and the table of Zeta functions, see

https://en.wikipedia.org/wiki/Particular_values_of_the_Riemann_zeta_function.

Use the Weierstrass M-test to judge whether the following series are uniformly

convergent or not.

(a). Z(cosnz sir;;m)

(b). Z . |z| < 10.
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(c). i “’S(nx/m for all z.

Which series are continuous, differentiable, and integrable, on which intervals?

E5.12 Group work: Design a wave filter that can only certain frequencies to pass,

say [a,b]. Use this example to check
W(z) = 2.5sinz +4 cos(3x) 4+ 10 cos(20(z + 7)) + 0.02 sin(100 * ) + erand(z).

In the above, rand(z) is a random number generator. In the above function,
which frequency is dominant? If € = 0, what is the Fourier series of W (z)?
Let ¢ = 1075, find the Fourier series of W (z) then carry out the filtering.



Chapter 6

Series solutions of PDEs
of boundary value

problems

In this chapter, we continue to discuss the method of separation of variables for
various boundary value problems of partial differential equation. We will see more
relations of the solution with the Sturm-Liouville eigenvalue problems, orthogonal

expansions, and various Fourier series.

6.1 One-dimensional wave equations

Recall one-dimensional wave equations,

0%u  ,0%u

oz = ¢ oz (61)

where ¢ > 0 is called a wave number in physics. We have already known how to

solve the problem for various situations.

e The general solution is u(z,t) = F(z — ct) + G(x + ct), where F(z) and G(z)
are two arbitrarily differentiable functions, that is, no conditions are attached

to the partial differential equation.

e Solution to a Cauchy problem, that is, given u(z,0) = f(x); %(m, 0) = g(x),

00 < x < 00, the solution is given by the D’Alembert’s formula

x+at
ua, 1) = U@—mwfu+m»+1/' o(s)ds

2¢ —at

N —

e Solution to some boundary value problems with normal modes initial condi-

tions, that is, given an interval 0 < z < L, the normal modes solution for

93
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some special u(x,0) = f(z) and u(x,0) = g(z), which can be expressed as

n
. nmx . nmx
znzlansmL, g(x):ansmT.
The solution is

" . T nmct b, . nmx . nmct
u(z,t) = Z @y Sin —— cos + sin sin .
=1

e General initial conditions, u(z,0) = f(z), %(x,O) =g(x), 0 <z < L. The

solution is

o0
t (4
t) = E sin ? (bn cos crgr + b), sin CTZT ) ,
n=1

where the coefficients are determined by

/ f(x)sin —dm

nwx
A 2
" enm Jy g(a:) sin L

Note that the coefficients b,,’s are obtained from the half-range sine expansion
of f(x) and b}’s are obtained from the half-range sine expansion of g(z) by a

constant that depends on n.

Now we discuss how to solve more general one-dimensional wave equations.

Example 6.1. An example with non-homogeneous boundary condition.

O?u 0%
@ = C @, 0 <zr< L,
u(0,t) = uo, u(L,t) = ug,
ou
U(O,t):f(il?), a(xao):g(w)v 0<z<L.

In this case, we can use the transformation
v(z,t) = u(x,t) — ug

to get the homogenous BC for v(x,t)

0?v 262

8752_ 922 O<z <L,

v(0,t) =0, v(L,t) =0,
ov

v(0,t) = f(x) — uo, —(2,0) = g(x), 0<z<L.

ot
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The solution then will be

(2,1) n . NTxT b enmt e cnmt
u(z,t) =u sin —— cos sin
n=1
where the coefficients are determined by
9 L
b, = — f(x)sin @daj,
L Jo
. 2 L . NTT
bn = % ; g(ZC) Sin TdSU

Challenge: How about different boundary condition % (0,t) =0and u(L,t) =

0. What are the normal mode solutions?

6.2 Series solution of 1D wave equations with
derivative boundary conditions

An example with a Neumann boundary condition is given below,

u  ,0%u
@—c ﬁ’ 0<1‘<L,
ou
U(O, t) = 0, %(L, t) = 0,
ou
U(J?,O):f(.f), E(xvo):g(x)a O<$<L)

We will get a different Sturm-Liouville eigenvalue problem and a different expansion.

Step 1: Let u(z,t) = T'(t) X (x) and plug its partial derivatives into the origi-
nal PDE so that we can separate variables. The homogeneous boundary conditions
require X (0) = X'(L) = 0. Differentiating u(z,t) = T'(t) X (z) with respect to ¢ and

x, respectively, we get

ou , 0%u o '
ou , 0%u B p

The wave equation can be re-written as

" _ 2 " ™) X"(x) _
T'OX(@) = FTOX" @) = Gras = i =N (6.2)
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This is because in the last equality, the left hand side is a function of ¢ while the
right hand side is a function of x, which is possible only both of them are a constant
independent of ¢t and x. We can get eigenvalues either for X (z) or T'(t). Since we
know the boundary condition for X (x), naturally we should solve

X//(x)

X(0) =-X or X"(x)+XX(z)=0, X(0)=0, X' (L)=0 (6.3)

first.

Step 2: Solve the eigenvalue problem. From the Sturm-Liouville eigenvalue
theory, we know that A > 0 since the ¢(z) in the S-L eigenvalue problem is zero.
Thus the solution of x(x) is,

X" (z) = Cy cos V Az + Cy sin VAz.

From the boundary condition X (0) = 0, we get C; = 0. From the boundary
condition X'(L) = 0, we get

Cocos VAL =0, = ﬁL:ngm, n=01,2--,

since Cy # 0. Note that, different from before, we should include n = 0. The

eigenvalues and their corresponding eigenfunctions are

_(@Cn+ )7 2 . (@n+Dr2 B
)\n—< 5T ,  Xu(x) =sin 5T , n=0,1,2,---.

Now we solve for T'(t) using

T (t) + AN\, T(t) = 0. (6.4)
The solution (not an eigenvalue problem anymore since we have already known \,,)
of T'(t) is,

2n+)mwet ., . (2n+ D)wet
Typ thhsn
Putting X,,(z) and T, (t) together, we get one normal mode solution with each n

(2n + )7z 2n+ Dmet . . (2n+ D)7t
5T b, cos 5T + b} sin 5T , (6.5)

which satisfy the PDE, the boundary conditions, but not the initial conditions.

T, (t) = by, cos

up(z,t) = sin

Step 3: Put all the normal mode solutions together to get the series solution
using the superposition. The coefficients are obtained from the orthogonal expan-
sion of the initial conditions. The solution to the IVP-BVP of the 1D wave equation
with a derivative boundary condition can be written as

> on + 1 2n + 1)met 2n + 1)wet
u(z,t) = Z sin (n;—L)mc (bn cos (n;L)wc + b}, sin (7H2—L)7rc> (6.6)
n=0
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which satisfies the PDE and the boundary conditions. The coefficients of b,, and b,

are determined from the initial conditions u(z,0) = f(z) and us(z,0) = g(x),

2 1 (2 1
u(z,0) = nE_O b, sin (TL;_L)MU / f(z)si n + Jrz —————dx
u = . @2n+ Dz 2n+1)me . (2n+ 1)mwct
z,0) = nEZO sin 5T (—bn 5T sin 5T

+ b Ccos

2n+1)me  (2n+ 1)7et
2L 2L ’

> 2n+ (2n + 1)me
a:O 2:: b 5T

L
2L) C/ o(2)sin (2n + Vmz
s

. (2n+1 2L
by, = 7 5
/ < . (2n+ 1)7m:>
sin —————— | dx
0 2L
4 L (2n+ )7z
= / g(x) sin ——————dx.
(2n+ 1)me J, 2L

6.2.1 Summary of series solutions of 1D wave equations with
homogeneous linear BC'’s

From above discussions, we can summarize the series solutions to 1D wave equations

with different boundary conditions below.

Series solutions of 1D wave equations
Pu 0% ou
52 = € g2 u(z,0) = f(x); a(x,O):g(x), 0<z<L,
with homogeneous Dirichlet, Neumann, and Robin boundary conditions have

the following uniform form.

> Qp T et . . oapmct
u(z,t) = ) ;TOXH ( T ) <bn cos ——— + b, sin 7 ) (6.7)
where
b 2/Lf( )X (anm:>d . 2 /L ()X (anﬂx>d (6.8)
n — & n 5 n == n xZ. .
L), 'V L )Y anmc Jy IV L
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Dirichlet-Dirichlet: u(0,t) = u(L,t) = 0. We have X, (a"m) in 7Y

I :SIHT.

Dirichlet-Neumann:

u(0,t) =0, gZ(L,t) =0. We have X, (

anwx) . (3 +n)mz
=sin 22—~
L L

Neumann-Dirichlet:

ou
52(0,4) =0, u(L,t) =0. We have X, (

QT (2 +n)mz
) = cos

Neumann-Neumann: Any constants are solutions so the solution is not

unique.
0 n
Dirichlet-Robin: «(0,t) =0, u(L,t)+ a—u(L,t) = 0. We have X, <oz£m> =
x
sin anm:’ where we do not have analytic expressions for a,.

For Robin-Dirichlet, or Neumann-Robin, or other linear boundary conditions,
we generally do not have an analytic form for the eigenvalues and eigenfunctions.

Thus, there are no analytic series solutions available.

6.2.2 Series solution of 1D wave equations of BVPs with a

lower order term

Consider an example of a 1D wave equation with a lower order term of the following,

Pu 5 0%u
ﬁ'}‘au—C@, O<$<L,
u(0,t) =0, u(L,t) =0,

ou

Solution: The method of separation variables with u(x,t) = T(t)X (z) will

lead to
T"(t) + a*T(t) X" (x)
2T (t) X (2)

= A\ (6.9)

We still have A, = (2F)? and X, () = sin “7%. But the solution of T}, (¢) will be
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different.

2922 20212
Tn(t):bncos< a2+“2f t)+b;’;sm< a2+ 0T t>. (6.10)

L2

The solution then is

o 21,2772 21,2772
u(g;J):ZSiﬂT{%COS( aQ—i—Cz; t)+szin< a2+cz27r t>},
n=1

with b,, being the coefficient of the half range sine expansion of f(x)

2 L
by, = ), f(z)sin ?dw, (6.11)
and
by = 2 /L (x) sin L here «, =1/a?+ cnir (6.12)
" Tan J, 7 L v n= L2 ‘

Challenge for a group work: How about the modified PDE below

ot? Ox?’

assuming a is an arbitrary constant with the same boundary and initial conditions

O<x<L,

above? The solution for 7'(¢) may have two parts, the exponential functions and

trigonometric functions.

6.3 Series solution to 1D heat equations with various
BC's
A one-dimensional (1D) heat equation

ou  ,0%u

is a good mathematical model of the temperature distribution in a rod in which c¢?
is called the heat conductivity. The above partial differential equation is a second
order, constant coefficients, linear, and homogeneous one. The PDE is classified as
a parabolic PDE. We can check that

u(z,t) = e 4c?t (6.14)
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is a solution to the PDE. It is called a fundamental solution to the heat equation in
the place of general solutions for advection and wave equations. The fundamental
solution of the heat equation corresponds to an instant heat source at (0,0). The
heat will be felt anywhere anytime instantly. Thus, the solution to a heat equation
is called global one meaning that a change at any place at any time will affect the
solution everywhere and anytime after. This is in contrast to solutions to advection

and wave equations.

The solution to the Cauchy problem

ou  ,0%u e
— =c"=— —00 < x < 00
o Oz ’ (6.15)
U(I,O) - f({L'),
is the convolution of f(x) and the fundamental solution,
_ f(€) 42
u(zx,t) = e ct dE. (6.16)
oo V42Tt

Note that there is only one initial condition since the PDE involves only the first

order derivative of the solution with time ¢.

Now we discuss the initial and boundary value problems for one-dimensional
heat equation with various boundary conditions. Note that for homogeneous Dirich-
let boundary condition «(0,¢) = 0 and u(L,t) = 0, the derivation and the formula
of the series solution have been given in Section 4.6. We first review one example
here.

Example 6.2. We can solve some 1D heat equations of boundary value problems
with normal mode initial conditions as in the example below.

ou 0%u
92 7
; 5 0<z<3,

u(0,t) =0, u(3,t) =0,

u(z,0) = 5sin(4rz) — 3sin(8nzx) + 2sin(107x).

Solution: It is clear that we can use the normal mode solutions for this
problem with L = 3, ¢?> = 2. The initial condition can be written as
mimax

momX msmx

+ BQ sin

+ B3 sin

u(z,0) = By sin

= bsin(4nz) — 3sin(8mx) + 2sin(107x),
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which is possible if and only if By =5, my = 12, Bo = —3, my = 24, and B3 = 2,

ms = 30. From the formula

we get the solution
u(z,t) = e 32t sin(4nx) — 3128770 sin(8mx) + 9¢ 200"t sin(107x).

Now we consider the solution to the boundary and initial value problem

ou 0%

E =C @, 0<§U<_L7

A _ (6.17)
8()3(0’t) =0, U(Lat) =0,

u(z,0) = f(z),

using the method of separation of variables. Note that a homogeneous Neumann
boundary condition is prescribed at x = 0.

Step 1: Let u(z,t) = T'(t) X (x) and plug its partial derivatives into the origi-
nal PDE so that we can separate variables. The homogeneous boundary conditions
require X’(0) = 0 and X (L) = 0. Differentiating with w(z,t) = T(t)X (z) with ¢
and x respectively, we get

ou ou 0%u
—=T't)X —=TH)X' — =
ST WX (@), S =THX' (),
The heat equation can be re-written as
() _ X"(x)

T't)X(x) = THX"(2) = 27() — X(a) = -\ (6.18)

This is because in the last equality, the left hand side is a function of ¢ while the
right hand side is a function of x, which is possible only both of them are a constant
independent of ¢t and x. We can solve the eigenvalue problems either for X (x) or

T'(t). Since we know the boundary condition for X (x), naturally we should solve

X//(x)
X(x)

=X or X'(z)+M\X(z)=0, X'(0)=X(L)=0  (6.19)

first.

Step 2: Solve the eigenvalue problem. From the Sturm-Liouville eigenvalue
theory, we know that A > 0 since the ¢(z) term in the S-L theorem is zero. Thus,
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the solution of X (x) is
X(x) = Cy cos V Az + Cy sin vz,
X'(z) = —C1VAsin V Az + Cyv/ A cos VAz.

From the boundary condition X’(0) = 0, we get Co = 0. From the boundary
condition X (L) =0, we get

Crcos VAL =0, —> AL:nW—i—g, n=0,1,---,

since C7 # 0. The eigenvalues and their corresponding eigenfunctions are

_(@n+ )7 2 B (2n+ 1)mx B
)\n<2L , Xn(x)fcosT, n=0,1,2---.

Now we solve for T'(t) using
T'(t) + AN\, T(t) = 0. (6.20)

The solution (not an eigenvalue problem anymore since we have already known \,,)
of T'(t) is

Tn(t) _ ane_cz)‘"t _ bneicQ((Q’n;}ll)ﬂ')Qt.

Putting X,,(z) and T),(¢) together, we get a normal mode solution for each n,

2n+ 1)z e (2nn )
2L ’
which satisfy the PDE, the boundary conditions, but not the initial condition.

un(x,t) = a, cos (6.21)

Step 3: Put all the normal mode solutions together to get the series solution.
The coefficients are obtained from the orthogonal expansion of the initial condition.

Thus, the solution to the initial and boundary value problem of the 1D wave

equation can be written as

o0
(2n + V)mz _ 2((@nrnmy?,
t) = n ——e ¢ 2L 6.22
u(x,t) nzoa cos 5T e (6.22)
which satisfies the PDE and the boundary conditions. The coefficients of b,, are
determined from the initial conditions u(z,0),

3 2n+l 2 [* 2n + 1
.0 = > ancos ZATE = 2 [ o 2

n=0

which is a Fourier expansion of the initial condition u(z,0) = f(z) on (0, L).



