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Preface

The purpose of this book is to provide an introduction to partial differential
equations (PDE) for one or two semesters. The book is designed for undergraduate
or beginning level graduate students in mathematics, students from physics and
engineering, interdisciplinary areas, and others who need to use partial differential
equations, Fourier series, Fourier and Laplace transforms. The prerequisite is a

basic knowledge of calculus, linear algebra, and ordinary differential equations.

The textbook aims to be practical, elementary, and reasonably rigorous; the
book is concise in that it describes fundamental solution techniques for first order,
second order, linear partial differential equations for general solutions, fundamental
solutions, solution to Cauchy (initial value) problems, and boundary value problems
for different PDEs in one and two dimensions, and different coordinates systems.
For boundary value problems, solution techniques are based on the Sturm-Liouville
eigenvalue problems and series solutions. The book is accompanied with enough
well tested Maple files and some Matlab codes that are available online. The use of
Maple makes the complicated series solution simple, interactive, and visible. These

features distinguish the book from other textbooks available in the related area.

While there are many PDE textbooks around, many of them cover either too
much material or are too difficult. We propose to have a practical, elementary, and
reasonably rigorous, concise book that describes fundamental solution techniques
with the help of Maple.

This is a textbook based on materials that the authors have used in teaching
undergraduate courses on partial differential equations at North Carolina State
University (NCSU). A web-site

https://zhilin.math.ncsu.edu/PDE_Book

has been set up where updated book information including Maple and Matlab files,
solution to homework problems, and other related information. This book project
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was partially supported by NCSU Library Alt-Textbook award (2016-2017). We
would also like to thank my students for proofreading the book.



Chapter 1

Introduction

A differential equation involves derivatives of an unknown function of one inde-
pendent variable (say u(z)), or partial derivatives of an unknown function of more
than one independent variable (say u(z,y), or u(t,z), or u(t,z,y, z) etc.). Differ-
ential equations have been used extensively to model many problems in daily life,
in fluid and solid mechanics, biology, material sciences, economics, ecology, sports
and computer sciencesﬂ Examples include the Laplace equation for potentials, the
Navier-Stokes equations in fluid dynamics, biharmonic equations for stresses in solid

mechanics, and the Maxwell equations in electro-magnetics.

The main part of this textbook is to learn different linear partial differen-
tial equations and some techniques to find their solutions. Solutions to differential
equations often have physical meanings such as temperature, velocity and acceler-
ation fields, concentration, populations, trajectories of moving objects, stock price
etc. With solutions of some differential equations, for an example, we can compute
the drag, lift, and resistance force of a flying airplane. We can use solutions of
differential equations to predict or compute many physical quantities and use the
information to design or control solutions for practical applications. Often, better
understanding of differential equations is essential to improve mathematical models.
Another part of this textbook is about Fourier series and analysis that have practical
applications in wave propagation, radio or television broadcasting, and fast com-
puting based on fast Fourier transforms (FFT), and in solving partial differential

equations using series solutions.

However, although differential equations have wide applications, not many
can be solved exactly in terms of elementary functions such as polynomials, log z,
e®, trigonometric functions (sinz, cosz, ...) etc., and their combinations. Even

if a differential equation can be solved analytically, considerable effort and sound

IThere are other models in practice, for example, statistical models.

3



4 Chapter 1. Introduction

mathematical theory are often needed, and the closed form of the solution may
be too messy to be useful. If the analytic solution of the differential equation
is unavailable or too difficult to obtain, or takes some complicated form that is
unhelpful to use, we may try to find an approximate solution using two different

approaches

e Semi-analytic methods. Sometimes we can use series, integral equations, per-
turbation techniques, or asymptotic methods to obtain approximate solutions

to differential equations.

e Numerical solution methods. The rapid development in modern computers
has provided another powerful tool in solving differential equations, called nu-
merical solutions of differential equations. Nowadays, many applications such
as weather forecasts, space shuttles lunches, robots, heavily depend on super
computer simulations. There are tons of books, software packages, numerical
methods, online classes for solving differential equations numerically, which
is a developing area of study and research and provides an effective way in
solving many problems that were impossible to solve before.

In this book, we mainly adopt the first approach and focus on either analytic solu-

tions or series solutions.

If a differential equation whose solution has only one independent variable,
then the differential equation is called an ordinary differential equation (ODE). We

should have seen many ODE examples before. Below are two simple examples,

by dy
de 7 dz Y

The solutions to the above ODEs are y(z) = %—f—C and y(z) = Ce”, respectively, for
arbitrary constant C', which means that if we plug the solution into the differential
equation, we will get an identity between the left and hand right hand sides of the

differential equation.

If a differential equation whose solution has more than one independent vari-

ables, then the differential equation is called a partial differential equation (PDE).

We use the partial derivative symbol % to represent a partial derivative with one

particular (independent) variable such as %, % etc. Below are some examples.

Example 1.1. Solve the following partial differential equation,

ou ou
ik %(x,t):x. (1.1)
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Sometimes, we can specify the independent variables in the PDE as in the second

expression above to avoid possible confusions.

Solution: In the above PDE, since there is only one derivative with respect
to x, we can treat the PDE as an ordinary differential equation while regarding
the second variable as a parameter (constant) to get u(x,t) = % + C(t) for any
differentiable function C(t). Now we can check that u(z,t) = % + C(t) is indeed a
solution to the PDE. To to so, first we differentiate u(x,t) with respect to = to get
% =z + 0 and plug it into the PDE to have

0
the left hand side = 8—; = 2 + 0 = the right hand side.

Thus, we have verified that u(z,t) = ’”—22 +C(t) is a solution to the PDE for arbitrary
differentiable function C'(t).

Example 1.2. Check that u(x,t) = f(x—at) is a solution to the partial differential

equation,

ou ou

where a is a constant and f(s) is an arbitrary differentiable function.

Solution: First we differentiate u(x,t) with respect to = using the chain rule
to get 2% = f’(x —at). Note that since f(s) is a function of one variable, we can use
the symbol f’. Similarly, we differentiate u(x,t) with respect to ¢ using the chain
rule to get % = f'(z — at)(—a). We plug the partial derivatives % = f'(z — at)
and %’t‘ = f'(z — at)(—a) into the PDE to get

ou ou

LHS = 5 +a§ = f'(x —at)+ f'(x — at)(—a) = 0= RHS.

Note that LHS and RHS stand for the left hand side and the right hand side,
respectively. Thus, we have verified that u(z,t) = f(x — at) is a solution to the

partial differential equation.

Example 1.3. Check that u(x,y) = 2% + y*> + Ciz + Cay + C3 is a solution to the
partial differential equation,

2 2
Ou , Ou_,

927 T = b (1.3)
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where, Cy, Cs, and C3 are constants. We should pay attention to the high order

differential notations.

Solution: First we differentiate u(z,y) with respect to x and y twice, respec-

tively to have

ou 0 ou O%u
PR CR - il A
ou d Ou 0%u
ay T ey oy T

We plug them into the PDE to get

Pu  0%u
LHS=—+—-—==2+42=4=RHS.
Ox? + Oy? +
Thus, we have verified that u(z,y) = 22 + y? + Ciz + Cay + Cs is a solution to the
partial differential equation.

Note that for ordinary differential equations, the solution can differ by a con-

stant while for partial differential equations, the solution can differ by functions.
Some examples of ODE/PDE are listed below.

1. Initial value problems (IVP). The canonical form of a first order system is

Cfl% = f(tay>7 y(tO) =Yo- (14)
A higher order ordinary differential equation of one variable can be rewritten
as a first order system. For example, a second order ordinary differential
equation

u’(t) + a(t)u'(t) + b(t)u(t) = f(t),

U(O) = Uo, U/(O) = %o,

(1.5)

can be converted into a first order system by setting v (t) = v and y»(t) = v/ (¥)
with y1(0) = ug and y2(0) = vy. Note that the two conditions that uniquely
determine the solution to the differential equations are all defined at ¢t =0, a

distinguished feature of an initial value problem.

2. Boundary value problems (BVP). Below are two examples of an ODE BVP.

The first one is one-dimensional,

u(z) + a(x)u'(z) + b(z)u(z) = f(),
u(0) = ug, u(l)=wuy.

(1.6)
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Note that the two conditions above are defined at different points (x = 0
and x = 1). The second example is a BVP example of a partial differential

equation (PDE) in two-dimensions,

um—l-uyy:f(x,y), (Z’,y) EQv

(1.7)
U(l’,y) ZUO(xay)7 (x,y) € 897
in a domain  with boundary 02, where
ou 0%u
Ue = 50 Uyy = y? (1.8)

and so on for simplicity of notations if there are no confusions occur. The
above PDE is linear and classified as elliptic. There are two other classifica-
tions for linear PDE, namely, parabolic and hyperbolic, which will be briefly
discussed later in this section. The PDE above is called a two dimensional
(2D) Poisson equation. If f(x,y) = 0, it is a two dimensional Laplace equa-

tion.
3. Boundary and initial value problems, e.g.,

Up = gy + f(z,1), 0<x<l,
U(O,t) :gl(t)7 u(lat) :92(t)7 BC7 (19)
u(z,0) = up(x), IC,

where BC stands for boundary condition(s) while IC for initial condition(s).

We call f(z,t) a source term. If f(x,t) = 0, the PDE is called a one di-

mensional (1D) heat equation, which is a parabolic PDE. Note that the PDE

Us = —C%Uyy is called a backward heat equation. A nonzero perturbation

at some time instances will result an exponential growth in the solution as t

increases. A two dimensional heat equation has the following form

up = € (Ugy + Uyy) - (1.10)

4. Eigenvalue problems, e.g.,
(1.11)

In this example, both the function w(z) (the eigenfunction) and the scalar A

(the eigenvalue) are unknowns.
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5. Diffusion and reaction equations, e.g.,

ou

5 =V (BVu) +a-Vut f(u) (1.12)

where a is a constant vector, V is the gradient operator which is the derivative

Vu(z) = 9 in 1D, and Vu(z,y) = [g—g, g—Z]T in 2D, V- (BVu) is called a

diffusion term, a- Vu is called an advection term, and f(u) is called a reaction
term.
6. Wave equations in 1D have the following form

Uy = gy, (1.13)

where ¢ > 0 is called the wave speed. The PDE is hyperbolic. 2D wave

equations have the general form
Uy = € (Ugy + Uyy) - (1.14)

7. Systems of PDEs. The incompressible Navier-Stokes model is an important

nonlinear example for modeling incompressible flows:

pu+ (u-V)u) =Vp+ pAu+F,
(1.15)
V-u=0.

which has three equations in 2D, and four equations in 3D.

In this book, we will consider linear PDEs mostly in one dimension (1D) or

two dimensions (2D). A 2D linear PDE has the following general form

a(x, y)urm + 2b(x, y)ury + C(I, y)uyy

(1.16)
+d(x, y)us + e(z, y)uy + g(z, y)u(z, y) = f(z,9),

where the coefficients are independent of u(z,y) so the equation is linear in u and

its partial derivatives. In the example above, the solution of the 2D linear PDE is

sought in some bounded domain 2. According to the behaviors of the solutions,
the PDE (1.16)) is classified as the following three categories:

e Elliptic if b> — ac < 0 for all (z,y) € Q,
e Parabolic if b? — ac = 0 for all (x,y) € 2, and

e Hyperbolic if b2 — ac > 0 for all (z,y) € Q.
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For some well-known PDEs, for examples, heat equations are parabolic; advection
and wave equations are hyperbolic; Laplace and Poisson equations are elliptic. Ap-

propriate solution methods typically depend on the equation class.

For a first order system

ou ou

— = A(x)—, 1.17

5 = A5 (1.17)
the classification is determined from the eigenvalues of the coefficient matrix A(x).
The system if hyperbolic if all eigenvalues are real; otherwise it can be elliptic or

parabolic.

1.1 Further reading

This textbook provides an introduction to differential equations and Fourier analy-
sis. There are many textbooks on this topic. Each textbook has its own character-
istics. Some are long and comprehensive; some are more theoretical, and some are
problem solving orientated. At the Department of Mathematics, North Carolina
State University, the following textbooks have been used by different instructors

(an incomplete list).

e Partial Differential Equations with Fourier Series and Boundary Value Prob-
lems by Nakhlé H. Asmar [I].

e Applied Partial Differential Equations (Undergraduate Texts in Mathematics)
by David J. Logan, [9]

e Introduction to Applied Partial Differential Equations by John M. Davis [2].

Advanced partial differential equations can be found in [3, [6] and many others. We
would also recommend students to Schaum’s outline series for summaries, applica-
tions, solved problems, and practices, [12,[13]. Often the solutions to partial differen-
tial equations are complicated especially with series solutions. It is beneficial to use
some powerful packages such as Maple [4] or Mathematics for symbolic derivations
and visualizations, and Matlab [5] for computations and visualizations. In terms of

numerical solution techniques to PDEs, we refer the readers to [7, [8, [10] 14} [15].

1.2 Exercises

E1.1 ODE Review: Find general solutions or solutions to the following problems.
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(a). ¥'(z)

(b). ¥'(z) = -5
(©). y'(z) = -3, y(2) =
(d). ¥'(=) —2y( i
(e). ¥'(x)

(£). xdy = ydux.

E1.2 The hyperbolic sine and cosine functions are defined as
r _ ,—x T —x

sinhx:i, COth:i
2 2

a). Check they are solutions to ODE vy —y = 0.
(a) y y' —y

(b). Express e” and e~
(c). Find the Wronskian of W (sinh z, coshz). Can it be zero?

in terms of hyperbolic sine and cosine functions.

E1.3 Find the general solution of the following partial differential equations assum-
ing that the solution is u(x,t).

ou

ou
(b). pri 0.
ou . . .
(o). il f(z), where f(z) is a given function.
0?%u
(). oxot 0

E1.4 Verify that

(a). u(x,y) = 2% + y? satisfies the Poisson equation uz, + u,, = 4.

(b). u(z,y) = log+/a? + y? satisfies the 2D Laplace equation uzg + tyy = 0
if 2 + y? # 0. Hint: You can use Maple to verify.

E1.5 Verify that a solution to the heat equation u; = kugy, is given by u(zx,t) =
1 2
L —a?/(4akt)
VAarkt

tion. Hint: Maple can be used.

. It is called the fundamental solution of the 1D heat equa-

E1.6 Show that u(r,0) = logr and u(r,0) = rcosf are both solutions to the two-

dimensional Laplace equation in the polar coordinates,

1 1
Upp + —Up + —Uoe = 0.
r r
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First order partial

differential equations

One of the simplest first order partial differential equation (PDE) may be the ad-

vection equation

5 + am_ = 0, or u;+ auy =0, (2.1)

where a is constant at this moment, ¢ and z are independent variables, u(z,t) is the
dependent variable that to be solved. In most of applications, ¢ often stands for the
time, and z stands for the space, and a is called a wave speed. The PDE is called
a one-dimensional, first order, linear, constant coefficient, and homogeneous one.
Although there are two independent variables, it is called one-dimensional (1D)
advection equation since there is only one space variable . The PDE is classified
as a hyperbolic one, and it is also called a one-way wave equation, or a transport

equation.

2.1 Method of changing variables

There are several ways to find general solutions of an advection partial differential
equation. One of them is the method of changing variables. The idea is to change
the partial differential equation to an ordinary differential equation (ODE) so that
we can use an ODE solution method to solve the problem. A simplest way of
changing variables is the following,

&= — at, x=E&+ an,

or (2.2)

n=t, t=m.
Under such a transform, we have u(z,t) = u(§ + an,n) denoted as U(&,n) = u(€ +
an,n). Then, we represent the original PDE in terms of the new variables using the

11
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chain rule to have

ou_ouoc oudy__ oU  oU
ot oot omot o on’
u_ouds oUoy _oU oU
or 060x Onpox Of  On’
Plug them into the original PDE , we get

oU

— =0. 2.3
o (23)
Integrating both sides above with respect to 1, we get U(£,7) = C. Note that in
an ODE, C' is an arbitrary constant. But in a PDE, it can be arbitrary differential

function of £, denoted as f(£). Thus we get the solution

u(@,t) = u(§ +an,n) = U(&n) = f(§) = f(z — at). (2.4)

It is straightforward to check that u(z,y) above is indeed a solution to the PDE
. It is called the general solution of the PDE since there is no condition attached
to the problem. Note that u(x,t) = f(x — at) = f(a(z/a —t)) = F(x/a — t) and
the general solutions can have different expressions that are essentially the same.

The General Solution of 1D Advection Equation u; +
au, = 0 is u(z,t) = f(x — at) for any differentiable function

().

Example 2.1. The general solution to 2%% — 394 = 0 is u(z,t) = F(z + 3t) = 0
or u(xz,t) = F(2x + 3t) for any differentiable function F(z).

Remark 2.1. We require f(x) to be differentiable so that u(x,t) satisfies the
PDE at every point (x,t). Such a solution is called a classical or strong solution
of the PDE. In many applications, however, a function satisfies the PDE almost
everywhere but at a few isolated points or lines or surfaces where the solution maybe

discontinuous. Such a solution is called a weak solution.

Note that there are more than one ways of changing variables. In general, we
can use

£ = a1+ at,
(2.5)
N = a21T + agat,
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where a;;’s are parameters of a transformation matrix A = {a;;} that satisfies
det(A) # 0. We can choose a;;’s so that the PDE in terms of the new variables is
simple, like an ODE, so that we can solve it easily. In the discussion above we have

ail = ]., ajp = —a, ag1 = 0, and ago = 1.

2.2 Solution to Cauchy problems

A Cauchy problem is an initial value problem that is defined in the entire space
with an initial condition, that is

ou ou
E—Fa%—(), —00 < & < 00, (2.6)
u(z,0) = uo(x), (2.7)

where wup(x) is a function defined in (—oo, 00). Since we know that the general
solution is u(z,t) = f(z — at), we have u(z,0) = f(z) = ug(x). Thus the solution
to the Cauchy problem is

u(x,t) = ug(x — at), (2.8)

where ug(x) is called an initial condition. The solution w(z,t) = ug(xz — at) means
that the solution at (z,t) is the same as the initial solution at (z — at,0). When
a > 0, x —at < x, the solution propagates towards right without changing the

shape. That is why it is called a one-way wave equation, or advection equation.

The Solution to a Cauchy Problem of an Advection

Equation u; + au, =0, —oo <z < oo, u(x,0)=g(x) is

u(z,t) = g(x — at) (2.9)

for a given differentiable function g(x).

Example 2.2. Let a =2 and

0 otherwise.
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The solution to the Cauchy problem is

sin(fzx —2t) —w<zx—-2t<m
uo(x,t) =
0 otherwise.
In Figure [2.1] we plot the solution at ¢ = 0 and ¢ = 2.5, we can see that the solution
is simply shifted to the right.

4

2 u,(x-2t)

-10 -5 0 5 10

Figure 2.1. Plot of the initial condition uy(x) and the solution u(x,t) to

the advection equation at t = 2.5 with the wave speed a = 2.

2.3 Method of characteristic for advection equations

A characteristic to a partial differential equation is a set in which the solution
to the PDE is a constant (does not change). For a first order PDE of the form
us + p(x, t)u, = f(x,t), a characteristic is often a continuous curve (¢(s), z(s)) with
a parameter of s, for example, the arc-length of the curve. Let us examine an
advection equation u; + au, = 0 first. Since along the characteristic, the solution

u(x,t) = C is a constant, we differentiate the equation on both sides with respect

to t to get
ot Owdt
Since u(z, t) is the solution to the PDE, we have to have ‘é—f =aorz =at+C. Thus

we have C' = z — at. Since u(z,t) is a constant along the line (the characteristic),

we have

u(z,t) = u(C,0) = up(C) = up(z — at), (2.10)
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where ug(r) is the initial condition. Often we can simply write C = C. Note
that in a partial differential equation, an arbitrary constant often corresponds to
an arbitrary function, so we have C' = f(x — at) = u(x,t). Once again, we get
the general solution using a different method. It is important to know that along
a curve T — x = a(t — t), the solution u(x,t) is a constant, which is the basis to

determine appropriate boundary conditions for boundary value problems.

2.4 Solution of advection equations of boundary
value problems

Now consider an initial and boundary value problem of an advection equation,
ou Ju
o o
u(z,0) = up(z), 0<z<L, (2.12)

=0, 0<z<L, (2.11)

for a positive constant L. We need one or two boundary conditions to make the
problem well-posed, that is, the conditions that make the solution exist and unique.
Given a point (z,t), 0 < 2 < L and t > 0, we can use the method of characteristic
to track back the solution to either the initial condition or the boundary condition

whichever is the first hit by the characteristic in the domain.

For example, assume that a > 0, see the left diagram in Figure for an
illustration. The line z = at passes through the origin and divide the domain, a

strip in the first quadrant, as two parts.

Solution in the lower right triangle: In this domain, we should have one
of the following, x < at or x > at. Which one is it? Usually we can select a point
to decide. At the point z = L/2, t = 0, we have L/2 > a -0 = 0, which means
x > at. Thus, the domain is characterized as = > at. Next, we trace back the
solution u(z,t) to the initial condition, not that the boundary condition, why? To
do so, we temporarily fix a point (z,t), and write down the characteristic line using
(z,t) and the slope a in the z-t plane, or 1/a in the ¢-z plane,

(X —2)=0a(T —1), (2.13)
where (x,t) is a point that we want to find the solution of u(x,t), and (X,T) is any
point on the straight line. If the line intersection the z-axis, that is, T" = 0 for some

X* between zero and L, then the solution is determined from the initial condition.

By setting 7' = 0, we get X* =  — at. Thus we have
u(z,t) = w(X*,0) = ug(X™) = ug(x — at), (2.14)
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which is the same as the solution to the Cauchy problem if 0 < at < x < L when
a > 0.

Solution in the strip above the right triangle part: If 0 < x < at, then
the intersection of the line (characteristic) and the z-axis is X* =  — at < 0 that
is out of the solution domain. The line (characteristic) also intersects the ¢ axis at
X = 0 for some T*. Thus, we set X = 0 to solve for the T to get —x = a(T* —t), or
T* =t — z/a. Thus, the solution is from a boundary condition, say g(0,t) = ¢;(t),

w(z,t) = u(0,T%) = g(T*) = g, (t - f) . (2.15)

a

In summary, for a > 0, we need to prescribed a boundary condition at = = 0,
say, u(0,t) = g;(¢), here g;(t) means the boundary condition at the left end.

Solution to an Advection Equation of BVP:

u+au, =0, a>0, 0<zx<L,

(2.16)
u(z,0) = up(x), u(0,t) = gi(t)

up(r —at) 0<at<az <L, t>0

ai (t—z> 0 <z <min{at, L} and t > 0.
a

Example 2.3. Solve the boundary value problem:

2u +3u, =0, 0<a<3,
up(z) = sin(drz), 0<z <3, u(0,t) = sin(3t).

First we suggest to write the PDE in the standard form u; + %uz = 0. From the
formula above, we get the following solution to the BVP,

3t 3t
sin(57r(12)) 0<5<x<3,t>0,

2 3t
sin (3(t— ;)) O<z< min{Q, 3} and ¢ > 0.

uer,t) =
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x< at L
x-L=at

x=at

O<x<L+at
x> at

Figure 2.2. Diagrams of the regions where the solution of an advection
is determined either by an initial or a boundary condition. The left diagram is for

a > 0 while the right is for a < 0.

2.5 Boundary value problems of advection equation

with ¢ < 0 *
With similar discussions, we know that the initial and boundary value problem,
ou ou
— — =0 0 L 2.17
5 + as , <z <L, (2.17)
u(z,0) = ugp(z), 0<z<lL, (2.18)

with @ < 0 requires a boundary condition at x = L, say, u(L,t) = g,(t), which
needs to be specified, as illustrated in the right diagram in Figure

The line equation x = at will be out of the solution domain, which is useless
anymore. We should use a line equation like x = at + C that can cut both the axis
t = 0 (for initial condition) and the boundary z = L. Obviously, the line equation
x = at + L passes through (L,0) and divides the domain in the first quadrant as
two parts; in one region we have 0 < x < at + L; in the other region we have
L+ at < x < L. Once again, we can take a point (L/2,0) to check. Since L/2 < L,
the triangle region is described by x < at + L.

Solution in the lower left triangle: In this domain, we have 0 < z < at+L.
Next, we trace back the solution u(z,t) to the initial condition, not the boundary
condition, why? To do so, we write down the characteristic line using a point (z,t)

and the slope a in the a-t plane, or 1/a in the ¢-z plane,
(X —2)=0a(T -1), (2.19)

where (z,t) is a point that we want to find the solution of w(x,t), (X,T) is any
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point on the straight line. If the line intersection the x-axis, that is, T = 0 for some
X* between zero and L, then the solution is determined from the initial condition.
By setting T'= 0, we get X* =  — at. Thus we have

u(z,t) = w(X™*,0) = ug(X™) = uo(x — at), (2.20)

which is the same as the solution to the Cauchy problem if 0 < z < at + L.
Solution in the strip above the right triangle: If at + L < =z < L,
the intersection of the line (characteristic) and the x-axis is X* = x —at > L or
X* > at+ L > L that is out of the solution domain. The line (characteristic) also
intersects the line X = L for some T*. Thus, we set X = L to solve for the T to
get L—x =a(T*—t),or T* =t+ (L —x)/a and the solution is from the boundary

condition
L— L—-
u(ac,t)zu(L,t—i—x) =g, (t—l—x) if L+at<ax<L.
a a

In summary, the solution when a < 0 is

ug(x — at) 0<z<L+at; t>0,
(2.21)

ug(x,t) = L—
gr<t—|— I) max {0, L+at} <z <L, t>0.
a

Example 2.4. Given the boundary value problem below

ou ou

A St L
o I 0, O<z<lL,
u(z,0) = sin(x), 0<z<L.

Assume that we know an appropriate boundary condition is tcost, where should it

be prescribed, x =0 or x = L? Solve the problem as well.

Solution: In this example a = —2, so the slope of characteristics is negative.
The line passing through x = 0 and ¢t = 0 is & + 2t = 0 that is out of the solution
domain. The line passing through x = L and ¢t = 0 with slope —2 is z + 2t = C.
Plugging in z = L and t = 0, we get C = L. The line z+2t = L divides the solution
domain in two regions. The solution in the region bounded by x = 0, ¢t = 0, and
x+2t=1L,0 <z < L, can trace back to the initial condition.

In another region, the solution can be traced back to the boundary condition

at x = L. The line equation that passes through (x,t) with slope —2 can be written
as (X —x) 4+ 2(T —t) = 0. Let the intersection of the line with x = L be (L, t*).
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Plug them into the line equation to get (L — z) + 2(¢* — t) = 0 and solve for t* to
get t* = ¢ — (L — x)/2. Thus, the boundary condition should be described at = L

as u(L,t) = tcost. The solution is

sin(z + 2t) O<ax<L+2tt>0,

o (1) = Lo Lo
(t 5 x)cos (t2x) max {0, L — 2t} <x < L, t > 0.

2.6 Method of characteristics for general linear first

order PDEs
Consider a general linear and homogeneous first order PDE
Ju Ou
v t =0. 2.22
o) o (222

Using the method of characteristics, we set Z—f = p(x,t). If we can solve this

ODE to get x — g(t) = C. Then the general solution to the original problem is
u(z,t) = f(z — g(t)) for any differentiable function f(z).

Proof: If u(z,t) = f(z — g(t)) and % = —9 '(t) = p(, t), then we have %7; =

f'g'(t) = —f'p(x,t) and §% = f". Thus we have 3¢ +p(x,t) 5% = f'(—p) +pf’ = 0.

General Solution to an Advection Equation with a Variable
Coefficient 2* + p(z,t)%“ = 0. Use one of two below.

%3; =p(,1), &= /Pdt+0=f(w,t)+(1=>u(a:,t) = G(z — f(z,1)).
or% p(;t t—/ de+C =r(z,t) + C = u(x,t) = G(t — r(z,1)).

Example 2.5. Find the general solution to

ou e 5 0u
ot Oz
Find also the solution to the Cauchy problem if u(x,0) = sinz.

=0.

Solution: We set ‘é—f = p(x,t) = 22 or i—g =dt. Weget -2 =t+C or
C =t+ 1. The general solution is u(z,t) = f(t + 1).
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Since we have u(z,0) = f(—1/x) = sinz. Let y = 1/x we get f(y) = siny.
The solution to the Cauchy problem is u(x,t) = sin
that the solution satisfies the PDE using the Maple.

1 . T :
i = S We verified

Example 2.6. Find the general solution to
Lou, ou
20t Oz

Find also the solution to the Cauchy problem if u(x,0) = sinz.

=0.

Solution: We set % = p(z,t) =t? or z = t3/3+ C. We get C = z — t3/3.
tB

The general solution is u(z,t) = f(z — %5).
Since we have u(z,0) = f(x) = sinz. The solution to the Cauchy problem is

u(x,t) = sin (m - g), which satisfies the PDE as verified by the Maple.

2.7 Solution to first order linear non-homogeneous
PDEs with constant coefficients

Using the method of changing variables, we can transform a first order linear non-

homogeneous PDEs with constant coefficients

ou ou
a5 + as +bu = f(z,1) (2.23)

to an ODE. Thus we can solve the ODE to get the general solution to the PDE.
We use the same new variables
g:x—at $:§+a77a
or (2.24)
n=t, t=n.
Under such a transform, we have u(z,t) = uw(§ + an,n). We denote U(&,n) =
u(€ 4+ an,n). Then using the chain rule, we can get
u_ovds vy oU  oU
o oc ot omot o oOn’
ou_ oo Uy _ou
or 06 0x  Onpox  O¢
Plug them into the original PDE ([2.23), we would get

ou

877+bU=f(€+w7ﬂ7)=F(§Jl)~ (2.25)
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The equation above is actually ordinary differential equation with respect to n
(treating £ as a constant). If we can solve the ODE above, we can get the general
solution to the original PDE.

Example 2.7. Find the general solution to

Solution: With the changing variable £ = z — 2t, n = t, the PDE becomes

It is a non-homogeneous ODE and the solution can be expressed as
U=Un+U,

in which U}, is the homogeneous solution to %—g —U = 0 and U, is a particularly
solution to the ODE. It is easy to get Un(&,n) = g(§)e". From the ODE technique,

we can set

Up=An+B

for two constants A and B. Plug this into the ODE and matching terms on both
sides, we get A = —1, B = —1. Thus the solution in the new variables is

Un(&:m) = g(§)e” —n— 1.
Thus, the general solution to the PDE then is

u(z,t) = g(z — 2t)e’ —t — 1.

Solution to First Order non-Homogeneous PDE with Con-
stant Coefficients % + ag—z +bu = f(x,t).

ou
E=z—at,n=t, — o +bU = F(&,n), Assume the solution is
n

U(&,m), then the original solution is wu(z,t) = U(z — at, t).
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Example 2.8. Find the general solution to

ou 10u

Fu 29 gy =gt
ot 20s THUTY

Solution: With the changing variable £ = x + %t, n =t, the PDE becomes
ou 1
— 44U =(€— < .
0= (e

It is a non-homogeneous ODE and the solution can be expressed as
U=Un+U,

in which Uy, is the homogeneous solution to %—Z +4U = 0 and U, is a particularly
solution to the ODE. It is easy to get Uy, (£,1) = g(£)e™*7. From the ODE technique,
we can set

U,=An*+Bn+C

where A, B, and C are constants. Plug this into the ODE and matching terms on

both sides, we get A =—1/8, B = % + 1—16, C= —% — é. Thus the solution in the

new variables is

2
Un(&m) = g(§e™*" — % + (i + 116) n— 1% — 6i4.

Thus the general solution to the PDE then is

t\ 4 P r+t/2 1 r+t/2 1
t) = - . ) -
u(, ) g<x+2>e 2 +( T 16 16 64

2.8 Exercises

E2.1 Classify the following PDE as much as you can (linear, quasi-linear, or non-
linear; order; constant or variable coefficient(s); homogeneous or not; dimen-
sion(s); type: hyperbolic, elliptic, parabolic; physical meanings: heat, wave,

potential ) as much as you can. Also give physical backgrounds if you can.

(a).
Auy = B(ugy + uyy) + f(2,9), consider A # 0 and A = 0.

(b).

Uy = B(Uge + uyy) + f(2,7)
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(o).
U + auy = Bugy + f(u).

In the expressions above, A, B, a, and u are constants.

. ou Ou
E2.2 Given o + et 0.

(a). Find the general solution.

(b). Find the solution to the Cauchy problem given u(z,0) = 2¢72*" | —oc0 <
r < oo, t>0.

(c). Sketch of the solution at ¢t = 3 if the initial condition u(z, 0) is given

(2.0) 11—z -1<a<1,
u(x,0) =
0 otherwise,

see the top plot which is called a hat function. Mark the height of the
solution at ¢t = 3.

E2.3 Derive the general solution of the given equation

(a), 2up+ 3uy = 0; (b), aup+buy =u, a*+b*>#£0.

2

Solve the Cauchy problem with u(z,0) = sinz, and u(z,0) = e %"

E2.4 Solve the given partial differential equations below by the method of charac-

teristics. Check you your answer by plugging it back into the equation.

(a).

us + sintu, = 0.

(b).

12
e’ uy +xuy = 0.

E2.5 Find the solution to the following transport equation:

Oou 10u

— +-—=0 0 1, ¢>0
8t+281‘ s <z <l, > 0,
u(z,0) =e 7, 0<ax<l,

u(0,t) =t 0<t.
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E2.6 Find the solution to the following transport equation * :

Oou 10u

a9t 1, t
% 29% , 0<x<l, > 0,
u(z,0) =e™ ", 0<z<l,

u(1,t) = 12, 0<t.

E2.7 Solve the following PDE with u(x,0) = f(x).

(a). w + au, = €2*.

(b). ut + zuy, =0.
(c). ug+tuy, =0.
(d). us + 3uy = u+ xt.
E2.8 Simulate the solution (make plots or movies) using Maple or Matlab for the

advection equation u; + au, = 0 of the Cauchy problem (—oco < z < 00) with

the following initial conditions:
(a).
cos(2zx) —27 <z < 2,

up(z) =
0 otherwise.

(b).
1—|z| -1<z<1

0 otherwise.
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Solution to one
dimensional wave

equations

A one dimensional (1D) wave equation has the following form
P*u 0%
g _puvt
ot? Ox?

where ¢ > 0 is the wave speed in physics. The partial differential equations is

(3.1)

a second order, linear, constant coefficient, homogeneous one. According to the
criterion defined on page [§] the PDE is classified as hyperbolic. We first to derive
the general solution for which no constraints are imposed.

We can use the method of changing variables to simplify the PDE by setting

_ &+
E=x—ct, =
or (3.2)
n=x+ ct, t:n*?
2c

Under such a transform, we have u(z,t) = u (HT", "2705) =U(&,n). Then using the

chain rule, we can get
ou_oUds oUoy __oU  oU
ot o9& ot omot o€ on’
Ou _0U0  OUOm _0OU  OU
or 06 0x Onpox Of  On’
Differentiating the first expressions above with respect to t again, we get
Fu U PV U U0y
o2 0¢2 Ot onog ot 0&on Ot on? ot
2 2 2
628 U 92 0°U +628 U’
S ogon -~ on?

25
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assuming both gg (g , and gjg& are continuous so that they are the same. Similarly

we can derive

%u  0°U 0’U  0*U
T3 = am t + 55 (3.4)
ox 193 0&0n  0On

Plugging (3.3)) and (3.4)) into the original PDE, we obtain

, 02U 02U
C = or =
0&0m 0&0m

4 0

after some manipulations and using the fact that ¢ # 0. We integrate % =0
with respect to 7 to get %—g = f(£); and integrate it with respect to £ to further

have
Ue,n) = / F(€)de + G(n) = F(€) + G(n)

since f f(€)d¢ is still a function of €. Finally, we substitute the new variables back

to the original ones to get the general solution

u(z,t) =u (f—gn, 772;5) =U(,n) =F(x—ct)+ Gz + ct) (3.5)

for any twice one dimensional differentiable functions F'(z) and G(z).

The General Solution of 1D Wave Equation % = 02% is

u(z,t) = F(x — ct) + G(xz + ct)

for any differentiable function F(z) and G(z).

Example 3.1. The general solution to 2‘?;73} — 3% =0 1s

u(z,t) = F <x+\/§t) +G (x—\/§t>

for any differentiable function F(x) and G(x).
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3.1 Solution to Cauchy problems of 1D wave
equations

A Cauchy problem (an initial value problem) of a one-dimensional (1D) wave equa-

tion has the following form

0%u 5 0%u

ﬁ—c @, _OO<"L'<OO, (36)
ou

U(Z‘,O) = f(l‘), a(a%o) = g($), —00 < x < 00, (37)

where f(z) and g(x) are given initial conditions. The solution to the Cauchy prob-
lem can be represented by the D’Alembert’s formula

z+ct
u(z,t) = % (f(x —at) + f(z + ct)) + 2%/_ | gls)ds (3.8)

Proof: First we check the initial conditions. We have

u(,0) = 3 (f() + f(x) +0 = f(x)

since the integration is zero if the lower and upper limits of the integration are the
same. Secondly, we differentiate the equality (3.8) with respect to ¢ first, then let
t =0 to get

ou 1 1
o (2,0) = 5 (f'(2)(=¢) + f'(z)e) + o (cg(x) — g(z)(—¢)) = g(2).
ot 2 2¢
To prove that the function in the D’Alembert’s formula satisfies the wave equation,
we just need to find F(x) and G(z) in the general solution in terms of f(x) and

g(x). From the initial condition, we already have

u(z,0) = F(z) + G(z) = f(x). (3.9)

Differentiating the general solution u(x,t) = F(z — ct) + G(x + ct) with respect to
t, we get

ou , ,

prie F'(z — ct)(—c) + G'(z + ct)c, (3.10)
which leads to

ou , ,

E(x,O) =—F'(z)c+ G (x)c = g(x). (3.11)

We further integrate the equality above from 0 to = to get

—F(z)+G(x) = % /OI g(s)ds + 24, (3.12)
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where A is a constant. Note that we use 24 for simplicity of derivation. Add (3.12))
and F(z) + G(z) = f(x) together we get

1 1 [
G(z) = if(x) + 2—0/0 g(s)ds + A.
From ({3.9) and the above identity, we also arrive at
1 1 /7
F(a) = f(a) = G(o) = 35(0) = 5o [ gl)ds — 4
cJo

Plug F(z) and G(z) above into the general solution, we get

u(z,t) = Fx —ct) + Gz +ct) = %f(acfct) - 216/0906 g(s)ds — A

1 x+ct
- — A
+ 2f(x—|—ct)+ 20/0 g(s)ds +

1 0 x+ct
s+ s+ 5 [ gt [ geas

N =

x+ct
(Flz — ct) + flx + ct) + i/ o(s)ds.

26 —ct

N =

Solution to the Cauchy problem of a 1D Wave Equation

Pu 0%
—8'152:(2—a X -0 < x <00,
ou
U(.Z',O)If(m), E(xvo):gCC)? —0 < T <00,

is given by the D’Alembert’s formula

x+ct

u(z,t) = % (f(x —at) + f(z + ct)) + i/ g(s)ds.

r—at

Example 3.2. Solve the Cauchy problem for the wave equation

0*u _482u
w = @7 —o0 < x <00,

sinz if || <, 0
u(z,0) = 1zl L 2,0)=0.
0 otherwise, ot
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Solution: The solution is simply

(flx —2t)+ f(z+2t)).

DN =

u(z,t) =

If ¢ is large enough, then the non-zero regions of f(x — 2¢) and f(x + 2t) do not
overlap. We see clearly a single sine wave in the domain (—m,7) propagates to
the right and left with half the magnitude, see the solution plot in Fig. 3.1] for an
illustration. In the literature f(x —ct) is called the right-going wave, while f(z+ ct)

the left-going wave.

4
3 [ / B N\ /77
ol U (x+2t) N ug(x-2)
1 N\
/ \\

o/

RRVARTIE
4l -

10 5 0 5 10
X

Figure 3.1. Plot of the initial condition ug(z) and a solution u(xz,t) at a

later time (t = 2.5) to the 1D wave solution with the wave speed ¢ = 2.

Example 3.3. Solve the Cauchy problem for the wave equation

Pu_p0u  ocr<oo
o Tox?’
0
u(z,0) =sinz 8—7:(30,0) =z

Solution: According to the D’Alembert’s formula, the solution is

1 /3 /3 e,
u(z,t) = 3 (sm(w — V2t) +sin(z + 2t)) + WG /;c—\/it se”* ds

1 1 2 2
=3 (sin(x —V/2t) + sin(x + \/575)) + Wi (ef(f”fﬁt) — e~ (@tV20) ) .
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Example 3.4. Plot or sketch of the solution of the Cauchy problem for the wave

equation below for large t.

8%y O%u
ﬁ = @, —o0 < x <00,
2z f0<z< %,
ou
_ 1 v -
w(z,0) =< 21 —=z) ifi<a<i, o (1.0) =
0 otherwise.

In Figure[3.2] we show the plot of the solution at time ¢t = 0, ¢t = 0.3, and ¢ = 5.
We can see clearly how the one wave split into two with half strength towards left
(z —t)) and right (z —t)). A Matlab movie file is also available (wave_piece.m and
fp.m). For this kind of problems when the initial condition is a piecewise continuous
function, it is much easy to use a computer to find and plot the solution.

05 1=0
0 L L L L L L L L L
-5 -4 -3 -2 -1 0 1 2 3 4 5
|
05f 1=0.3
0 L L L L L L L L L
5 —4 -3 -2 -1 0 1 2 3 4 5
’
05 t=3
0 L L L L L L L L L
-5 -4 -3 -2 -1 0 1 2 3 4 5

Figure 3.2. Plot of the wave propagation at timet =0, t = 0.3, andt = 5.
We can see clearly how the one wave split into two with half strength towards left

(x —t) and right (x —t).
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3.2 Normal modes solutions to 1D wave equations of
BVPs with special initial conditions

Now consider the boundary value problem of an one dimensional wave equation

Pu 0%

ﬁ =C @, O<z< L

w(0,8) =0,  u(L,t) =0, (3.13)
ou

u(0,t) = f(z), a(w,O) = g(x), 0<z<L,

for a positive constant L. An application is an elastic string of a length L with two

ends fixed, which corresponds to the homogeneous boundary conditions.

Figure 3.3. A diagram of an elastic string with two ends fized. The motion

can be modeled using a 1D wave equation.

Since the motion of an elastic string is oscillatory, we would expect the solution
is of sort of trigonometric functions of two variables of x and t. We can consider
sin(ax) cos(Bt), sin(ax) sin(5t), cos(ax) cos(Bt), cos(ax) sin(Bt), etc. The vanishing
boundary condition at = 0 eliminates the cos(fSx) option. The solution would
look like sin(ax) cos(Bt), sin(ax)sin(Bt). Since the solution is zero at © = L, we
should have sin(aL) = 0 which means o« = nxw for n = 1,2,---. Finally the
solution should satisfy the PDE, after we differentiate sin(ax) cos(f8t) twice with z
and t, we will get 8 = nen/L.

Thus, a special function

( t) . nnx nmct
Up(x,t) = sin —— cos
n b L L b

(3.14)

for a non-zero integer n can be one of solutions. It is obviously that u,(0,t) =
u(L,t) = 0 and u,(z,t) satisfies the PDE (3.13). Note that u, (z,0) = sin ¥ and
% (2,0) = 0. Thus, if f(z) = sin 272 and g(z) = 0, then u,(=,t) is the solution to
the initial-boundary value problem ({3.13)). Such a solution is called a normal mode

solution to the initial-boundary value problem.
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Similarly,

B . nmx . nmct
Up(2,t) = sin —— sin

3.15
- (3.15)
also satisfies the boundary condition and the PDE. Now we have @, (z,0) = 0 and
2(0,0) = 2%

— nmx
= %% sin

7%. Thus, if f(x) = 0 and g(x) 7 sin 27, then @, (7,t) is a
normal mode solution to the initial-boundary value problem (3.13]).

_ nem o

The following normal modes

nmwx

. . nmct nmwx
sSIn —— sin

. nmct
sin —— cos
L L’

N nmwx nmct nmct
in —— An n —— Bn )
nz:l sin 7 ( sin i + coS i )

satisfy the 1D wave equation and the homogeneous bound-
ary conditions, but NOT arbitrary initial conditions.

L L’

Example 3.5. If f(z) = 1

1 3y Dz
= 28111

272 and g(x) = 0, find the solution to the initial-
boundary value problem .

Solution: According to the normal mode solution, the solution is

1 . brzx omet
u(zx,t) = 5 sin——cos —

Example 3.6. If f(z) =0 and g(zx)

boundary value problem .

_ 1

5 sin %, find the solution to the initial-

Solution: According to the normal mode solution of the second type, the
solution is

Example 3.7. If f(z) = sin27% — 10sin 2222 and g(z) = % sin 1272

5 7=, find the
solution to the initial-boundary value problem .
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Solution: According to the normal mode solutions and the principle of super-

position, the solution is

(2,1) = s Smx Smet 10si 207x 207rct+ L . 157z . 1bwet
u(x,t) = sin T cos T sin 7 cos 7 307Tcsm 7 sin 7

This is because the PDE is linear, homogeneous, and with homogeneous
boundary conditions.

Challenge: How about the normal modes of

N ( t) nmx . nwct R ( t) nmT nmct o
Up(x,t) = cos —— sin , Un(x,t) = cos —— cos
" L L " L L

From the superposition, we know that the linear combination

nmx . mrct)

N
b
un(z,t) = Z (an sin ? cos 2% 4 by, sin — sin (3.16)
n=1

L L L

is the solution to the initial-boundary value problem (3.13)) with special initial
condition

N
nwT
UN(CQO)if(x):ZanSln I’
n=1
N
Ooupn L nrT
JUN _ — b, —— sin ——
ot (2,0) = g(=) 7;2::1 nre L

What should we do for other general f(z) and g(x)? We can use the method
of separation variablea and Fourier expansions (N — oo) that will be discussed
later.

3.3 Exercises

E3.1 Let @ = 02@ (A). Find the general solution; (B). Find the
) o2 Ox? ’ & ' 5 ’
solution to the Cauchy problem (given u(z,0) = f(z) and 8—1;(33, 0) = g(x)).

(a). c=1/m, f(x) =sin(rx), g(z)=0.
(b). ¢ =1, f(z) =sin(nz) + 3sin(2rz), g(z) = sin(nz).
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E3.2

E3.3

E3.4

(c). Computer project. (Extra Credit) c¢=1, g(x) =z,

2 x ifo<z <3,
fle)y=19 2 (1x) ifi<a<l,
0 otherwise.

Plot or sketch the solution at ¢ = 0.5 and 1 for all the problems above. Make
a movie of the solution between 0 < t < 50.

Pu 2 0?u

otz " 02’
the initial and boundary value problem given u(z,0) = f(z) and
g(z).

0 <z < L. with u(0,t) = u(L,t) = 0. Find the solution to
ou

m —(x,0) =

(). f(@)=sin 75, () =

1 1 3 2 7
(b) f( ) 5 1HH+fsinﬂ+—Sinﬂ7 g(;{;):()

2 L 4 L 5 L

1

(¢). f(z)=0, g(x)=-sin— — —sin—.
1 3 1 6 1 3 2 7

(d). f(z)= 1 m%x + l—osin%x, g(z) = Zsin%x — gsin%x.

Assume that ¢ = 2, L = 3, can you solve the 1D wave equation (3.13]) with

the following f(z) and g(z)?

(a). f(z) = (67T96) g(x) = 0.

(b). f(x) =0, g(x) = sin(3nx).

(c). f(z) =zxsinz, g(z) =0.

(d). f(x)=sin(6rx), g(z) = sin(37z).

(e). f(x) =sin(6wz) — 7sin(24nz), g(z) = sin(3nz).

Given the functions below

ui(x,t) = f: 1 sin ? sin mr;/gt, i\’: in "¢ mr;/gt.

ou
(a). Assume that u(xz,0) = uq(x,0) and ot —(2,0) = uz(z,0), and u(0,t) =
u(2,t) = 0, find the wave equation and the solution with those initial

and boundary conditions.

(b). Use a computer software (Maple, Matlab, Mathematica etc.) to plot the
functions with n = 5, n = 50, and n = 500. What do you observe?



Chapter 4

Orthogonal functions &
expansions, and

Sturm-Liouville theory

For one-dimensional wave equations with homogeneous boundary conditions, even
if there is only one non-zero initial condition that is an elementary function such as
u(z,0) = f(z) =e” or f(x) = Zi\io a;x* assuming that u,(x,0) = 0, we cannot use
a combination of normal mode solutions unless we have infinite number of terms.
In fact, we may be able to get a series solution if we can expand e”, for example,
as below

oo
T in 0T 41
e ; by s 7 (4.1)
We use the symbol ~ to indicate that the above expansion may or may not be
identical on both sides. Is this expansion possible? When is this possible? Is this
valid in (0, L) or any interval? If the expansion is valid in (0, L), then is called
an orthogonal functions expansion of e* in terms of {sin sz} Often we use the
pair of braces ‘{ }’ to represent a set. How do we get those orthogonal functions?

One of answers is from the Sturm-Liouville eigenvalue theory.

Here we give a glimpse of the method of separation of variables for a 1D wave

equation of a boundary value problem,

0%u 5, 0%u
w = C @, 0 <rxr< L,
u(0,t) =0, u(L,t) =0,
ou
u(0,t) = f(2), 5, (@0 =g(), O0<z<L

We try a solution that has the special form u(z,t) = T'(t)X (), in which the vari-
ables are separated. To satisfy the boundary conditions, we should have X (0) =0

35
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. 2u
and X (L) = 0 since T'(t) cannot be zero. Thus, we have 2% = T"(¢)X(z) and

% =T(t)X"(x). Plugging them into the wave equation we get
T//(t) _ X//(x)

T'OX @) =TOX" @) = Gr = X

In the second expression of above, the left hand side is a function of ¢ while the

right hand side is a function of x, which is possible only if

T//(t) _ Xll(x) B

AT(t) X(z)

for some constant A. We will see why we use the negative sign in front of A later.
Thus, we have

X"(z) + AX(x) =0,  X(0) = X(L) = 0. (4.2)

This is called a Sturm-Liouville eigenvalue problem of the boundary value problem
since both A and u(x) are unknowns. From ordinary differential equation solution

methods and theory we know that the solution is
X(z) = CreV ™% 4 Che™ VA7,

If A <0, then we have to have X (z) = 0 from the boundary condition. X (x) =0 is
called a trivial solution. Note also that X () = 0 cannot satisfy the initial condition
unless f(z) = 0 and g(x) = 0, and thus, should be discarded. If A > 0, then the

solution is
X(x) = Cy cos(VAz) + Coysin(V A x).

The condition X (0) = 0 implies that C; = 0. Thus, we get X (z) = Cysin(v/\z).
The condition X (L) = 0 implies that X (L) = sin(v/AL) = 0, which leads to

2
VAL =nrm, or )\:(%), n=12---,

and X, (z) = sin ?

The functions {X,(z)} = {sin 2Z%} above satisfy the ODE and the homogeneous
boundary conditions for any natural number n, and are called the eigenfunctions
of the special Sturm-Liouville eigenvalue problem. Note that, we usually ignore
the constant Cy in the expression of {X,, (z)} because eigenfunctions can differ by
a constant. More important, those eigenfunctions are normal modes as we know.

Next, we solve for T'(t) using

T"(t) + AN\ T(t) =0, (4.3)
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where \,, = ("—L”)2 that have already been found. Therefore, the solution of T'(¢) is,

nwct . . nmct
+ b}, sin T

T, (t) = by, cos(VAct) + bE sin(VAct) = by, cos

We put X, (x) and T,,(t) together to get a normal mode solution

i + b}, sin 7 (4.4)

. nTT cnrt . cnmt
Up(x,t) = sin A by, cos ,

which satisfy the PDE, the boundary conditions, but not the initial conditions.

We put all the normal mode solutions together to get a series solution.

- t t
u(z,t) = Z sin ? (bn cos 0 4 by sin T ) (4.5)
n=0

L L

which satisfies the PDE and the boundary conditions. The coefficients of b,, and b},
are determined from the initial conditions u(x,0) = f(z) and w(x,0) = g(z). The
question is how and why we can do it. In this chapter, we will present a systematical
discussion about how to generate those normal modes and how to obtain b,, and b},

from initial conditions.

4.1 Orthogonal functions

Orthogonal functions are similar to orthogonal basis in the R™ space in linear al-
gebra. Examples and applications include Fourier series, orthogonal polynomials,
approximation theory and methods, and many more. One of notable applications
is that we can expand functions in terms of orthogonal functions. Orthogonal func-
tions are also intensively utilized in computational mathematics as approximation
tools.

In the R™ space that is composed of all column vectors with n components,

the simplest orthogonal basis are {e;}? ;. For example, if n = 3. we have

1 0 0
e = 0 , €2 = , €3 = 0 ’
0 1
which satisfies
- 1 ifi=jy,
(eiej) =eje; = e
0 ifi#j,
where elTej is the sum of the products of corresponding components of e; and

e;, which is the Euclidian inner product of the two vectors. For any vector a =
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[a1,az2,a3]T, we have a = aje; +ages +azez. If b = {b;} is a vector, then the inner
product of a and b is defined as (a,b) = 3°2_ a;b;.

There are other orthogonal basis in R?, for example,

0 0

~ ~ 1 ~ 1
e = 0 5 €2 = ﬁ , €3 = E )

0 1 1

V2 V2

also form a normalized orthogonal basis since €;,7 = 1,2,3, have a unit length in
the Euclidian norm. How do we express any vector in terms of {€;}7 It is easy to
check the following expressions,

(37 éi) ~

a = a1é1 + Oégéz + 0[3é3, Q; = - = (a, ei).

(€,€))

Similar to the R™ space, we define a functional space which is a set of functions
that has operations. All square integrable functions in an interval (a, b) form a linear
space, called the L?(a,b) space,

b
ﬁww—{ﬂ@,/ﬁﬂ@ﬂh<w}- (4.6)

It is a linear space because if f(z) € L?(a,b) and g(z) € L?(a,b), then their linear
combination w(x) = af(x) + Bg(z) is also in L?(a,b) for any constant a and 3. In

L?(a,b) we can define an inner product similar to that in R™ space as

b
mm:/fmwwa (4.7)

where g(z) = g(x) in the real number space and is the conjugate of g(x) is the
complex number space. For example, if f(z) = e® +isinz, then f(x) = e —isinw,
where i = \/—1 is the imaginary unit. We call f(x) and g(z) orthogonal (similar to
perpendicular in Euclidean geometry) in L?(a,b) if (f, g) = 0.

Example 4.1. Let f(z) =1 and g(z) = sinz. Are the two functions are orthogonal
in (0,2m)? We check the inner product

2

(f,9) = ; (x)g(x)dx = /0 sinzdx = 0.

Thus, the two functions are orthogonal in the interval (0, 2w) or any interval of

length 2w, but it is not orthogonal in the interval (0, 7).
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The norm of a function f(x) in L?(a,b) in terms of the L?(a, b) inner product

b
72 =1 flle = V) =y / \f(x)2d. (48)

Often the subscript is omitted if there is no confusion occurs, that is, ||f|| = || f||2-

is defined as

Example 4.2. Given an interval (a,b) = (0, 27), find the L?(a,b) norm of f(x) = 1

and g(x) = cosx. According to the definition, we calculate,

21
17112 = / | (2)[2dw = V/ar;

0
27 2
lgll2 = / lg(z)|2dx = / cos?xdr = /7.
0 0

Example 4.3. We redo the computation but with a different interval (a,b) = (0, 7).

£l = / " f (@) 2de = V7

llgll2 = 1// cos? zdx = ,/z.
0 2

Note that there are many different norms, for example,

Hf||1=/ [f@)ldz,  [[fllo = max [f(z)], (4.9)

0<z<2mw

which are not associated with the L?(a,b) space. In fact, all these norms can be

b 1/p
11l = ( / If(x)pda:) (4.10)

for any p > 0. It can be shown that ||f|cc = lim ||f|l,- Note that only when
p—o

put in a uniform form

p = 2, the norm is differentiable and it is why the L? norm has the most useful

applications.

There are more than one ways to define an inner product, so is the related

norm. An inner product is a special functiona]ﬂ of two arguments that satisfies

2A function whose arguments are functions.
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e (f,9)=1(9, f)
o (af + By, h) =alf, g)+ B(g, h) for any scalars o and S.

A norm is also a functional that should satisfy

b
e ||f]| >0 and || f]| = 0if and only if f(zx) =0, or / f?(z)dx = 0;
o llafll = lalllf] for any scalar a;
o |l + gl <|IfIl+ llgll which is called the triangle inequality.

All these statements are true in the R™ space. The famous Cauchy-Schwartz in-

equality is also true in L?(a,b) space, that is

[(fs Dl < N fll2llgll2,  or

b b (4.11)
<\/ / f(x)2d:v\/ | stwyaa.

Particularly, if we take g(z) = 1, we get

/ab f(z)dx

An example of different inner product is a weighted inner product. Let w(x)
be a non-negative function such that w(z) > 0 and fabw(x)dx > 0. The weighted
inner product of f(x) and g(z) is defined as

/a ' f@)g(e)de

2 b
<(b—-a) / f(z)?d. (4.12)

(f. 9w = / f(@)g(@w(x)d. (4.13)

The function f(x) and g(z) are orthogonal with respect to w(x) on (a,b) if

b PR
(f, 9w = / f(@)g(@w(z)dz = 0. (4.14)

The corresponding norm is then

b
1l = v/ Fu = \/ / w(@)| () d. (4.15)

We will see an applications of weighted inner products and norms for partial differ-

ential equations in polar and spherical coordinates for which w(r) =r.

Example 4.4. Find the parameter a such that the two functions f(x) = 1+ax and

g(x) = sinzx are orthogonal with respect to the weight function w(x) = x in (0, 7).
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Find the L2 (0,7) norms of f(x) and g(z). Also find the two normalized orthogonal
functions.

Solution: With some calculations or using the Maple, we get foﬂ(l—f—ax) x sinxdxr =

m(1 + a). To make the two functions orthogonal with respect to w(z) = z, we

conclude that a = —1. Next, we compute
1fllw = 1—95 rdr = —— V312 — 81 + 6,
Nip)
llgllw = sin? z - xda:f —

The two normalized orthogonal functions are

flz) = Wﬁ%T;/ETJrG (I1-2), and g(z)= %sinm.

4.2 Function expansions in terms of orthogonal sets

We can represent or approximate a function f(x) in terms of a set of orthogonal

functions under some conditions.

Definition 4.1. Let fi(x), f2(z), -+, fu(z), -+ be a set of functions in L*(a,b),
which can also be denoted as { fn(x)}, . It is called an orthogonal set if (f;, f;) =

0 as long as i # j for all i and j’s. The orthogonal set is called a normalized
orthogonal set if || fi|| = 1 for all i’s.

Example 4.5. The following functions,

fi(z) =sinz, fa(x) = sin 2z, f3(x) =sin3z, .-+, fu(z) =sinnz, - -,

or {sinnz} -, is an orthogonal set in L*(—m, ).

Proof: If m # n, we can verify that

s ™ 1
/ sin na sinmaxdr = / ~3 ( cos(m + n)xz — cos(m — n):lc) dx

—T —T

sin(m — n)x

1 (sin(m + n)x
m+n

2 _Tr m-—n
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Note that if m = n, then we have

™ ™ 17 2
/ sin® nadzx :/ SO gy = . (4.16)

-7 -7 2

Thus, we have ||f,|| = v/7. The new orthogonal set {fn(x)} ={fn(z)//7} is a
normalized orthogonal set.

Note also that the above discussions are true for any interval (a,a + 27) of

length of 27 since sinnx, n # 0, is a periodic function of period 2.

4.2.1 Approximating functions using an orthogonal set

We can expand a function f(z) using an orthogonal set of functions {f,(x)} that

has a finite or infinite number of terms literally as

N e’}
@)~ anfal@): @)~ anfal). (4.17)

While we can always do this, the left and right hand sides of above may not be the

n—=11 W€

same, and that is why we use the ‘~’ sign. To find out the coefficients {a, }
assume that the equal sign holds and apply the inner product of the above with a

function f,,(z) to get

(£@), funl@)) = (Z anfm),fm(x)) =Y an (ful@). fm(@)).

n=1

Since {fn(z)},_, is an orthogonal set, the right hand side terms are zeros except
the m-th term, that is
(f(@), fm)

(f(:c), fm(x)) = 4 (fm(z), fm(x)) = = ) (4.18)

Expansion of f(z) in terms of an orthogonal set {¢;(z)},

on an interval (a,b), where N can be occ.

) ~ - a T a — (f(:L‘), an(x)) B f;f(l’)gbn(x)dx

Example 4.6. Ezpand f(x) = x in terms of {sinnz} on (—m,).
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We know that {sinnz} is an orthogonal set on (—m, 7). The coefficient a,, is

™ _’_/” cosnmdx>
—T —r n

an:———

v . -
I sin? nzde T

T .
Jo wsinnzdr 1 2 CosS NI
n

2 cosnm
o1 on
The expansion then is
2 o= 2(—1)n 1
T~ 2sinr —sin2x 4+ —-sindx —--- = Z (7)sinmc.
3 nmw
n=1
From the Fourier series theory, we know that the equality sign holds for this case

at any z in (—m,7) but not at two end points —m and .
Example 4.7. Ezpand f(x) = 22 in terms of {sinnz} on (—m, ).

It is easy to check that a,, = 0 for all n’s. This is because we have

[T a?sinnazds
n = [7_sin® nada B
The integrand is an odd function whose integral in a symmetric interval is always
0. Such an expansion is meaningless. This is because the function f(x) = 2% does

not share much properties of the orthogonal set {sinnz} on (—m,).

We call the orthogonal set {sinnz} on (—m, ) is incomplete or a subset in the
space L%(w, 7). In Figure we show a diagram among function sets in L?(a, b).
The sets {sinnz} and {cosnz} are subsets of L?(—m, ). While {sinnz} or {cosnz}
is not complete in L?(—,7) meaning that not all the functions in the space can
have meaningful expansions by the orthogonal sets, they are complete in some
smaller spaces if additional conditions are imposed such as some kind of boundary

conditions, even or odd functions etc.

It is easy to check that the set {cosnz} ~, is also an orthogonal on (—m, ).
Note that this set includes f(x) = 1 when n = 0. We can expand f(z) = 2
in terms of {cosnz}, .. But it is meaningless to expand f(z) = x in terms of

{cosnz}, " . However, if we put the two orthogonal sets together to form a new set

oo

»—1» then we can show that the new set is another orthogonal set

{1, cos nx,sinnx}
since ffﬂ sinma cosnx = 0 for any m and n. Any function f(z) in L?(—m,7) can

be expanded by the orthogonal set,

fz) ~ % + Z (ay, cosnx + by, sinnzx) , (4.19)
n=1
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Figure 4.1. A diagram of orthogonal function spaces in L?(a,b). If we
regard all functions as a universe because no one can count them, then L*(a,b) is a
complete subset, called a Hilbert space since an inner product is defined. L?(a,b) is
complete meaning that any Cauchy sequence will converge to a function in L*(a,b).

The orthogonal set {sinnx} and {cosnx} are subsets of L*(0, ).

where .
a, = 1 f(x) cosnzdz, n=0,1,--;
71T o (4.20)
b, = - f(x) sinnzdz, n=12-.-

This is called a Fourier series of f(z) on (—, 7). The reason to have a factor 3 for

ap is that we can have a uniform formula for {a, }5 .

4.3 Sturm-Liouville eigenvalue problems

Sturm-Liouville (S-L) eigenvalue problems provide a way of generating orthogonal
functions that have some special properties. One example is the S-L eigenvalue
problem obtained from the method of separation of variables for one-dimensional
wave equations usy = c?ug, in the domain (0, L) with homogeneous boundary con-
ditions u(0,t) = u(L,t) = 0. The Sturm-Liouville eigenvalue problem would lead
to a set of orthogonal functions {sin 272 }. For any function f(z) € L*(0,L) with
f(0) =0and f(L) =0, we can have a meaningful expansion of f(z) in terms of the

orthogonal functions {sin T



4.3. Sturm-Liouville eigenvalue problems 45

Here we discuss Sturm-Liouville problems that have the following form

(p(@)y'(2)) + q(2)y(z) = f(z), a<z<b (4.21)

with boundary conditions (BC) at © = a and x = b. Take z = a for example, three

types of linear boundary conditions are often used.

(a). The solution is prescribed, that is, y(a) = « is known. It is called a Dirichlet
BC.

(b). The derivative of the solution is prescribed, that is, y'(a) = § is known. It is
called a Neumann BC. Note that the solution is unknown at z = a.

(c). The BC is prescribed as ay(a) + By’ (a) = v with 8 # 0. It is called a Robin
or mixed BC.

We can write down a uniform form of the three boundary conditions at the two
ends as

e ciy(a)+ c2y/(a) = b, A+ #0;

o diy(b) + day'(b) = by, d? +d3 # 0.

The notation c% + c% # 0 means that ¢; and ¢y cannot be both zero simultaneously.
The ordinary differential equation (ODE) is called a self-adjoint ODE. Note that
p(@)y" (z) + w(x)y'(z) + q(z)y(xz) = f(x) is not a self-adjoint ODE unless it can be
transformed to the standard form (p(z)y'(z)) + q(z)y(z) = f(z).

A Sturm-Liouville problem will have a unique solution if both p(x), ¢(x), and
f(z) are continuouﬂ and p(x) > po > 0 and ¢(z) < 0 with suitable boundary
conditions, for example, a Dirichlet BC at one of two ends. However, here we are

more interested in problems below that have multiple solutions

/

(r@)'@) + (a@) +0@)y@) =0,  a<az<b,
c1y(a) + coy'(a) = 0, A+ci#0, (4.22)
diy(b) +day'(b) =0, di +d5 #0,

with both y(z) and A being unknowns. Such problems are called Sturm-Liouville
eigenvalue problems. Note that the ODE and the boundary conditions are all
homogeneous and r(x) is a weight function.

3These conditions can be lessened in high level mathematics.
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Apparently y(z) = 0 is a solution, called a trivial solution. We can find some
A such that the problem has non-trivial solutions. In a Sturm-Liouville eigenvalue
problem, we want to find both an eigenvalue A, and a corresponding eigenfunction
yr(z) # 0 that satisfies both of the ODE and the boundary conditions. We call
such ((A\,yx(z)) an eigenpair of the S-L eigenvalue problem.

Example 4.8. Solve the eigenvalue problem

y' +Ay=0, 0<z<m,

Solution: In this example p(z) =1, g(z) = 0, and r(x) = 1. The roots of the
characteristic polynomial of the ODE are £+v/—A\. If A < 0, then the solution is

y(x) = CreV ™" 4 Che™ VA",

Plugging the boundary conditions y(0) = y(7) = 0 into the above, we get
Ci+Cy =0, Cle\/j)\ﬂ— + C’ge_‘/j” =0.

The only solution is C; = 0 and Cy = 0, which leads to a trivial solution y(x) = 0.
Similarly if A = 0, then y(z) = Cy + Cyz, which again leads to y(x) = 0 using the
boundary conditions.

However, if A > 0, then the general solution is
y(x) = Cy cos Vx4 Cosin vV Az

The boundary condition y(0) = 0 leads to C; = 0. Thus y(z) = CysinvAz.
The second boundary condition y(7) = 0 leads to Cysinv/Ar = 0. When does
sin(z) = 07 We know that = 0, or 7, or 27, or ---, and so on, which leads to

x = nm. Thus, we get
\szmr—>>\:n2, n=12---.
Note that n = 0 leads to a trivial solution and should be discarded. The solutions

to the eigenvalue problem are

A\p = n?, yn(x) = sinnzx, n=12---

Usually, we do not include constant C5 term since eigenfunctions can differ by

constants. Note also that the eigenfunctions {sinna} is an orthogonal set in (0, 7).
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Class practice
Solve the eigenvalue problem

y' + =0, 0<xz<l,

The solution is A, = (n7)? and y,(r) = sinnmx, for n = 1,2,---.

4.3.1 Regular and singular Sturm-Liouville eigenvalue problems

Consider again a Sturm-Liouville eigenvalue problem,
(p(@)y' (@) + (al@) + Ar(@)y(2) =0, a<z<b,
ay(a) +e2y'(a) =0, (e1)® + (e2)® #0, (4.23)
diy(b) + day'(b) =0, (dr)? + (d2)? # 0.

Mathematically we require

1 p(x), q(z) and r(x) are all continuous, or p,q,r € Cla,b] for short.
2 p(z) > po > 0and r(z) >0 for a <z <D,

where pg is a positive constant. Such a problem is called a reqular Sturm-Liouville
problem. For a regular Sturm-Liouville eigenvalue problem, the eigenfunctions are
all continuous and bounded in (a, b). From advanced differential equations theories,
we require p(x) is continuous and non-zero in (a, b) so that the ordinary differen-
tial equation remains to be a second order ODE. If the conditions, especially, the
condition on p(z) is violated, we called the Sturm-Liouville eigenvalue problem, a

singular problem. Below are some examples:
y' 4+ dy=0, —1<z<1, regular;
() + =0, —1<z<1, singular at x = 0;
(1=2%y) + y=0, —1<z<1, singularatz=+1.
Sometime, we need some effort to re-write a problem to have a standard Sturm-

Liouville eigenvalue form to judge whether the problem is regular or singular.

Example 4.9. 2%y” +2xy’+ Ay = 0 can be written as (z2y') +2xy’ + \y—2zy’ = 0,

which is (zy')' + Ay = 0. The eigenvalue problem is a regular in an interval (a,b)
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that does mot contain the original, and that the zero is not one of two end points.

Otherwise it would be singular.

Example 4.10. We can divide by z* for zy" —y'+Azy = 0 to get 1y — Ly/+ )y =
0 which is (%y’)/ + Ay = 0, which is a standard S-L eigenvalue problem. The
discussion in the previous example about whether the problem is reqular or singular
also applies to this S-L eigenvalue problem.

Below we present an example for a different boundary condition, a Neumann
boundary condition at x = b.
Example 4.11. Solve the eigenvalue problem

Y +dly=0, 0<z<m,

Solution: From previous examples, we know that the solution should be
y(x) = Cysinv/Az. Thus the derivative is /() = Cov/Acos vV Az. From ¢/ () = 0
we get i (m) = cos VAr = 0. Thus, the eigenvalues are

1 1 ?
\/X7T<2+TL>7T, n:0,1,2,-~-, - An(+n) )

2
. (1
Yn(z) = sin (2 + n) x.

Question: Can we take n = —-1,n=-2,---7

The eigenfunctions {sin(3 + n)x}zozo form an orthogonal set that can be used
to solve the wave equations us = c?u,, with the boundary condition u(0,t) = 0
and %(T(,t) = 0 on the interval (0, ).

Example 4.12. Solve the eigenvalue problem with a mixed boundary condition

(also called a Robin BC)

y' +Ay=0, 0<z<1,

y(0)=0, yl)+y (1) =0.

Solution: From previous discussions, we know that the solution should have
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the form

y(z) = y(z) = C cos(VAzx) + Casin(vVAz),
y'(z) = vyen Sin(ﬁx) + VA, Cos(ﬁx).

From 3/(0) = 0, we conclude that Cy = 0 since VA = 0 implies a trivial solution
y = 0. From the mixed boundary condition we have

C’1<COS\&—\f)\Sinxﬂ):O7 or cosVA—VAsinvVA=0, = cotVA=VN\

200

100+ ] |
50

0 A y HLM i MLM i }l
0 50 100 150

Intersections of y(x)=x and y(x)=cot(x)

N

| ‘ \ |
0 \ 1 A \ \‘ \ Al
o 2 4 6 8 10 12
X

Figure 4.2. Plots of y = v and y = cotxz. The intersections are the
squares of eigenvalues of A\,. Note that round-off errors from the computer and the

effect of the singularities of cotx at kw, k=1,2,---, are visible.

There is no closed form for the eigenvalues, which are zeros of a non-linear
equation. But we do know that the squares of the eigenvalues are the intersections of
the graphs of y = z and y = cot z in the half plane x > 0. There are infinite number
of intersections in the first quadrant at: a; =0.86---, ap =3.43---, a3 =6.44---.
The eigenvalues are \, = a2, and the eigenfunctions are y,(z) = cos \,z. In

Figure £.2] we show two plots of y = z and y = cotz. The intersections are

ap = VAp.
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4.4 Theory and applications of Sturm-Liouville
eigenvalue problems

For a regular Sturm-Liouville eigenvalue problem,

!’

(p@'@) + (a@) +3(@)y@) =0,  a<w<b
cry(a) + oo/ (@) =0, A+ R #0, (4.24)
diy(b) + doy'(b) =0, di+d3 #0.

Assume that all p(z), ¢(z), r(x) € C(a,b) are real functions, p(x) > py > 0, r(z) >
0, fab r(z) > 0. Then we have the following theorem.

Theorem 4.2.

1 There are infinite number of eigenvalues, which are all real numbers. We can

arrange the eigenvalues as

AM < A< n <A, <o e, lim A, = oo. (4.25)

n—oo

Furthermore, If q(z) < 0, then all the eigenvalues are positive A, > 0 for
n=12---.

2 The eigenfunctions y1(x), y2(x), -+, yn(x), -+, form an orthogonal set with

respect to the weight function r(x) on (a,b), that is
b
/ Ym (T)yn ()7 (x)dx = 0, if m#n. (4.26)

3 For any function u(z) € L%(a,b) that satisfies the same boundary condition,

u(z) can be expanded in terms of the orthogonal set {y,(z)} —, that is,

b
oo w(@)yn (z)r(z)de
u(z) = Z Anyn () with A, = /“ v . (4.27)
n=t yn(@)r(z)dz

a

Sketch of the proof of the orthogonality: Let yx(x) and y;(z) be two

distinct eigenfunctions corresponding to the eigenvalues of A; and );, respectively,
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that is,
(pyg-)l + ( q+ Ajr) y; =0, (4.28)
(pyk)l + ( q+ )\kr) yr = 0. (4.29)

We multiply (4.29) by y;(z) and multiply (4.28)) by yx(z); and then subtract the
two to get

Yk (pyé-)l Y (py;)/ + (Aj = Ae)ryjye = 0. (4.30)

Integrating above from a to b leads to

b b
(A — Ak)/ Ty ypde = / yr ((pv))" = yi(pyy)") de.

Applying integration by parts to the right hand side and carrying out some manip-

ulations, we get

b
(=) [ raseds = p(e)y; 0ue®) - Pl G )
= p(a)y;(a)yx(a) + pla)y;(a)y;(a).

From the boundary condition at z = a we have

yi(a)  yj(a) a | _ 0
yr(a) yi(a) C2 0
Since ¢? + ¢35 # 0, we must have that the determinant of the 2 x 2 coefficient matrix

must be zero, that is, y;(a)yx(a) —y;(a)y;.(a) = 0. Since p(a) # 0, we conclude that
p(a)y;(a)yx(a) — pla)y;(a)y;(a) = 0.

By the same derivation at x = b, we also have
P(b)y; (b)yr (b) — p(b)y; (b)y (b) = 0.

Thus, we have (A; — Ag) f; ry;yrdx = 0 and since A\; # A, we conclude that
f; ry;yrdx = 0. This completes the proof.
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4.5 Application of the S-L eigenvalue theory and
orthogonal expansions

Let us revisit the initial and boundary value problem of one-dimensional wave equa-

tions,
0%u 232
87527 952 O<z<L,
u(0,t) =0, u(L,t) =0,
ou
U(O,t):f($)7 E(x70):g(x)7 O0<z <L,

for general f(x) and g(x). As discussed at the beginning of the chapter, the solution

can be expressed as a superposition of normal mode solution,

t
Zsm— (b cos 1 +b* i anW ) (4.31)

that satisfies the PDE and the boundary conditions. The coefficients of b,, and b},
are determined from the initial conditions u(x,0) = f(z) and us(z,0) = g(z). Using

the orthogonal expansion process, we have

o) ) L
0) = an sin ?, = b, = Z/o f(z)sin nLﬂdx,
n=1

au( 0) = . nmx p T cnmt 4 T enmt
—(z,0) = sin — | —b, ——sin —— cos
ot = L "L L "L L )’
cnﬂ't « CnT 2 L nwT
= by =— in —dz.
Zsm " g(x)sin 7dz

Thus, the coefficients b,,’s are the coefficients of the orthogonal expansions of u(z,0) =
f(z) in terms of the eigenfunctions; while the coefficients b}, are the coefficients of
the orthogonal expansions of u;(x,0) = g(x) in terms of the eigenfunctions differed

by some constants.

Solution to the 1D wave equation with homogeneous BCs

= . nmx entt . . onmt
u(z,t) =) sin A by, cos I + b, sin 7

n=1

2 L nmwT

9 (L
b, = Z/o f(zx)sin ?d:p, by =— [ g(x)sin de
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Example 4.13. Solve the wave equation,

Pu *u
w:@, O<.T<1,

u(0,t) =0, u(1,t) =0,

u(z,0) =

Solution: In this example, ¢ =1, L = 1, and g(z) = 0, we have b} = 0 and

1 1
3 2 2 3
b, = 2/ f(z)sinnrzdr = 2/ sinnradr = —— cosnrz|
0 0 nmw 0
2
=—— (cosn—ﬂ—1> = 2 (1—cosn—w>.
nmw 2 nmw 2

The solution to the wave equation is

(oo}

2

u(z,t) = Z — (1 — cos %) sin nma cos nrt.
n=1

We know that the series is convergent in the interval (0, 1). In Figure we show
several plots of the partial sums defined as

2
nmw

] =

Sp(z) = (1 — cos %) sin nwx cos nrt. (4.32)

1

3
Il

with N =1, N =5, and N = 75 at t = 0. The series approximates the function
u(x,0) well in the interior of continuous regions when N is large enough but oscil-
lates at © = 0 as well as at the discontinuity x = 1/2, which is called the Gibb’s
phenomena. In the Maple file, one can use the animation feature to see the evolu-
tion of the solution with time ¢. It is interesting to observe how the discontinuity

moves.
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Figure 4.3. Plots of the series approzimations (partial sums) of the initial

condition to the wave equation.

Example 4.14. Solve the 1D wave equation

0?2 H?
—atg:&—a Z, 0<z<l,
X

u(0,t) =0, u(l,t) =0,

ou

1
u(z,0) =sinmz — 3 sin 2wz + 3 sin 3mz,

Solution: For this example, the initial conditions u(z,0) = f(z) and u;(z,0) =
g(x) are some normal modes and in the expansion forms already. Thus, the solution

is a combination of normal mode solutions,

1 1
u(z,t) = sinwz coswet — 3 sin 27z cos 2mct 4 3 sin 37z cos 3mct.
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4.6 Series solution of 1D heat equations of initial
and boundary value problems

We use the method of separation of variables to solve,

ou 5, 0%u
i B I
;= o 0<a <L,

u(0,t) =0, u(L,t) =0,
u(0,t) = f(z), 0<z<lL,

for a general f(x) € L?(0,L). The PDE is called a one-dimensional heat equation.
Note that there is only one initial condition. From the initial and boundary con-
ditions, we should have f(0) = u(0,0) = 0 and f(L) = u(L,0) = 0. If these two
conditions are satisfied, we call the initial and boundary conditions are consistent,
which is not always true in some applications. The method of separation of variables
includes the following steps.

Step 1: Let u(x,t) = T(¢t)X(x) and we plug its partial derivatives into the
original PDE so that we can separate variables. The homogeneous boundary con-
ditions require X (0) = X (L) = 0. Differentiating with u(z,t) = T'(¢)X (z) with ¢

and x respectively, we get

ou . ou , *u
_roxer  Xorexe. 2

The 1D heat equation can be re-written as

= T()X" (z).

/ _ 2 i ") X'"(z) _
T'OX() = FTOX' @) = res =S5 =~ (4.33)

where A is a constant for given x and ¢. This is because in the last equality, the
left hand side is a function of ¢t while the right hand side is a function of x, which
is possible only both of them are a constant independent of ¢ and x. We need
to decide which is an eigenvalue problem that we can solve. Since we know the
boundary condition for X (x), naturally we should solve
X/I(l,)
X(x)

=X or X'(2)+AX(z)=0, X(0)=X(L)=0  (4.34)

first.

Step 2: Solve the eigenvalue problem. From the Sturm-Liouville eigenvalue
theory, we know that A > 0. Thus, the solution is

X"(z) = Cy cos VAz + Cysin Vz.
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From the boundary condition X(0) = 0, we get C; = 0. From the boundary
condition X (L) = 0, we have

CysinVAL =0, = VAL=nr, n=12--,

since Cy # 0 for non-trivial solutions. The eigenvalues and their corresponding

eigenfunctions are

2
/\nz(%> ) Xn(x):sinn—zx, n=12---.

Next, we solve for T'(t) using
T'(t) + N\, T(t) = 0, (4.35)

. 2 . . .
with known A\, = (%) . The solution is (not an eigenvalue problem anymore since

we have already known \,,)
T.(t) = bnefczk"t = bnech(%)zt.

Put X,,(z) and T,,(t) together, we get a normal mode solution

un(x,t) = bpe® () sin ?, (4.36)

which satisfy the PDE, the boundary conditions, but not the initial condition.

Step 3: Put all the normal mode solutions together to get the series solution.

The coefficients are obtained from the orthogonal expansion of the initial condition.

The solution to the 1D heat equation can be written as
Nt NTT _ 2/nx\2
)= bysin——e ¢ (L) 4.37
) ; sin ——e (4.37)

which satisfies the PDE and the boundary conditions. The coefficients of b,, are

determined from the initial conditions u(z,0),

0) = an sin ?, = b, = Z/o f(z)sin nLﬂdx.
n=0

Series solution to the 1D heat equation is

o
nrx a nwx
u(z,t) = an sin —— ¢~ (T, / f(z)sin —dx.
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Example 4.15. Solve the 1D heat equation with homogeneous boundary conditions
in the interval (0, 7) and the initial condition u(x,0) = 100. What is the limit of
lim u(x,t)?

t—o0

Solution: We use the formula above to find the coefficients of the series

2 (" 200 " 20001 —
by, = f/ 100 sin(nx)de = —— cos(nx)| = M.
T Jo nw 0 nw
Thus, the solution is
> 200 (1 — cos(n)) . 2t
t) = n’t,
u(z,t) nz::l s sin(nz)e

Furthermore, we can easily show that tli>nolo u(z,t) = 0.

In Figure we show plots of several partial sums of the initial condition
with N =1, N = 5, and N = 175. In the middle, the series approximate the
function very well when N is large enough but oscillates at two end points, which
is called the Gibb’s phenomena. However, for heat equations, the oscillations will
soon be dampened and the solution becomes smooth with the time. In the Maple

file, one can use the animation feature to see the evolution of the solution.
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Figure 4.4. Plots of the series approximations to the initial condition

uo(z,0) = 100.

4.7 Exercises

E4.1 Find all values of b such that the following two functions are orthogonal
functions with respect to the weight function w(z) = e~ * on the interval
O<z<m,

fi(@) = cos(bx),  fa(x) = e”.

nrz )Y X 2rx imx Nrx
E4.2 Given {cos} :{17cos,cos,~- ,CO08S —, - -+ ,COS } .
p n=0 p p p p

(a). Show that the set forms an orthogonal set in (—p, p). Hint: cosacos =

% (cos(a + B) + cos(a — B3)).
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(b). Find the L? norm || f|z: = 1/ffpr(:c)daj of f(z) =1 (n = 0) and
f(x) = cos oL (other n).
p
(c). Find the orthogonal expansion of f(x) = |z| in terms of the orthogonal
set in (—p, p).
Hint: /xcos azdz = 22047 + coszam.
a a
E4.3 Determine the constants a and b so that the functions 1, z, and a + bz + x>
are orthogonal on (—1, 1). Find the orthogonal function expansion of sin x or
cosz (choose one), for example,
sinz ~ oy 4+ a0z + as(a + bx + x?)
after you have found a and b. Plot the function sinx and the approximation
together.
E4.4 Let {¢,(x)}22; be a set of orthogonal functions with respect to a weight
function w(z) in an interval (a,b).
(a). What does this mean?
(b). If f(x) = Z an®rn(x), then find the integral formula for a, in terms of
n=1
the appropriate functions.
E4.5 Find all the eigenvalues and eigenfunctions of the S-L. problem. Show all the
cases and process.
y' +dy=0, 0<uxz<m/2;
y(0)=0, y'(r/2)=0
Also answer the following questions:
(a). Can the eigenvalues of regular S-L be complex numbers?
(b). Are there finite or infinite number of distinct eigenvalues?
(c). If ym(x) and y, (z) are two eigenfunctions corresponding to two different
eigenvalues A\, and \,, what is the result of foﬂ/g Ym (2)yn (x)dx?
E4.6 Expand f(z) = 22 in terms of orthogonal set {cosnmz}>2,, {sinnmz}>,,

and {1, cosnmx, sinnwx}or, in the interval (—1, 1). Thus, there are three
expansions. Can we expand the function in the interval (—m, 7) in terms of
those functions? Why?
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E4.7

E4.8

E4.9

Check whether the following Sturm-Liouville eigenvalue problems are regular
or singular; and whether the eigenvalues are positive or not. If the problem is
singular, where is the singularity?

(@). (L+2%)y) +Ay=0, y(0)=0, y(3)=0.

(B). 2" +y +Ay=0, yla)=0, yb) =0, 0<a<hb.

(c). 2y" + 2y +Ay=0, y(1)=0, ¢'(2)=0. Hint: Multiply by z.

(d). 2y’ —y' +Azy =0, y(0)=0, ¢'(5)=0. Hint: Divide by z2.

(). (1—a?)y) —2zy' +(1+Az)y=0, y(-1)=0, y(1)=0.

Hint: First you need to re-write the problems as the standard Sturm-Liouville

eigenvalue problems if possible.

Find out the eigenvalues and eigenfunctions of the Sturm-Liouville eigenvalue

problem. It is encouraged to use computers to plot first three eigenfunctions.

(@). y"+Ay=0, y(
(b). " +Ay=0, y(
(€).- ¥"+Ay=0, y'(0)=0, y(dr)=

(d). ¥+ Ay =0, y(0)=0,

(). ¥ +Xy=0, y(0)+4(0)=0, y(4dr)=0.
(£)- ¥"+Ay=0, y(0)=0, y(dr)+y'(47m)=0.

Find out all eigenvalues and eigenfunctions of the Sturm-Liouville eigenvalue

problem.

v +xy=0, 0<z<p,

Plot first three eigenfunctions with p = 1/2, p = 2. Also answer the following

questions:

(a). Can the eigenvalues of regular Sturm-Liouville eigenvalue problem be
complex numbers?

(b). Are there finite or infinite number of distinct eigenvalues?

(c). If ym(x) and y, () are two eigenfunctions corresponding to two different
eigenvalues \,, and \,, what is the result of fé) Ym () yn (x)dx if m #£ n?
How about f0p/2 Y (7)Y (2)d?
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2 2
E4.10 Solve the 1D wave equation a—tg = 487126 according to the following conditions:
x
. _, Ou
(a). The Cauchy problem —oo < x < co with u(z,0) = ze™7, E(x,O) =

—X

e

(b). The boundary value problem u(0,t)

u(z,0) = sin(4rx), %

0, u(2,t) =0, 0 <z < 2 with
(z,0) = sin(4rx).

(c). The boundary value problem u(0,t) = 0, u(2,¢t) =0, 0 < z < 2 with
u(z,0) =z, %(x,O) =2
. Ou 0%u .
E4.11 Repeat the problem for the 1D heat equation T 4W according to the
x

following conditions:

(a). The boundary value problem «(0,¢) = 0, u(2,t) =0, 0 < x < 2 with
u(z,0) = sin(4rx).

(b). The boundary value problem u(0,¢) = 0, u(2,t) =0, 0 < 2 < 2 with
u(z,0) = x.
E4.12 Solve the 1D wave equation O 0282u ith 8u(() t) =0, u(L,t)=0
. v wav — = ¢*— with — = =
a o 02 oz L
and the initial condition u(z,0) = f(z), a—?(x, 0) = g(x). Find the solution

1 ifo<z<l,
when ¢ =3, L =2, g(z) = 1, and f(z) =
0 ifl<z<2.

2
E4.13 Solve the 1D heat equation % = 02% with »(0,t) =0, %(L,t) =0 and
x x
the initial condition u(z,0) = f(z).

(a). Let u(z,t) = X (x)T(t), derive the equations for X (x) and T'(¢).
(b). Solve the related Sturm-Liouville eigenvalue value problem for X (x) first.
(c). Solve for T'(t) using the eigenvalues above.
(d). Find the series solution to the 1D heat equation.
1 if0<z <,

(e). Find the solution when ¢ =3, L =2, and f(z) =
0 if1<x<2
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Chapter 5

Various Fourier series,
properties and

convergence

We have seen that {sin %} and {cos ”—zz} play very important roles in the series of
solution of partial differential equations of boundary value problems by the method
of separation of variables. While these orthogonal functions are obtained from
Sturm-Liouville eigenvalue problems, they should have reminded us of Fourier series
in which {sinna} and {cosnz} are used. Fourier series have wide applications in
many areas of sciences and engineering particularly in electro-magnetics, signal
processing, filter design, and fast computation using fast Fourier transforms (FFT).
In this chapter, we will introduce various Fourier series, discuss the properties and
convergence of those series. We will see three kinds of Fourier expansions of a

function f(x):

1 General Fourier expansions in (—L, L)
> nwx nwx
f(l’) ~ ag + 7; <Cln CcOs T + bn sin T) ) (51)

When L = m, we obtain the classical Fourier series. The reason to use ag

rather than ag can be seen later.

2 Half-range sine expansions in (0, L)

f(x)Nansm?; (5.2)
n=1
3 Half-range cosine expansions (0, L)
f(z) ~ao+ > aycos ? (5.3)
n=1
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5.1 Period, piecewise continuous/smooth functions

We know that sinz,cosz,sin 2z, cos2x,--- , are all period functions. The above
three types of Fourier expansions all involve sine and cosine functions that are

periodic. What is a period function? A function repeats itself in a fixed pattern.

Definition 5.1. If there is a positive number T such at f(x +T) = f(x) for any

x, then f(x) is called a period function with a period T.

According to the definition, f(x) should be defined in the entire space (—oo, 00).
Also, if f(z) = f(x+T), then f(z+2T)= f(z+T+7T) = f(x+T) = f(x); and
2T is also a period of f(z). To avoid the confusion, we only use the smallest such

a T > 0, which is called the fundamental period, or simply the period, for short.
Example 5.1. Find the period of sinx,cosx,tanx, and cotx.

The period of sinz, cos z is 27, while the period of tan x, cot z is 7.

Example 5.2. Are the following functions periodic? If so, find the period of the
functions,

cosTx, sinx + tanx, sinx + cos > sinx + x, cosmz.

1 Yes, cosma = cosm(x + T) = cos(rz + nT'); so the period is T' = 2.

2 Yes, the sum of two periodic functions is still periodic; the period is the larger
one, T' = 2.

3 Yes, sina 4 cos 2 = sin(z + T) + cos ZtL. Since the period of the second

function is T'/2 = 27, we conclude that the period is T = 4.
4 No, since z is not a periodic function.

5 Yes, from cosmz = cosm(z + T) = cos(mz + mT), we know that mT = 2m;

2
thus the period is T' = il
m

Note that if f(z) = C, then it is a periodic function of any period including
the zero. From the above example, we also know that the set {1, cos £}, has a

common period T' = 2L, the largest period of all cos 7* for all n’s.

Example 5.3. Let f(x) = x —int(x) = x — [z], where [z] is called a floor function,
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which means that [x] is the greatest integer not larger than x, for example, [1.5] =1,
[0.5] = 0, [-1.5] = —2, or the integer toward left. Then f(zx) is a period function
with period T = 1. The period function can be expressed as

flx) = =, if 0<z<1,
(5.4)

= x— [2], otherwise,

or simply f(z) = f(x+1) outside [0, 1]. Often it is enough to write down the func-
tion expression in one period and state that the function is periodic with the period

specified. Figure[5.1] (a) is a plot of the integer (floor) function while Figure[5.1] (b)
is a plot of the fraction part function that is a periodic with period T = 1.

(a) (b)

5 The floor function f(x)=[x] 12 The fractional part of x, f(x)=x-[x]
1.5 (L o
J ° o |
081
0.5
0 o © 4 0.6
0.5 1 04}
1 —o
0.2F
-15
2 f0———© or °
-25 -0.2 -
2 -1 0 1 2 -2 1 0 1 2
X X

Figure 5.1. Plots of some piecewise continuous functions. (a): the inte-
ger (floor) function that is not periodic. (b): the fractional part of x that can be

expressed as f(x) = x — int(x) which is periodic with period T = 1.

Example 5.4. The sawtooth function is defined by

(—m—z) if —7m<zx<0,
f(z) = (5.5)
(m —x) fo<z<m,

N|—=

1
2
and f(x) = f(x + 27), see Figure (b) for the function plot along its Fourier

series and sum partial sums. Note that sometime it may be easier if we use the

expression in the interval (0,27) since it is one continuous piece as

fla)=3(mr—ux), 0<uz<2m,
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and f(x) = f(xz + 27). Figure s a plot of the sawtooth function whose Fourier

series and some partial sums are plotted in Figure [5.6

The sawtooth function

iy
T

0.5

o

-05 ¢

'
iy
T

Figure 5.2. Plots of the sawtooth function that is periodic with period T = 2.

Piecewise continuous/smooth functions

If a function f(x) is continuous in [a, ], then for any ¢ € [a, b], we have ml;n;ﬂ flx) =
f(zg). We call that f(x) is in the continuous function space (set with operations)
denoted as f(z) € Cla,b]. It is obvious that functions: sinz, cosz,x® + 1, and their
linear combinations are continuous functions in any interval [a,b]. The functions
f(z) = 1/z is discontinuous at « = 0, but is continuous on any interval that does not
contain the origin. Note that 1/z is continuous on (0, 1] but not [0, 1]. The function

tanz is continuous on [0, 1] but not on [0, 5] since the left limit lim f(z) = ooc.
=5 —
From these examples, we should see the difference between ‘[’ (included) and ‘(’
(not included) in describing an interval.
If there are finite number of points 1, x2,- -+ , 2y in [a, b] at which a function
is not continuous, but has finite left and right limits, that is

lim f(z) = f(z;—) and lim f(z) = f(2;+)

T—T;— T—T;+

exist but f(z;—) may not be the same as f(z;+), then such a function is called
a piecewise continuous function in (a,b), or precisely, a piecewise continuous and
bounded function. Below is an example of a piecewise continuous and bounded
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function.

0 if —co<z<0,
Example 5.5. The Heaviside function H(z) = is a piece-

1 if 0<z< 0,
wise continuous function, which is also called a step function.

Figure the floor function and the fractional part function, and Figure [5.2
the sawtooth function, are some examples pf piecewise continuous functions. Pay
attention to when we use little hollow o’s, and little filled o’s.

If f(x) is a continuous function on an interval (a,b), but f’(x) is piecewise
continuous on (a,b), then f(z) is called a piecewise smooth function on (a,b). Below

is an example.

L=z df |2 <1,
Example 5.6. The hat function h(z) =
0 otherwise,

is continuous but non-differentiable at = 0 in the classical definition of derivatives.
The derivative of the has function is

0 if |z| > 1,
R)y=< 1 if —1<z<0,

-1 if 0<z<1,

which is discontinuous at = —1, x = 0, and x = 1. It is obvious that the
hat function is a piecewise smooth function, while h/(z) is a piecewise continuous
function, which is also a step function. Figure shows a plot of the hat function
at the left, and the derivative of the hat function at the right.

Properties of period functions

The set of all period functions with the same period T" form a linear space. That is,
let f(z) and g(z) be two period functions of period T, then w(z) = af(z) + Bg(z)
is also a period function of period T'. Note again that a period function is defined
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(a) (b)

The hat function The derivative of hat function
[
1l . o0
081 051
06}
o—9
04r
ozl 0.5
o———= Al o ¢
2 ] 0 1 2 2 1 0 1 2
X X

Figure 5.3. Plot of the piecewise smooth hat function and its derivative.

(a): the hat function; (b): the derivative of the hat function.
in the entire space —oco < x < c0.

Theorem 5.2. Let f(z) be a period function of period T and integrable, then

/OT f(z)dz = /:+T f(x)dx (5.6)

for any real number a.

Proof: To prove the theorem, we just need to show that f:+T f(x)dx is a
constant function of a. Therefore, we define F(a) = f:+T f(z)dz and take the
derivative with respect to a to get,

P~ fa+ 1) - sy =0
Thus, F'(a) must be a constant, so F(0) = F(a) = F(=T/2) = -- -, which leads to,

/OT f@)de = /GHT F2)dz = /+T F@)da.

Often we prefer to use the period that
e f(x) is a continuous piece;
e integration starts from the origin (a = 0);

e integration from a symmetric interval (—%7

vl

).
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5.2 The classical Fourier series expansion and partial
sums

Let f(z) be a periodic function of 2 and f(x) € L?(—m, 7). The classical Fourier

series expansion of f(x) is defined as

fz) ~ap+ i (an cosnz + by, sinnz) . (5.7)

n=1

The coefficients @g, {a,} and {b,} are called the Fourier coefficients and can be

computed from the following formulas,

1 [" 1 /"

Gy = ) f(z)dz, an = — B f(x) cosnz dx, (5.8)
1 (7 .

b, = — f(x)sinnz dz, n=12---. (5.9)
™ —T

Note that ag has different formula from other a,,’s by a factor of 2. We can use the

same formula if we use

a0 | o :
f(z) ~ 5 + nz::l (an cosnx + by, sinnzx) . (5.10)

We list a few applications of the Fourier series below:

e Express f(x) in terms of simpler trigonometrical functions;

e Provide an approximation method for evaluating f(z) using the partial sum
defined as

N
Sn(x) =ag + Z (an cosnz + b, sinnzx) , (5.11)
n=1
as used in many computer packages for a given number N. We hope that
lim Sy(z) = f(z);
N—oc0
e Basis for several fast algorithms such as Fast Fourier Transform (FFT);
e Used for spectral (frequency) analysis, signal processing, filters, etc.

Note that if x is a time variable for some physical applications, we call that
f(z) is defined in the time domain, while {a,} —,, {bn} -, are defined in the

frequency domain.
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Classical Fourier series of f(z) € L?(a,b):

(e 9]

f(z) ~ % + Z (an cosnx + b, sinnx),
n=1 (5.12)
1 [7 1 /"
a, = —/ f(z)cosnxdx, b, = —/ f(z)sinnzx dx.
T ) T ),

Example 5.7. Find the classical Fourier series of f(x) = x.

Solution: We may wonder f(z) = z is not a periodic function and why it
can have a Fourier expansion. In fact, we only use part of f(z) = z in the interval
(—m,7) and disregard the rest (truncation ). We then use the piece of f(x) = x in
the interval (—m, ) to generate a periodic function (extension),

x if |z| <,
fl@) =9 .
f(x 4+ 2m) otherwise,

to get a periodic function that is identical to f(x) in the interval (—m, ), see Fig-
ure for an illustration. The function f (z) is piecewise continuous and bounded
with discontinuities at x = +2nm,n = 1,2,---. We use the formula to calculate the

Fourier coefficients,

a=_| fl@de=0, an=c | flzjeosnzdr=0, n=12,

—T —T

since f(x) and f(x)cosnx are odd functions. Furthermore, we have

1 [ 2 (7 2 T 2
by, = f/ xsinnxdr = 7/ rsinnezdr = ——xcosnz| = (—1)"T1=,
0

T ) _x T nmw 0 n

Thus, we get
. 2 2 1
x ~ ng_l(_l)m—lﬁ sinnz = 2sinz — sin 2z + gsin?)x - isin4x +e-

From the formula (5.12)), we can have the Fourier series for any function f(z)
on (—m, ) literally as long as those integrations in the formula are finite. But the

series may or may not converge, or converge to a value that is different from f(z).
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To discuss the convergence of a Fourier series, we use the partial sums defined as
before,

N
Sn(z) = f(x) ~ % + Z (an cosnz + b, sinnz) . (5.13)
n=1
If the limit ]\}im Sn(z*) = S(z") exists, then S(z*) is defined as the value of the
—00
series at x*.

In Figure (a), we plot the function f(xz) = 2 and a few partial sums of its
Fourier series, S1(z), S5(z), Ss5(x) using the Maple. Figure (b) is the function
plot and the series plot in the interval (—3m, 37). From the figure, we can see that
the partial sum Sy (z) has the following properties:

1 converges to f(z) in the interior of (—m,7) as N — oo;

2 its value at # = £n is not the left or right limit of f(z), rather than its

average, for example, at z = T,

)
)
+

<
)
X

li = I .14
i Sn () 5 0; (5.14)
3 Sn(z) oscillates at the discontinuities £2n7, n = 1,2,---. It is called the

Gibb’s phenomenon.

Note that the series itself is not oscillatory and it is identical to f(xz) = x in the
interval (—m, 7), and it is zero at = =7 which is the average of the left and right

limits of the new period function f(ac), the same as the value of partial sums at
x = £, see Figure (b).

Example 5.8. Find the classical Fourier series of f(x) = 10sinz + 5sin 6z +
1

5 cos 30z.
Solution: The Fourier series of f(x) is itself with agg = 0.5, by = 10, bg = 5.
In Figure [5.5] we plot of the function and can see clearly the three frequencies and

their strengths that agree with the function.

Example 5.9. Find the Fourier series of the sawtooth function f(z) = i(m — x),
0<z<2m flr+2m) = f(z).

Note that f(x) is an odd function in the interval of (—m,7), thus a,, = 0, for
n =0,1,---. For the coefficients of b,, it is easier to use one continuous piece in
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—~
5
~
—~
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6l Plot of x and its Fourier series
8t ’
44 6r
|
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f 81
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Figure 5.4. (a): Plots of function f(x) = = and some partial sums S1(z),
Ss(x), Ss5(x) of the Fourier series of the function. (b): Plots of the Fourier series
of f(x) whose values at x = £3w, £ are zero, and f(x) = x, the dotted line. Note

that the two functions are identical in (—m, 7).

10

Figure 5.5. Plot of f(x) = 10sinx + 5sin bz + %0053030. We can see

clearly three different frequencies.
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(0,27) to calculate the coeflicients by,

1 [ . 1 (21 .
b, = — f(z)sinnede = = — (7 — x) sinnx dx
T J_x T Jo 2
1 ™ T cos nx |27 2™ ¢ cosnx
= msinnrdr + ——— — —dx
271' 0 n 0 0 n
_ 1 27 _ 1
T 2rn n

Thus, the Fourier series is, see also Figure[5.2 (a),

sin nx

1 o si 1 1
§(x_w)wzsmnnx :sinx—f—isin2x+§sin3x+c-~-+

n=1

In Figure we plot the function f(z) = (7 — z) of period 27 and a few partial
sums. We observe that the partial sum converges to f(x) = x — 7 except at those
discontinuities at * = 0 and x = +7. Once again, we see the Gibb’s oscillations of
the partial sums around the discontinuities. It is also important to note that the
series converges to f(x) in the interval except at the discontinuities where the value
of the series is the average of the left and right limits which is zero in this case.

There is no oscillations in the Fourier series though!

(a) (b)

The sawtooth function & its Fourier series
s k 15 ‘ : i

i 1
’\ 0 0.5

\ 0 ° °
A -0.5
-1 -1
1.5

-8 L

5 0 5

X
Figure 5.6. (a): Plots of some partial sum of the Fourier series of the
sawtooth function. (b): Plot the sawtooth function and its Fourier series. They are
identical except at the discontinuities where the series is the average of the left and

right limits.
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Example 5.10. Find the Fourier series of the triangular wave.

r4+7m if —w<x <0,
f(x) = (5.15)

m—x 0<zx<m,
and f(x) = f(x + 2mw). Note that we can rewrite the function as one piece as

f(x) = 7 — |z| in the interval (—m,m), which is an even function in (—mw,m). The

function is continuous in the interval and it is piecewise smooth.

Solutions: Note that f(x) is an even function, we have

1 (7 1 /" 1 (m—x)? 77
Go = — de = = B R VA7 R
ao = 5 . f(z)dx 7T/0 (m — z)dx 5 LT3
1 (" 2 [T
ap = — f(@)cosnzde = — [ (7 — x) cosnzdx
™ J_x ™ Jo
2 ((m—z)sinnz|™ 1 [T
= - ((WCE)S]HTLI + 7/ sinnxdm)
™ n 0 n Jo
2 (—cosnz|™\ 2 /1 (-1)"
o n? |,) m\n? n?
2
_ 2 2 if n is odd,
Tl o ifniseven.

We can use one simple notation agy+1 = W to cover both situations.
Thus, we have,

*+Z 2n—|—1 5 cosT(2n + 1)x.

Since f(z) is continuous everywhere, we have the equality in the entire interval! In
Figure we plot the function of the triangular wave f(z) = m — |z| of period 27,
and a few partial sums. We observe that the partial sum converges to f(z) = 7 —|z|
in the entire domain. We do not see the Gibb’s oscillations but round-ups at the
kinks, = 0 and =z = +m.

We can get some identities from the Fourier series. In this example, we have

oo
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T f ¥ 1
-2n _3m - _ n 3n 2n
2 2

wla

L
2

Figure 5.7. Plot of the triangular wave and several partial sums. There
is no Gibb’s phenomenon but round-up at the kinks. The series is identical to the

function of the triangular wave.

which provide an alternative way in computing 7 if we multiply 7 from both sides
and simplify to get

G o S U S N
2 = (2n+1)? 8§ 32 22 72

5.3 Fourier series of functions with arbitrary periods

Given a period function f(z) € L*(—L,L) with f(z +T) = f(x) and T = 2L, we
can also have a Fourier series expansion of f(x) in (=L, L). To derive the Fourier
series for a periodic function of 2L, we use a linear transform to convert the interval
(=L, L) to (—m, 7), apply the Fourier expansion, and then transform back using
the original variable.

Let t = ax and « is chosen such that when x = —L, t = —7, and when x = L,

t = 7. It is easy to get @ = F. Define also f(z) = f(£) = F(t). We can verify that

e
F(t) is a period function of 27 since

F(t+27r):f(t+a27r) =f<i+207:> :f(;+2L> :f<i) = F(1).
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Thus, F(t) has the Fourier series,

F(t) ~ag + Z (an cosnt + b, sinnt) ,

n=1

1 g 1 [7
Gg = | F(t)dt, a, = f/ F(t) cosnt dt,
T

7r —T
1 s
bn:f/ F(t)sinntdt, n=12---.
™ —T
By changing the variable again using ¢ = 7 in all the expressions above, we get

Fourier Series of f(z) with an Arbitrary Period 2L:

a nmx . NTT
f(z) ~ 5 + nZ:; (an cos —— + by, sin T) (5.17)
1 /L
/ f(x)cos —da: by, = I /_L f(z)sin n—zxdx.

In the expression above we have a,, n =0,1,---,---, and b,, n = 1,2,---. Note

that the above formula includes the classical Fourier series if we take L = w. Thus,
it is enough just to remember this formula. Again the partial sum of the Fourier
expansion in (—L, L) is defined as

N
Z (an cos 1% 4 by, sin ?) (5.18)

for a positive integer N > 0.
Example 5.11. Recall that the fractional part of x is a periodic function of period
T =1 and p = 1. The function can be written as f(x) = x — int(x). We can find

its Fourier series in (—1,1).

Using the formula, we have

_ ;/11f(;z:)d93 % (/Ol(erl)dIJr/Ol:L’dI) = %,

1 . 0 1
an:/ f(x)cos—da::/ (m+1)cosn7rwda?+/ x cosnma dr =0,
p 0

-1 -1
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1 0 1
bn:/ f(m)sin@dx:/ (x+1)sin@dfc+/ zsin % dy
1 p —1 p 0 p
0

1
1 1
:/ Sin@dx+2/ xsin@dx:——(1—(—1)")—1——(—1)"
-1 P 0 p nm nm
0 ifn=2k+1,
= 2
~ 2 ifn =2k,
(nm)

Thus, we obtain

In Figure we plot the function f(z) = z — int(x) and several partial sums of
the Fourier series. The Fourier series converges to f(x) in the interior. We observe
the Gibb’s oscillations at the discontinuity at z = 0, and the two end points x = —1

and z = 1.

(a) (b)

1 /) © 1
081
061
(] o
0.4
021
ol p /
-1 -0.5 0 0.5 1
0‘5 1 X

Figure 5.8. (a): Plots of some partial sum of the Fourier series of the
fraction part function, f(x) = x — int(x). (b): Plot the function and its Fourier
series. They are identical except at the discontinuity x = 0 and two end points
x = 1 where the series is the average of the left and right limits of the periodic

function.

Remark 5.1. For the fractional part function example, the period is T = 1, we can

also have the Fourier series in (—%, 1) which will be different from that in (—1,1).



78 Chapter 5. Various Fourier series, properties and convergence

Example 5.12. Ezpand f(x) = |z| in Fourier series in (—p,p) for a parameter

p > 0.

Solution: Note that f(z) is an even function, we have

1 2
—/ |z|dz——/ vde == = :B,
p 2|, 2
1 [P 2 [P
ap = f/ || cos UL - —/ zcos L g
pJop P 2p Jo P
0 if n = 2k,
__® (1 —cosnm) = 4
(nm)? ~ P =2k 41,
(nm)?
1 P
by, = f/ || sin DY g = 0,
P/, P
since f(z) and f(z) cos *7% are even functions, and f(z)sin *7* is an odd function.
Thus, we obtain
P = 4p (2n+1)
ol =3 HZ:O (@n+Dm2 " p

p 4p ™ 1 3mx 1 Y 1 Tnx
= 3 a2 <cosp+32cosp—|—52cosp+7zcosp—|—~~-> .
In Figure we take p = 1 and plot the function f(x) and several partial sums of
the Fourier series in the interval (—2,2). The Fourier series converges to |z| only in
the interval [—1, 1] including the two end points. No Gibb’s phenomenon is present
for the partial sums since the function is piecewise smooth. But we do see that the

kink of |z| at © = 0 is smoothed by the partial sums, which are called round-ups.

When p = 7, we get the classical Fourier series in [—7, 7],

m 4
- _ E —  cos(2n+1
|z S TR cos(2n + 1)z

| W~

1 1 1
- (cosaH— ?c053x+ 5—2cos5x+7—2cos7x+ )

0ol

Remark 5.2. In the expansion above, we expand the 2p-function f(z) = |z| and

flxz +2p) = f(x) in terms of the Fourier series. The expansion is the same as
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Figure 5.9. Plot of the Fourier series and several partial sums of |x| in the

interval (—2,2) with p = 1. The Fourier series converges to |x| only in the interval

~1,1].

that for function g(x) = |x| in the interval (—p,p) but totally different outside the
interval. There is no Gibb’s phenomenon and the series is convergent to |x| in

(=p,p). The process can be summarized as extension and expansion.

Example 5.13. FEzpand f(x) = sinz in Fourier series in (—p,p) for a parameter
p > 0.

Solution: If p = 7, then the Fourier expansion of sinz is itself. Otherwise,
we can expand sin z in terms of sin %. Note that a, =0, n =0,1,---, since f(z)

is an odd function. We just need to find b,

1 (7 . nmx 2 (P . nmx
b, = — sinzsin —dx = — sin x sin ——dx
p p 2p Jo p

-p

_ 2p(nmsinp cosnm — pcosp sin(nm))

p2 — 72n2

The integration is obtained by using the formula

sin asin § = f% (cos(a+ B) — cos(a — B))

or using the Maple command
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I

/ & Y/
,‘2 . /

Figure 5.10. Plots of several partial sums of the Fourier series of sinx in

the interval (—2,2) with p = 1. The Fourier series converges to sinx only in the

interval (—1,1).

\int_0"p \sin x \sin \frac{n \pi xHp} dx;

For the special case p = 1, we can get

> 2n7 sin 1 sin(nmrx)
sinx = —1)n*t
inx ;( ) 33 ,

which is valid only in the interval (—1,1), see Figure for an illustration.

It is important to know the relations among the function itself, its Fourier
series, and the partial sums. If the function f(z) is continuous at a point x*, then the
series has the same value as that of f(x). The partial sums are approzimations to
f(z) and are different from f(x) in general, that is, f(z*) # Sn(z*). Nevertheless,
the limit of the partial sum is f(a*), that is, limy_ o0 Sy (z*) = f(z*) if f(z) is
continuous at z*. If f(x) is discontinuous at a point z*, then the value of the series
is the average of the left and right limit, that is

i J@) 4T @) ey 4 et )

i, Sw(e") = 5(67) = ; R —
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fx) o) aw
* Fourier Series I 5‘ Yol B J’ w‘v
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[ [
\ ) \
1 1 / \ / \
—o —O b——>0 | | \
t ) ‘\
—— o 0 ——
0 1 0 1 \ o \ |
\ Vo
o -1 e — o—-1 o— e I
Y A

Figure 5.11. Plots of f(x), its Fourier series, and partial sums. Left:
f(x); Middle: Fourier series; Right: Two partial sums with N =2, N = 30. Gibb’s

oscillations can been seen at the discontinuities if N is large enough.

We use a step function below to illustrate the relations,

-1 if-1<2<0,
f(z) = (5.19)

1 0<z <.
In Figure[5.11] we plot the step function in the left; the Fourier series of the function
in the middle; and two partial sums of the Fourier series in the right. We can see
that f(x) is piecewise continuous. The Fourier series is identical to f(x) except at

the discontinuities x = —1, x = 0, and = = 1. At these points, the Fourier series is
the average of the left and right limit of the function, for example,

S(0) = f(O—);rf(O+) _ —12+ 1 _

0, (5.20)

which is the same at x = —1 and x = 1. The partial sums are not the same as
f(x) but they will get closer to f(x) as N increases except at those discontinuities
at which the values are also the average of the left and right limit of the function.
Note also that we will see the Gibb’s oscillations around the discontinuities if N is
large enough. Intuitively, the Fourier series tries to approximate both the left and

right limit, which is impossible and causes the oscillations.

5.4 Half-range expansions

We have already seen that we can choose different expansions and seen some con-
nections between Fourier series and orthogonal functions from the theory of Sturm-
Liouville eigenvalue problems. With half-range expansion, we can also reduce some

workload compared to a full range expansion, and impose some special properties
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of the expansions. The techniques once again is based some particular truncations

and extensions.

Let f(z) be a piecewise continuous function in (O,L)El If we extend f(x),
0 <z < L in the following way,
f(x) ifo<zx<L,
fo(z) = ' (5.21)
f(—=z) if—L<z<0,

which is called an even extension of f(x), then we can have the Fourier series
expansion of f.(x) in the interval (—L, L). Since f.(x) is an even function, we have

b, = 0 and the expansion has cosine functions only

S T I
ao = 57 /_L fe(z)dx = E/o f(z)dz, (5.22)

1 [t 2 [t
a, = Z[L fe(x) Cos?d:p - f/o () cos?dm. (5.23)

Also in the interval, we have f.(z) = f(x), thus we obtain:

Half Range Cosine Series Expansion of f(z) in (0, L):
f(ﬁ)_@ﬂLia cos g —E/Lf(x)cos@das (5.24)
- 2 o n L ) n L 0 L ) .

for n=0,1,2,---. The expansion is valid only in (0, L).

Similarly, if we extend f(z) , 0 <z < L according to

f(z) ifo<z <L,
folz) = . (5.25)
—f(—z) if—-L<z<0,
which is called an odd extension of f(x), then we can have the Fourier series ex-
pansion of f.(x) in the interval (—L,L). Since f,(x) is an odd function, we have

a, = 0 and the expansion has sine functions only

L
by = % /O () sin ?dx, (5.26)

4In fact, the discussions are valid for any interval (a, b) (b > a). we can use a shift s =z —a

to change the domain from (a, b) in = to (0, b — a) in terms of s.
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n=1,2,---,. Also in the interval, we have f,(x) = f(z), thus we have

Half Range Sine Series Expansion of f(z) in (0, L):

= . nnx 2 [t . nrx
f(x)an:lbnSHlT, bn—z/o f(x)sde:v, (5.27)

for n =1,2,---. The expansion is valid only in (0, L).

Example 5.14. Ezpand f(x) = x in both half range cosine and sine series in (0, 1).

What is the relation of the expansion with the Fourier series in (—1,1).

Solution: The function f(z) is an odd function. Thus, the half range sine
series is the same as the Fourier series in (—1,1) for which the coefficients a,, = 0

and b, can be calculated as (verified by Maple),

1
2

b, = 2/ zsin(nnz)dr = Rl (-1)—

0

nm nm

Thus, the sine expansion (and the Fourier expansion) of f(z) = x in the interval
(0,1) is

o0

T = Z(*l)”n—l7r sin(nmx), z € (0,1).
n=1

The series is convergent in the interior of [0, 1) but is zero at © = 1 (f(1) # S(1)), see
Figure (b) for plots of the function, and several partial sums of the expansion.
Note that the partial sums Sy (x) have Gibb’s oscillations near x = 1 if N is large
enough.

For the cosine half range expansion, the expansion is only valid in [0, 1], we

have

cosnm — 1 —4

1 1
1
ag /0 vde = o, an, /0 x cos(nmx)dz ()2 Ok 1)

Thus, the cosine expansion of f(x) = x in the interval (0, 1) can also be represented

as

l\D\’—‘

4 OOcos 2n — \)mx
72:: 2n—1)2
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The series is convergent in the entire interval of [0, 1], see Figure (a) for plots
of the function and several partial sums of the expansion. In this case, we have
faster convergence of the partial sum of the cosine expansion compared with the
sine expansion. Note that the partial sums Sy(z) do not have Gibb’s oscillations

but round-ups near z = 1 if N is large enough.

(a) (b)

Figure 5.12. Half range cosine/sine Fourier expansions of f(x) = x in
(0,1) and plots of several partial sums. (a) Half cosine, the series is convergent in

[0,1]; (b) Half sine, the series is convergent in [0,1) but not to x at x = 1.

Example 5.15. Ezpand f(x) = cosz in both half range cosine and sine series
in (0,7). What is the relation of the expansion with the Fourier series in (—m,T).
How about in (0,1)?

Solution: The function f(z) = cosx is an even function. Thus, the half range
cosine series is the same as the Fourier series in (—m, ) or any 27 intervals, which
is itself but it is different in (-1, 1).

For the half-range sine expansion, we have (verified by Maple)

2n(cosnr+1) 1 8k

2 [T .
b, = ;/0 cos x sin(nz)dx = T n2_1 - (2k)2 —1°

where n = 2k since for odd n’s, b, = 0. Thus, the sine expansion of f(x) = cosx in
the interval (0,7) is

oo

1 8
cosx = Z ;Win—l sin(2nzx), x € (0,m).

The series is convergent in the interior of (0,7) but not to cosxz at z = 0 and
x =, see Figure (a) for plots of the function, and several partial sums of the
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expansion. Note that the partial sums Sy (z) have Gibb’s oscillations near z = 0
and z = 7 if NV is large enough.

We also plot the function and several partial sums of the cosine expansion
of cosz in (0,1). In this case, the series is convergent in the entire interval [0, 1]
including two end points. The partial sums Sy (x) have round-ups at x =1 if N is

large enough but no Gibb’s oscillations .

(a) (b)

=|a
©“
w
o
o
4;‘:
w
N‘=

Figure 5.13. lllustration of half range sine/cosine Fourier expansions of
f(x) =cosx. (a): plots of the function, several partial sums of the half range sine
expansion on (0,7). The series is convergent to f(x) = cosz in (0,7) but not at
two ends; (b): half range cosine on (0,1). The series is convergent to f(x) = cosz

on [0, 1] including the two ends.

5.5 Some theoretical results of various Fourier series

o0 oo

First of all, from the orthogonality of {cos e }n:0 and {sin %}

prove the Parseval’s identity.

Parseval’s identity: If f(z) € L?(—L, L) and

hps We can easily

o0
fz) = C;()—i—;(a,bcos??—kbnsinr?), —L<z<L,

then the following Parseval’s identity holds

Parseval’s Identity

1 g 2, ag 1 2 | p2
37 _Llf(fc)l “”:Z*QZ(%JF 2). (5.28)

n=1
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Note that the identity is not true for the integration in any interval but only for
(=L, L) for which the trigonometric functions on the right hand side is orthogonal!

o0

Example 5.16. If f(z) = Z

n=0

cosne

o find the value of f2dz.

—T
Solution: In this example, L = m, ag = 2, a,, = 2%, b, = 0, thus we have

1 [F ) I 1 1/ 1/4 7
or | V@Fde +2n§::122n +2<1—1/4> 6

i T
= |f(x)|2dm=§.
From Parseval’s identity, we can get some useful identities of series like the one
I 1
a,bOVe 5 Z 2%
n=1

Now we discuss the calculus of Fourier series, which often deals with the limits,
the differentiation, and integration of Fourier series. The tool is to use the partial

sum of a series. We want to know whether the following is true.

. d A 7 — . d A nrr . nwx
(mlggo, e /a dx) f(x) —nz:% (g}i}ﬂg}o, e /a dac) (ancosT—anslnT).

The partial sum forms a sequence {Sy(z),S1(x),S2(z),---,Sn(z),---} or
{Sn(x)}. Note that Sy(z) has two parameters, x and N. We will discuss two
kinds of convergence, pointwise and uniform convergence in an interval. We will

discuss more general sequence f,(z).

A pointwise convergence of f,(x) is defined for a fixed point  in an interval
(a,b) such that lim f,(x) = f(x). For the partial sum Sy(x), the pointwise
n—oo
convergence is the same as the convergence of the series.
sinnx

Example 5.17. Are the following sequences convergent? (a), fn(x) = — (b),

gn(x) = nze "L,

sin nx
Solution: (a), lim f,(z) = lim = 0 for any z. (b), we can use the
I’'Hospital’s rule to get the limit, that is, lim g,(z) = lim = lim =
n—o0o n—oo N n—oo rene

for any = # 0, in which we differentiate n in the L’Hospital’s rule.
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In above examples, both f,,(z) and g, () are convergent to zero in any interval.
The function f,(x) gets smaller and smaller as n gets large, while there are always
points = near zero such that g,(z) ~ 1 no matter how large n can be. Such an
fn(x) is also called uniformly convergent, while g, (z) is not uniformly convergent
in the interval (0, 7). Note that g, (z) is uniformly convergent in any interval (a, b)
if a > 0.

Definition 5.3. Let f,(x) be a sequence defined in an interval [a,b] and f,(z) has
the pointwise convergence lim f,(z) = f(x) for any x in [a,b]. Given any number
n—roo

e > 0 (no matter how small it may be), if there is an integer N such that

|fu(z) — f(z)| <€ foranyn > N and z in [a,b], (5.29)

then fn(x) is called uniformly convergent to f(x) in [a,b].

sin nx

—%, we have

In the previous example, given an € > 0, for f,(z) =

sin nx

|fn(2)] =

<€,
n

as long as n > int(1/¢) + 1. Thus, we can take N = int(1/¢)+ 1 after which we have

—nz+1 no matter how large n is, we can

| frn(x) — 0] < e. However, for g,(x) = nze
find an = 1/n for which g,(x) = 1 which can no be smaller than an arbitrarily

small number e. Thus, g,(x) is not uniformly convergent.

oo

Definition 5.4. For a given series Z un (), if the partial sum {Sn(x)} is uni-
n=0

formly convergent in an interval [a,b], then the series is called uniformly convergent

in the interval [a,b].

It is not easy to check whether a series is a uniformly convergent or not
according to the definition. How do we know if a series is uniformly convergent
without using the partial sum and the definition? The idea is to compare the series
with a convergent series that does not have x in the series, which is always uniformly

convergent. This is summarized in the Weierstrass M-test theorem.

oo

Theorem 5.5. Weierstrass M-test theorem. Given a series Z un(x) that satisfies

n=0
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the following conditions

(i) : |un(z)| < M, independent of x in an interval [a,b], (5.30)
(i) : Z M, < oo the series that does not have x converges,  (5.31)
n=0

then the series is uniformly convergent in the interval [a,b].

Example 5.18. Are the following series uniformly convergent? Find intervals that

the series are uniformly convergent.

> sinnz > sinnz >
(a): E e QVE E (c): E e "*sinnx.
n=1 n n=1 n=1

Solution: (a): We know that

. oo
sinnx 1 . 1
— <|— and the series E —

n “n

n=

is convergent. Thus, the series is uniformly convergent. For (b), we can not use
the Weierstrass M-test since the series Y > | % is divergent. So we do not have a
conclusion about the uniform convergence since the theorem is a sufficient but not
necessary. We will see the series cannot be uniformly convergent below. For (c), in

any interval (a,b) where a > 0, we have
le™"* sinnx| < e < e and Z e "

is convergent. Thus, the series is uniformly convergent in (a,b) when a > 0. The
series does not converge if x < 0, and it is convergent but not uniformly in any
interval (0,b) for b > 0.

Theorem 5.6. If a series

DT
b,

is uniformly convergent in an interval (a, then the series, after we take a limit,

or integrate, or differentiate, term by term, is still convergent in the interval (a,b),

that is,
_ood (o d [°
xli{rxlo’ @1 L dx f(l’) = nz m1i>Hm107 %a /a dx u”(‘r)'
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We may be able to use the theorem to further determine the uniform con-
vergency of a series if the Weierstrass M-test fails. Reconsider the example (b)
above for the series Y 7, % for which the Weierstrass M-test fails. If the series
was uniformly convergent, then we could take the derivative term by term to get a
convergent series which is obviously untrue since the series >~ | cosnx after the
differentiation term by term diverges for almost any x. Thus, the series is not uni-
formly convergent. Another rule of thumb is that if the partial sums have Gibb’s
oscillations, then the series are not uniformly convergent. Therefore, the Fourier
series for sawtooth function, the fractional part of x, and most half-range sine ex-
pansions are not uniformly convergent, while the Fourier series for triangular wave,

and most half-range cosine expansions are uniformly convergent.

5.6 Exercises

E5.1 Find the period of the following functions. f(z) =5, f(r) =cosz, f(x)=

cos(rz), f(z) = cos(pz), f(x) = cos’z, f(z) = coszsinz, f(z) =
COS(ZZ?/Z) + 3Sin(2x), f(gg) = tan(mx) + esin(Zz)’ and {COS ?}oo_o.

E5.2 Expand f(x) = x and g(x) = 22 as following series.
(a). (Half-range) sine series on (0, 2).
(b). (Half-range) cosine series on (0, 2).
(c). Fourier series on (—2,2).

Check the pointwise and uniform convergence of all the series. Plot or sketch

the series and the partial sums for large N.

. 0%u 0% , . .
E5.3 Given ol 2? = 0. Find the general solution, and also do the following.
x
(a). Solve the Cauchy problem (—oco < z < o0) with u(z,0) = |z|, |z| <1

0
and u(z,0) = 0 elsewhere; and 3—12(96,0) = 0. Sketch the solution for

t=5.

(b). Solve the Cauchy problem (—oco < z < o0) with u(z,0) = e " cosz,
0
a—?(m,O) =sinz.

(c). Solve the boundary value problem 0 < x < 3 with u(0,¢) = u(3,t) = 0;

ou .
5 (x,0) = sin(247z).

u(x,0) = sin(6rz),



90 Chapter 5. Various Fourier series, properties and convergence

(d). Solve the boundary value problem 0 < z < 3 with u(0,t) = u(3,t) = 0;

u(z,0) =x +1 0) = cosx.

ou
M,
E5.4 Let f(x) =2, —7 < & < 7 be a 2r-periodic function.
(a). Sketch the function in the interval [—3m, 37].

(b). Find the Fourier Series Expansion for f(z). Sketch the partial sums
Sn(z) for large N, and the Fourier series.

(c). Are the formulas

I . I ,
by, = — f(z)sin(nx) dz, b, =— f(z) sin(nz) dx

—r ™ Jo
the same? Why? Evaluate the second integration.
(d). Find the common period of 1, cos(nz),sin(nz), n =1,2,---

E5.5 Expand f(z) = cos(2z) according to the following. Check whether the series
are uniformly convergent or not; sketch the partial sums Sy (z) with large N
and the series (mark Gibb’s oscillations or round-ups if applies); and write
down the Parseval’s identity.

(a). The classical Fourier series in (—m, 7).
(b). The Fourier series in (-1, 1).

(c). Half range sine series in (0, ).

(d). Half range cosine series in (0, 1).

(e). Half range cosine series in (0, 7).

Note: Pay attention to normal modes. It is okay to use Maple in some cases.

If you do by hand, you need to evaluate the integrals.

E5.6 Write down the Parseval’s identity corresponding to the classical Fourier series

of f(x) =22

E5.7 Find the Fourier series of the following f(z) in (—p, p), sketch f(z), the
partial sums Sy (z) with large N, and the Fourier series in (—p, p).

(a). f(yc)——7 —p<z<0; flz)=1, 0<z<p.
(b). f(x)= a 32 ,—p <z <p.

1f|x|<d
(c). f(= where 0 < d < p.

d < |z| < p,
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E5.8 Find the half-range sine and cosine expansions of function f(x) in (0, p),
sketch f(z), the partial sums Sy (x) with large N, and the Fourier series in

(0, p)
(@). flx)=1,p=1
(b). f(z) =1, p=3m.
0 if0<z<1,
(c). p=2,f(z) =

r—1 1<z<2.
(d). f(x) = sin(mx) cos(rz), p = 27.

E5.9 (a). Use the Parseval’s identity and the Fourier series expansion of f(z) = z/2

in (—m,m),
oo n+1
Z sin nx
n=1
=1 72
to obtain Z 2 %
n=1
o0 2
(b). From (a) to obtain that
k=1

= 1 72
(c). Combine (a) and (b) to derive the identity Z T < o
L (2k+12 8

E5.10 Compute f?(z)dx using the Parseval’s identity.

—T

@) =3 I () _1+Z(COW S“””).

n
Hint: Use the geometric series and the table of Zeta functions, see

https://en.wikipedia.org/wiki/Particular_values_of_the_Riemann_zeta_function.

E5.11 Use the Weierstrass M-test to judge whether the following series are uniformly

convergent or not.

(a). Z(cosnx Sll;llgll')

(b). Z —, 2| < 10.
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(c). i %:/n) for all z.

Which series are continuous, differentiable, and integrable, on which intervals?

E5.12 Group work: Design a wave filter that can only certain frequencies to pass,

say [a,b]. Use this example to check
W (z) = 2.5sinz +4 cos(3x) + 10 cos(20(x + 7)) + 0.02 sin(100 * ) + erand(z).

In the above, rand(x) is a random number generator. In the above function,
which frequency is dominant? If € = 0, what is the Fourier series of W (x)?
Let € = 1075, find the Fourier series of W (z) then carry out the filtering.



Chapter 6

Series solutions of PDEs
of boundary value

problems

In this chapter, we continue to discuss the method of separation of variables for
various boundary value problems of partial differential equation. We will see more
relations of the solution with the Sturm-Liouville eigenvalue problems, orthogonal

expansions, and various Fourier series.

6.1 One-dimensional wave equations

Recall one-dimensional wave equations,

Pu 0%

a2 = ¢ o (6.1)

where ¢ > 0 is called a wave number in physics. We have already known how to

solve the problem for various situations.

e The general solution is u(x,t) = F(z — ct) + G(x + ct), where F(z) and G(x)
are two arbitrarily differentiable functions, that is, no conditions are attached

to the partial differential equation.
e Solution to a Cauchy problem, that is, given u(z,0) = f(z); 9%(z,0) = g(z),
00 < x < 00, the solution is given by the D’Alembert’s formula

r+at
u(et) =5 (fla=at) + faran) + o [ gls)is

—at

N |

e Solution to some boundary value problems with normal modes initial condi-

tions, that is, given an interval 0 < x < L, the normal modes solution for

93
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some special u(x,0) = f(x) and us(z,0) = g(z), which can be expressed as

f(a:)zZansin?, Zb smmm

General initial conditions, u(z,0) = f(z), %%(x,0) = g(z), 0 <z < L. The
solution is

—isin nne bn, cos T —|—b* i cmrt
=L L L)’

where the coefficients are determined by

/ f(z)sin —dw

nwx
b* = —_— 7d
" e o g(x) sin 7 dz.

Note that the coefficients b,,’s are obtained from the half-range sine expansion
of f(x) and b}’s are obtained from the half-range sine expansion of g(z) by a

constant that depends on n.

Now we discuss how to solve more general one-dimensional wave equations.

Example 6.1. An example with non-homogeneous boundary condition.

0%u 282

8t27 952 O<z<L,

u(0,t) = uy, u(L,t) = up,

(0,0 = fz),  L(2,0)=g(z), O<z<L.

at

In this case, we can use the transformation

v(z,t) = u(z,t) —uo

to get the homogenous BC for v(z,t)

0% 5 0%

@ =cC @7 O<z< L,

v(0,t) =0, v(L,t) =0,
v

v(0,t) = f(x) — uo, (2,0) = g(z), 0<z<L.

at
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The solution then will be

o0
t t
u(z,t) = up + ; sin ? (bn cos chw + b} sin an7r )

where the coefficients are determined by
9 (L
b, = T /0 f(z)sin sz dx,
9 L

nnx
by, = — in —dx.
e g(z) sin 7 dz

Challenge: How about different boundary condition g—’;(o, t) =0and u(L,t) =
0. What are the normal mode solutions?

6.2 Series solution of 1D wave equations with
derivative boundary conditions

An example with a Neumann boundary condition is given below,

0%u 5, 0%u
ﬁ =cC @, O<x< .L7
ou
U(O?t) - Oa %(Lvt) - 07
ou
U(.T,O):f(l'), a(z,()):g(x), O<I<La

We will get a different Sturm-Liouville eigenvalue problem and a different expansion.

Step 1: Let u(z,t) = T(t) X (x) and plug its partial derivatives into the origi-
nal PDE so that we can separate variables. The homogeneous boundary conditions
require X (0) = X’(L) = 0. Differentiating u(z,t) = T'(¢t)X (z) with respect to ¢ and
x, respectively, we get

ou 0%u
L oTX@), Sy =T (X ()
ou 0%u ,
S T()X (@), S =T(X" ()
The wave equation can be re-written as
1 "
X (@) = FTHX"(2) — O X (6.2)
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This is because in the last equality, the left hand side is a function of ¢ while the
right hand side is a function of x, which is possible only both of them are a constant
independent of ¢ and x. We can get eigenvalues either for X (z) or T'(t). Since we
know the boundary condition for X (x), naturally we should solve
X" (z)
X(x)

=X or X'(2)+AX(z)=0, X(0)=0, X'(L)=0 (6.3)

first.

Step 2: Solve the eigenvalue problem. From the Sturm-Liouville eigenvalue
theory, we know that A > 0 since the ¢(x) in the S-L eigenvalue problem is zero.
Thus the solution of z(z) is,

X"(z) = Cy cos VAz + Cysin VAz.
From the boundary condition X(0) = 0, we get C; = 0. From the boundary
condition X'(L) = 0, we get
Cocos VAL =0, =—> ﬁL:g+mr, n=0,1,2--,

since Cy # 0. Note that, different from before, we should include n = 0. The

eigenvalues and their corresponding eigenfunctions are

(@n+ 1)) . (@n+ Dz B
)\n( 5T , X,(x)=sin 5T , n=0,1,2,---.

Now we solve for T'(t) using

T (t) + N\, T(t) = 0. (6.4)
The solution (not an eigenvalue problem anymore since we have already known \,,)
of T(t) is,
(2n+ 1)met (2n + 1)mct

2L 2L
Putting X,,(x) and T, (t) together, we get one normal mode solution with each n

2 1 2 1 2 1
(@2n + Vmzx (bn oo 2t Dmet <”+>m‘> . (6.5)

T, (t) = by, cos + by, sin

Up (2, 1) = sin oL 5T M 5T

which satisfy the PDE, the boundary conditions, but not the initial conditions.

Step 3: Put all the normal mode solutions together to get the series solution
using the superposition. The coefficients are obtained from the orthogonal expan-
sion of the initial conditions. The solution to the IVP-BVP of the 1D wave equation

with a derivative boundary condition can be written as

(oo}

2 1 2 1)mct 2 V)met
u(z,t) = Z sin % (bn cos % + b}, sin (m;L)7r0> (6.6)

n=0
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which satisfies the PDE and the boundary conditions. The coefficients of b,, and b},
are determined from the initial conditions u(x,0) = f(x) and u(z,0) = g(z),

Zb 2n+) /f sin 271—1—1)71':EdJr

sSin

b 2n+ Dme . (2n+ 1)mct
" 2L 2L

i 2n+

L (2n+ 1)me (2n + V)met
+ 0, 5T cos 5T ,

ou _ > . (@2n+Drx , (2n+ 1)7c
E(x,O)—Zbln 5L by, 5L

n=0
2L L 2n + 1
2L / o(z)sin ZREDTT
b (2n+ 1)me Jo 2L
" /L < . (2n+1)7rz>2
s —m——— dl‘
0 2L
4 L (2n + )7z
= 7/ g(z) sin ————dx.
(2n+ 1)me Jo 2L

6.2.1 Summary of series solutions of 1D wave equations with

homogeneous linear BC’s

From above discussions, we can summarize the series solutions to 1D wave equations

with different boundary conditions below.

Series solutions of 1D wave equations

Pu 0% ou

22 = C 92 u(z,0) = f(x); 8t(x 0)=g(z), 0<z<L,
with homogeneous Dirichlet, Neumann, and Robin boundary conditions have
the following uniform form.

oo

n nTCL * . nTCt
u(z,t) = Z X, (%) (bn cos% + b} sin a 26 > (6.7)
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Dirichlet-Dirichlet: u(0,t) = u(L,t) = 0. We have X,, (—
Dirichlet-Neumann:

ou
u(0,t) =0, %(L,t) =0. Wehave X, (

anﬂx)_ . G +n)mz
) =SS

Neumann-Dirichlet:

Ou
%(O,t) =0, u(L,t) =0. We have X, (

anTE (3 +n)ma
) = cos ————

Neumann-Neumann: Any constants are solutions so the solution is not

unique.
0 n
Dirichlet-Robin: u(0,¢) = 0, u(L, )+ B—U(LJ) — 0. We have X,, (O‘ L”) -
T
sin anwx’ where we do not have analytic expressions for a,.

For Robin-Dirichlet, or Neumann-Robin, or other linear boundary conditions,
we generally do not have an analytic form for the eigenvalues and eigenfunctions.

Thus, there are no analytic series solutions available.

6.2.2 Series solution of 1D wave equations of BVPs with a

lower order term

Consider an example of a 1D wave equation with a lower order term of the following,

Pu 5 0%u
E‘FGU:C@, O<.’IZ‘<[/7
u(0,t) =0, u(L,t) =0,

ou

U(I,O) :f(‘r)v E(:C’O) :g(x)
Solution: The method of separation variables with u(z,t) = T(¢)X (x) will
lead to

T"(t) + a*T(t) X" (x)
2T (t) - X(w)

=\ (6.9)

We still have A, = (%F)? and X, (z) = sin “Z%. But the solution of T}, (¢) will be
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different.

2m2-2 2122
Tn(t):bncos< a2+672277 t>+b;;sin< a2+”LLf t). (6.10)

The solution then is
ol 2,22 212702
u(x,t):gsinnzx{bncos< <12—&—C7227T t> +szin< a2+07227r t)},

with b,, being the coefficient of the half range sine expansion of f(x)

2 L
by = Z/o f(z)sin ?dﬂc, (6.11)

and

c2n2m2
12

v 2
n*Lan

L
/g(x)sin?dz, where «a, =1{/a® + (6.12)
0

Challenge for a group work: How about the modified PDE below

0%u 0%u

W—kau:g@, 0<zxz<L,
assuming a is an arbitrary constant with the same boundary and initial conditions
above? The solution for T'(t) may have two parts, the exponential functions and

trigonometric functions.

6.3 Series solution to 1D heat equations with various
BC’s
A one-dimensional (1D) heat equation

ou 0%

is a good mathematical model of the temperature distribution in a rod in which c?
is called the heat conductivity. The above partial differential equation is a second
order, constant coeflicients, linear, and homogeneous one. The PDE is classified as
a parabolic PDE. We can check that

u(z,t) = e 4c%t (6.14)
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is a solution to the PDE. It is called a fundamental solution to the heat equation in
the place of general solutions for advection and wave equations. The fundamental
solution of the heat equation corresponds to an instant heat source at (0,0). The
heat will be felt anywhere anytime instantly. Thus, the solution to a heat equation
is called global one meaning that a change at any place at any time will affect the
solution everywhere and anytime after. This is in contrast to solutions to advection

and wave equations.

The solution to the Cauchy problem

gu _ 02@ —00 <z <00
ot 0x?’ ’ (6.15)
u(z,0) = f(x),
is the convolution of f(x) and the fundamental solution,
. (- &)
_ O~ aem
u(z,t) = —— e 4c*t dE. (6.16)
— 00 4627Tt

Note that there is only one initial condition since the PDE involves only the first
order derivative of the solution with time t¢.

Now we discuss the initial and boundary value problems for one-dimensional
heat equation with various boundary conditions. Note that for homogeneous Dirich-
let boundary condition «(0,t) = 0 and u(L,t) = 0, the derivation and the formula
of the series solution have been given in Section We first review one example
here.

Example 6.2. We can solve some 1D heat equations of boundary value problems
with normal mode initial conditions as in the example below.
o _ o
ot Ox?’
u(0,t) =0, u(3,t) =0,

0<ax <3,

u(z,0) = 5sin(4nz) — 3sin(87wx) + 2sin(107z).

Solution: It is clear that we can use the normal mode solutions for this
problem with L = 3, ¢ = 2. The initial condition can be written as
mimx

moTIx msmx

u(z,0) = By sin + By sin + Bjssin

= 5sin(4nx) — 3sin(87z) + 2sin(107x),
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which is possible if and only if By = 5, m; = 12, By = =3, mg = 24, and B3 = 2,
ms = 30. From the formula

o0
NAT _ 2 nmy2
) =Y bysin ——e ¢ (L)
u(x,t) nz:; n Sl ——e
we get the solution
u(z,t) = 5e32mt sin(4mrx) — 312877 sin(8wx) + 9e 20077t sin(107mx).

Now we consider the solution to the boundary and initial value problem

ou 0%

E =C @7 O<a< L7

O = _ (6.17)
8.13(071;)_07 U(Lvt)_ov

U(SL’70) = f(x)a

using the method of separation of variables. Note that a homogeneous Neumann
boundary condition is prescribed at x = 0.

Step 1: Let u(x,t) = T(t)X () and plug its partial derivatives into the origi-
nal PDE so that we can separate variables. The homogeneous boundary conditions
require X'(0) = 0 and X (L) = 0. Differentiating u(x,t) = T(t)X (z) with ¢ and =
respectively, we get

ou ou 0%u
— =T'(H)X — =TtX' — =T(t)X"(z).
5 OX(@@), 5 =THX (), () X" (x)
The heat equation can be re-written as
T'(t) _ X"(x)

T't)X(z) = THX" (x) = 2T~ X () = -\ (6.18)

This is because in the last equality, the left hand side is a function of ¢ while the
right hand side is a function of x, which is possible only both of them are a constant
independent of ¢ and x. We can solve the eigenvalue problems either for X (z) or

T(t). Since we know the boundary condition for X (z), naturally we should solve

X”(x)
X(z)

=-X or X"(x)+AX(z)=0, X'(0)=X(L)=0 (6.19)

first.

Step 2: Solve the eigenvalue problem. From the Sturm-Liouville eigenvalue
theory, we know that A > 0 since the g(x) term in the S-L theorem is zero. Thus,
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the solution of X (z) is
X (z) = Cy cos VA + Cysin VA,
X'(x) = —C1VAsin VAz 4+ Cov/ A cos VA

From the boundary condition X’(0) = 0, we get C5 = 0. From the boundary
condition X (L) = 0, we get

CicosVAL =0, = \f)\L:nw+g7 n=0,1,---,

since C7 # 0. The eigenvalues and their corresponding eigenfunctions are

2n+ 1)\ > (2n+ V)rzx
= _— X e _—_— — 1 2 e,
)\n < 2L ’ n(l’) COos 2L ’ n 07 » <y

Now we solve for T'(t) using
T'(t) + N\, T(t) = 0. (6.20)

The solution (not an eigenvalue problem anymore since we have already known A)
of T(t) is

n T 2
T,(t) = ane_cz’\"t = bne_cz((2 o) ¢

Putting X,,(x) and T, (t) together, we get a normal mode solution for each n,

(2n + 1)7x o CEAILH
2L ’
which satisfy the PDE, the boundary conditions, but not the initial condition.

Un(x,t) = a, cos (6.21)

Step 3: Put all the normal mode solutions together to get the series solution.

The coefficients are obtained from the orthogonal expansion of the initial condition.

Thus, the solution to the initial and boundary value problem of the 1D wave

equation can be written as

.- 2n+1 2nt1)r )2
u(z,t) = nzz:oan cos %6762((2 ) (6.22)

which satisfies the PDE and the boundary conditions. The coefficients of b,, are

determined from the initial conditions u(z,0),

3 2n+1 2 (" o+ 1
w0 =S apeos TV =2 [ e eos P,

n=0

which is a Fourier expansion of the initial condition u(z,0) = f(z) on (0, L).
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Solutions to the 1D heat equation BVP with a homogeneous

Neumann BC have the following uniform form,

2n+1)wx 2

C 2n + 1
u(z,t) = Zan COS%‘S_CQ( i) t>

n=0
2 [E on + 1
_E/o f(x)cos%dx.

(6.23)

Example 6.3. Find the series solution for the heat equation of initial and boundary

value problem,

ou  0%*u

E:@’ 0<l<3,

0

o) =0, w3 t) =0,

0

i3
1 fo<z<1,

u(x,0) = 175 if1<x<2,
0 if2 <z <3.

Solution: The example can be considered as the temperature distribution
when a rot was heated in some parts. Note that in this example, we have L = 3,
¢ = 1, and a homogeneous Neumann boundary condition at x = 0. The computation

of the coeflicients a,, is somewhat complicated,

/ fla 2n+1) @n+ Vrz

1 2
_2 /COSMdH/ (1,5)%%@
3\ /o 6 L 2 6

2\/3 sin 5 + 2 cos 5 + (36\/§sm T4 18y/3 — 3+ 6n)ﬂ') cos 4t
@n+D 320+ 1)%1

+18—ynm(%32—(w+4&p+m¢&ﬁan%i
3(2n + 1)272 '
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The computation has been verified by Maple. Thus, the series solution is

o
(2n+ 1)z —(Lnthmey?,
1) =3 a, cos T )’
u(zx,t) ay, CoS 5 e

n=0

In Figure we show plots of the initial condition and several partial sums
of its series expansion with N =1, N =5, and N = 175. The series approximates
the function very well when N is large enough but oscillates at the discontinuity
x = 1, which is the Gibb’s phenomena. However, for heat equations, the oscillations
will soon be dampened and the solution becomes smooth. In the Maple file, one
can use the animation feature to see the evolution of the solution. Note that due to
the Neumann boundary condition at x = 0, the solution at x = 0 is not fixed and
moves to the steady state solution lim;_, . u(xz,t) = 0 gradually as the rest part of
the solution.

0.8

0.6

0.4

0.24

Figure 6.1. Plots of the initial condition, three partial sums, N = 1,5,175

of the series expansion of the initial condition.

6.3.1 Summary of series solutions of 1D heat equations with

homogeneous linear BC’s

Similar to one dimensional wave equations, we can summarize the series solutions

to 1D heat equations.
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Series solutions of 1D heat equations with homogeneous
linear BC’s:

ou 5 0%u
5 = C a2 u(z,0) = f(x), 0<z<lL,

with homogeneous Dirichlet, Neumann, and Robin boundary conditions below.

S ey (220
u(z,t) = Z an Xn( nL )e L : (6.24)
n=1 or 0
where
2 " n
a, = Z/0 F(@) X, (%) dz. (6.25)
Dirichlet-Dirichlet: u(0,t) = u(L,t) = 0. We have X, (OénI?/Tl‘) = sin %
Dirichlet-Neumann: «(0,t) = 0, ?(L,t) = 0. We have X, (OénIiTI) =
x
. (% +n)rx
sin T
Neumann-Dirichlet: ?(O,t) =0, u(L,t) = 0. We have X, (oanwx) =
x
‘ (% +n)rx
cos 7
Neumann-Neumann: Any constant is a solution and the solution is not
unique.
0 n
Dirichlet-Robin: u(0,t) =0, u(L,t)—&—a—u_(L,t) = 0. We have X, (%) =
. QpTT :L . .
sin , where we do not have analytic expressions for «,.

For Robin-Dirichlet, or Neumann-Robin, or other linear boundary conditions,
we generally do not have an analytic form for the eigenvalues and eigenfunctions.

Thus, there are no analytic series solutions available in general.

6.3.2 Steady state solutions of 1D heat equations of BVPs

A steady state solution to a differential equation is a function independent of time
t that satisfies the following:
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e It is a solution to the differential equation;

e It satisfies the boundary condition but it is independent of the initial condi-

tion;

U
e It is independent of time ¢, i.e., — = 0.

ot

A steady state solution is the result of long time behavior of the solution. Note
that, not all problems have a steady state solution.

Example 6.4. Find the steady state solution of the following if it exists,

ou  ,0%u
g e L
T c 922’ O0<z <L,

u(0,t) = Ty, u(L,t) = To,

u(z,0) = f(z), 0<z<L.

Solution: The steady state solution denoted as u4(x) is the solution to the following
problem (u(z,t) = us(x)),

d?u
0=c"—7
© 2

’LLS(O) :Tl, 'LLS(L) :TQ.

0<zxz<L,

The general solution is us(z) = C; 4+ Caz. The boundary condition us(0) = T} leads
to C1 =T and us(L) = T5 leads to the steady state solution

T, —T
L

Us ({E) = Tl + x.

One application of a steady state solution is to transform non-homogeneous
boundary conditions to homogeneous ones. If we want to solve the 1D heat equation
above for anytime (not just long term behavior), we can define w(zx,t) = u(x,t) —
us(x). Then, w(x,t) satisfies the homogeneous boundary conditions and is the
solution to the following

ow  ,0%w 0<x<lL

— == x

ot Ox2’ ’
= O,

w(0,1) w(L,t) =0,

w(z,0) = f(r) — us(x), 0<z<L.
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Once we have solved w(z,t), we get back the solution u(z,t) = w(x,t) + us(z).

Example 6.5. Solve the heat equation of the following

o _,
ot " ox2’

w(0,t) =10,  u(3,t) = 40,

0<x <3,

u(x,0) = 25, 0<z<3.

Solution: In this example, we have us(z) = 10 4+ 10z. The function w(x,t) sat-
isfies the heat equation with the homogeneous boundary condition and the initial
condition w(zx,0) = u(x,0) — us(x) = 25 — 10 — 10z = 15 — 10z. From the formula

in (4.37), we have

(o)
w(z,t) = Z by, sin ?eﬂ(%ﬂ)?t,
n=1

where the coefficients are given

2 [? 30
bn:,/ (15—10x)sinwda:=—(cosmr—l), n=12---.
3 0 3 nm

Thus, the solution to the original problem is

> 30 nx )2 nw
) =10+10z + Yy = L) e .
u(x,t) + 10z + 2 (cosnm —1)e sin —

Note that not all the time dependent problems have steady state solutions.
For example, for the heat equation with u(0,¢) = sint, the boundary condition

depends on t and hence there is no steady state solutions.

6.4 Two-dimensional Laplace equations of BVPs on
rectangles

In this section, we consider the series solution to Laplace or Poisson equations on a

rectangular domain R,

0%u  0%u

922 + 87y2 =0, or Ugy+uy =0, (.T,y) eR, (626)

wwy)| =wy), o Lyl =g (6.27)
b y 8R - ) y b an b y - g b y ) *

OR



108 Chapter 6. Series solutions of PDEs of boundary value problems

or other boundary conditions, where g—;(x, y) is the directional derivative of u(z,y)
along the outer normal direction n ( |n| = 1). We use R to represent the rectan-
gular domain, while R as the boundary of the rectangle. The partial differential
equation is second order, constant coefficients, homogeneous, linear PDE in two
space dimensions. It is classified as an elliptic PDE and the solution is a global one

which means that solution depends on the solution in the entire domain.

y
u=f,
y:
+u,=0
lfcx yy u=
u=g
u=f; Y=a X

Figure 6.2. A diagram of a Laplace equation defined on a rectangular

domain with a Dirichlet boundary condition.

We can use the gradient operator Vu = [%7 %}T to represent the Laplace/Poisson
equation in any (space) dimensions using V2u = 0, or Au = 0, for example, in two

dimensions, we have

o 17 T ou 2 2
= 24 0%y O0%u
v%:v.u:[?] [%ﬁj :Au:—6$2+—8y2. (6.28)
Y Yy

The operator V2 = A is called the Laplace operator, where x” denotes the transpose
of the vector x. Note that the solution of a Laplace equation can be considered as

the steady state solution of a 2D heat equation (or a wave equation)

ou  J*u O
Er i oy?’ (@) €R, (6:29)
ou
u(z,y,t)|  =w(z,y), or —(z,y,t)] =g(z,y), (6.30)
IR on R

u(xz,y,0) = f(z,y) (6.31)
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for an arbitrary two dimensional function f(x,y). A Neumann boundary condition
means that the directional derivative is prescribed along the normal direction n
pointing to outside of the domain following the right hand side rule. For example,

for the diagram in Figure [6.2] at « = 0, the left boundary, a Neumann boundary

condition means that g—z = —% is given; while at © = a, the right boundary, a
Neumann boundary condition means that % = % is given. Applications of Laplace

equations can be found in potential flows, ideal flows, potential of electro-magnetics.
A conservative vector field satisfying div(u) = curl x u = 0 can be represented as
a potential of a scale function, u = Vi and Ay = 0. An example is the Newtonian
gravitational field. We can only solve one scalar equation instead of three equations
of a conservative vector field.

It is easy to check that u(z,y) = 5=log\/2%+y? is a solution to the 2D
Laplace equation. It is called the fundamental solution for 2D Laplace equation,
which corresponds to a point source (charge) at (0,0). In three dimension, the

fundamental solution is u(z,y,2) = + = ——1——. The fundamental solution

T /ac2+y2+z2

satisfies the PDE but not to boundary conditions in general.

To use the method of separation of variables, we wish to have at least two
homogeneous boundary conditions. Since the problem is linear, we can split the
problem into four sub-problems, see Figure[6.3]for an illustration. The final solution

will be the sum of the solutions of the sub-problems.
We solve one of the problems in Figure the top-right one,
Pu o _
ox2 0y
u(z,b) = fa(x), u(z,0) =0, u(0,y) =0, u(a,y) =0. (6.33)

0, (z,y) € R, (6.32)

We set u(z,y) = X(2)Y (y) and separate the variables to get

X// Y//
=——=-\ 6.34
~ v (6.34)
We inspect the two homogeneous boundary conditions that are X(0) = 0 and

X (a) = 0. Thus, we solve the Sturm-Liouville eigenvalue problem for X (z) to get

2
An = ("i) L Xa(@)=sin Y p=1,2,--. (6.35)

a a
Next, we solve Y (y) from —Y7” = A, = (25)? for each n which is not an S-L

eigenvalue problem anymore. The solution can be expressed as

nwx nwx

By breE, (6.36)

Y. (y) =bre
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0 f2(x)
y= y=
U+ uyy=0 U+ uyy=0
0 0
4, u
fx) x=a * 0 x=a *
0 0
y= y=
. Ut u,=0 , 0 Uyt uy=0 22(%)
gL(y
u
u 4
3 0 0
x x
xX=a x=a

Figure 6.3. A diagram of the decomposition of the solution to a Laplace

equation on a rectangular domain into four sub-problems.

or the hyperbolic sine and cosine functions

Y,.(y) = B, sinh L B} cosh nmy. (6.37)
a a
The hyperbolic sine and cosine functions are defined by
sinhz = %, cosh = %, (6.38)

respectively. They are linear independent since the Wronskian

inh h
det ST C?S T = —1#0 for any z. (6.39)
coshx sinhx

The hyperbolic cosine and sine functions have similar properties as sine and cosine
functions such as sinh(0) = 0, cosh(0) = 1, sinh’ = coshz, cosh’ z = —sinhz etc.
Thus, it is easier and similar to the discussions in previous chapters using hyperbolic

sine and cosine functions. From Y (0) = 0, we get B} = 0 and we can write the
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solution to the Laplace equation as
Z B, sm —_— s nh @
a
Plug the non-homogenous boundary condition along y = b, we get
b
ZB sm—s nh 772 — fa(z).
a

Note that sinh 22 are constants and the set {sin 2Z% sinh 22} is still an orthog-
onal set. From the orthogonal function expansion, we obtain the formula for the

coefficients,

By, sinh n—ﬂb / fa(x) sin —dx

2 e nmwT
asinh"T”b /0 fa(@) a

Example 6.6. Solve the Laplace equation
0%u N 0%u
ox? = 0y?

u(z,1) =z(1 — x), u(z,y) =0, on other three boundaries.

=0, 0<z,y<l, (aunitsquarein xz-y plane),

Solution: In this example, a = 1, b = 1, we have

2 “ . nTx 2 ! .
B, = asinh”gb,/o fa(x) sin . dzx = g /0 z(1 — ) sinnrx dx
2 ' 2 !
= ———(—cosnnz)x(l —x) 7/ (1 —2x) cosnrmx d
nmsinhnm o nmsinhnm J/,
2 ! 2

1
/ (—2)sinnrz dx
0

= e 1 _ 2 1 —
(nm)? sinhnm ( @) sinnmz o (nm)?sinhnm

4 ' 4
= — (- e — — 1
(nm)3 sinh nﬂ'( cos n) 0 (nm)3 sinhnw (cosnm —1)
8 k=1,2,---.

- (2k — 1)3m3 sinh(2k — )7
The solution then is, see also Figure and the Maple file Laplace.mw,

Z sin(2n — D)mrx sinh((2n — 1)my
(2n — 1 sinh(2n — )7

n:l
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Figure 6.4. Plot of the partial sum Sao(z,y) of the series solution.

How do we find the solution for the first case, the top-left diagram in Figure|6.3
i.e., u1(z,0) = fi(z) and ui(x,y) = 0 on other three boundaries? We can repeat
the method of separation of variables; or we can change the problem to one that we
have already solved.

Let y=b—1y, T = x, then

ul(:c’y) = ul(j’b - y)

define _ ,_ _
= u\r

Then, we have the following

82ﬂ1 . 82U1 % . _% 82ﬂ1 . 8211,1
0x2  0x2’ oy oy’ o2 oy?
antl 82’111 _ 32’LL1 n (92u1 —0.

9z 9y da?  Oy?
41(0,9) =u1(0,b—y) =0, u1(a,y) =u1(a,b—y) =0, u1(Z,0)=wuy1(z,b) =0,
a1 (z,b) = uy(x,0) = fi(z).

We apply the previous solution formula to get

nmwx

— 2 a
nmwy A, = — / fi(x)sin —dz.
a S o Jo a

o0 —
W (z,5) = Ansin ? sinh

n=0

)
a



6.5. Double series solutions for 2D wave equations of BVPs* 113

We switch to the original coordinates to get

s . nrx . . nw(b—1y)
u(z,y) = Z A, sin . sinh )
n=1

a

For the non-homogeneous part along the boundaries x = 0 and = = a, we can
use the symmetry arguments by switching = with y, and a with b, we can get a

formula for the entire problem:

Solution to Laplace equation on a rectangle

[ee] (oo}
. nrx . . na(b—y) . nNTT . . nwy
= A, h B, sin 7% ginn 7Y
u(z,y) ; sin . sin a + ; sin u sin .
> nmw nw(a — 1) nmw nwx
+ ; C,, sin Ty sinh — + nz::l D, sin Ty sinh 5
(6.40)

where the coeflicients are

2 “ nu 2 “ nu
A, = — x)sin —dzx, B, = 7/ x) sin —dz,
asinh“gb/o file)sin =g asinh 21t [, falw)sin =

2 b nmy 2 b nmy
S S in Yy, D, = —2 in — = dr.
bsinh 222 /0 g1(y) sin = =dx bsinh 222 /0 9>(x) sin == d

6.5 Double series solutions for 2D wave equations of
BVPs*

For two and three dimensional problems, the method of separation of variables leads
to double or triple series solutions, respectively. We use a two dimensional wave
equation example to illustrate the process.
Consider a wave equation on a rectangular domain with homogeneous bound-
ary condition:
Pu 5 (0%u N 0%u
ot2 0x2 = 0y?
U(x,y,t)’ =0, R=(0,a)x(0,0b) (6.41)
R

), (z,y) eR, t>0

u(z,y,0) = f(z,y), %(%y,o) =g(z,y),
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where we use R to represent the rectangular domain, and R to represent its

boundary. To solve the problem using the method of separation of variables, we

perform the usual steps.

Step 1: Let u(z,y,t) = T(¢t)X(2)Y (y) and plug its partial derivatives into

the original PDE so that we can separate variables.

ary conditions require X (0) =

The homogeneous bound-

X(a) = 0 and Y(0) = Y(b) = 0. Differentiating

u(z,y,t) = T(t) X ()Y (y) with respect to ¢, , and y, we get

ou y

% T (),
o~ T()X (@)Y ),
ou ,
G = TOX @Y W)

0%y "

= T (X ()Y ()
0%y

2 T(t) X" (x)Y (y);
0%u ”
S = TOX@Y" ).

The wave equation can be re-written as

T"(t)X (2)Y (y) = T () (X" (@)Y (y) + Y (y) X (2)),
T//(t) B XI/(:Z:) + Y//(z) _ (6.42)
AT(t)  X(z) Y

This is because in the last equality, the left hand side is a function of ¢ while the
right hand side is a function of x and y, which is possible only both of them are a
constant independent of ¢ and x and y.

We can separate variables further since %(;)) is a function of z, and

Y// (;L‘) .
Yy ®

a function of y to write

X//(a:) Y//(x)
=— —v=—pu. 6.43
X~ VW) (049
We get three ordinary differential equations for X (z), Y (y), and T'(t). Since we

know the boundary condition for X (z) and Y (y), naturally we should solve them
first
X// (./,C)
X(x)

——n or X"(a)+pX(x) =0,

Step 2: Solve the eigenvalue problems for X (z) and Y (y). From the Sturm-
Liouville eigenvalue theory, we know that the solution is

X" (z) = Cycosy/px+ Cysin /.
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From the boundary condition X(0) = 0, we get C; = 0. From the boundary
condition X (a) = 0, we get

Cysin/ua =0, = wa=mm, m=12---,

since Cs # 0. The eigenvalues and their corresponding eigenfunctions are

2
Mm:<@> ) X’m(‘r):Sinmﬂ-xv m:1a2a"'7'
a a

Similarly, we set Y7” = —v + pu = —y along with Y (0) = Y (b) = 0, to obtain

nwy\ 2 nmy

%:(T) ; Yn(y)—smT, n=12--

Finally, we solve for T'(t) using

T"(t) mm\ 2 nm\ 2
= - = — | — = — [ —— — —_— :12~~~ .
or === () —(G) me=tae

The solution T'(t) is (not an eigenvalue problem anymore since we have already

known vy, = (m”)Q + (”—5)2)

Tonn (t) = B c08(Vimnct) + By, sin(Vimn ct)

Put X,,,(x), Yn(y), and T, (t) together, we get a normal mode solution

T sin n%bry (an cos(Vmnct) + B sin(Vmnct) ) (6.45)

Umn (JJ, Y, t) = sin
which satisfy the PDE, the boundary conditions, but not the initial conditions.

Step 3: Put all the normal mode solutions together to get the series solution.
The coefficients are obtained from the orthogonal expansion of the initial conditions.
The solution to the initial and boundary value problem of the 2D wave equation

can be written as

(e, y,t) —Z

m=1m=1

o Y

2 (an cos(Vmnet) + B, sin(Vmnct) ) ,

which satisfies the PDE and the boundary conditions. The coefficients of B,,, and
By, are determined from the initial conditions u(x,y,0) and u(x,y,0). If we plug
t = 0 into the series solution, then we get

mrx . nw
u(z,y,0) = Z Z sin sin Tmen = f(z,y).

m=1m=1
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From this we obtain

a

a b
/ / sin? mre sin? nry dxdy
o Jo a b

4 a b
= — / / f(z,y)sin AT sin 274 dxdy,
ab 0 0 a b

a rb
/ / f(z,y)sin M in n%;y dzdy
an =20 0

since the denominator can be obtained analytically.

Similarly, we get the formula for B},

. 4 @ rb . mTT . NTy
an:m/o /Og(x,y)sm sdeaL‘cly7

a
. \/ mm 2 nm\ 2
where again v,,, = (—) + (—) .
a a

In a similar way, we can use the method of separation of variables to solve

three dimensional Poisson equations or wave equations, which will lead to triple
series solutions. Alternatively, we can solve those equations using some numerical
methods, see for example, Chapter [8| which may be simpler.

6.6 Method of separation of variables for PDEs of
BVPs in polar coordinates

In many applications it is preferable to use polar coordinates (two space dimensions)
or cylindrical/spherical coordinates (three space dimensions), especially when we
deal with circles, annuli, etc., see Figure for an illustration. Often we can solve
a two or three dimensional problem using one dimensional settings if the problem
possesses axial-symmetry. How will partial differential equations be changed using
the polar/cylindrical coordinates? We know that in polar coordinates

x=rcosf, y=rsind, r=+/224+y% 0 =arctan(y/z), (6.46)

where 0 is the angle between the x-axis and the ray O?, where X = (z,y) and
O is the origin in the two dimensional z-y plane. For a function u(z,y), we can

represent the function and its partial derivatives using (r,8),

u(z,y) = u(rcos b, rsinb) = a(r,0). (6.47)
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B
BC ¢
T U BC " BC
iodi petiodic BC BC
petiodic
BC BC
NoBC 27 ¢ 21 0 0

Figure 6.5. Diagrams of domains and boundary conditions that may be
better solved in polar coordinates. Top diagrams are domains in x-y plane, while

the bottom diagrams are domains in r-0 plane.

For simplicity, we often omit the bar if there is no confusion occurring. Next, we

replace the partial derivatives in terms of (r,8) as well using the chain rule to obtain

ou_ouor ouw
Or Ordx 00 0x’

ou_ouor  ouos
oy Ordy 000y

From 7 — \/m7 f = arctan(y/x), we also have

or 2z _rcos
or o /a2+y2 v T
a0 1 (y)i -y  y  rsind
Ox 1+ (%2 \ 22/ 22+y> 2 27
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Thus, we get
du_0u g, du( rsnd _duz duy
dxr  Or o8 00 r2 T Orr 90 r%
%_@g+@£_%in9+@cose
dy  orr  80r2 o’ 90 1
Ou_ 0 (ouz Ouy
0x2 Oz \Orr 09 r2

The derivations are long and tedious. Fortunately, for most practical partial dif-
ferential equations and/or vector relations, we can find the conversions through
mathematical handbooks or online tools. The Laplace equation in polar coordi-

nates in two-dimensions is

Au—VQu—@—i—lau 1 9%u

a2 ;E + ﬁw =0. (6.48)

Note that there is no g—; term in the expression above. We can use the dimension
analysis to figure out the coefficient in the above terms knowing that 6 is a dimen-
sionless quantity. For the radial symmetric case, that is, the solution is independent

of 6, we have the simplified Laplace equation

9%y 10u
72, _ - " -7
Ay =Vu = 52 + - 0. (6.49)

Series solution to the Laplace equation of BVPs on a disc

Consider the Laplace equation defined on a circle with a radius a,

0%y 10u 1 02w
Ay = 2, =2 - — - —~ -
u=Vu 8r2+rar+r2692

with a Dirichlet boundary condition at the circle boundary, that is, u(a,8) = f(6).

=0, 0<r<a, 0<6<2m, (6.50)

Note that 7 = 0 is an interior point, not a boundary. There is no boundary condition
at 7 = 0 except that the solution should be bounded. This is called the pole
condition. With the method of separation of variables, we set u(r,8) = R(r)O(0).

Following the procedure of the method, we obtain the following,
1 1
R'© +-R'© + 5RO" =0, (6.51)
r r

R// + %R/ 1 9//

R// lR/ "
+> _9 (6.53)

separate variable =— —r?
P ( R 3
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We have two related Sturm-Liouville problems
0" + 0 =0, 0(0) = O(2), (6.54)
R’ +rR — AR =0, 0<r<a. (6.55)

The boundary condition ©(0) = O(27) is a periodic one. We do not know the
solution of R(0) and R(a) except that they are bounded. Thus, we should solve the

first Sturm-Liouville eigenvalue problem first. If A < 0, we would have
O(0) = Cre™Y 4 CpeV™,

which cannot be periodic, neither the case A = 0 for which we have ©(0) = C1+C10.

Thus, we must have A\ > 0 for which the solution is
O(0) = C cos VA0 + Cy sin V.
Apply the periodic boundary condition, we should have
0(0) = Cy cos VA(O + 21) + Cy sin V(0 + 27) = Cy cos VAD + Co sin VNG,

which leads to 27vV\ = 27n, n = 0,1,2,---, or A2 = n?. Note that in this case,
n = 0 is a valid solution. The eigenfunctions then are

©,(0) = a, cosnb + by, sinnb, n=0,1,2---. (6.56)

Next, we use the second ordinary differential equation (6.55)) to solve for R(r)
which is not an S-L eigenvalue problem since A, = n? is known for n = 0,1, -.

R’ +rR —n?R =0, 0<r<a. (6.57)
It is an Euler’s equation, see Appendix [A.4] The indicial equation is
ala—1)+a—-n?=0, (6.58)
whose solutions are
r\mn _ r\-—n
R(r) = C, (—) 0, (—)  n=0,1,2,--- . (6.59)
a a

using a convenient form. Since the solution is bounded at r = 0, we have to have

C,, =0 for n > 1. Thus, the series solution is

u(r,0) = ag + Z (g)n (an cosn@ + by, sinnf) . (6.60)
n=1
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n . . .
We use (2) form instead of r™ just for convenience as we can see soon. We apply

the boundary condition (r = a) to get

u(a,d) = ap + Z (an cosnb + b, sinnb) = f(6), (6.61)

n=1

which is the Fourier series expansion of f(#). The coefficients are

1 7 17
w=150] f(0)do,  an=— . £(6) cosnd do,
1 [7 _
b, = — f(0)sinnf do, n=12,---
™ —T

Thus, we have found the series solution to the Laplace equation on a disc.

Example 6.7. Find the steady state solution of the following

0
%ZAU’ 2?2 +y? <1,

u(1,0,t) =100 —e™*, BC u(r,0,0) =rsind, IC.

Solution: The steady state solution is the solution to the following boundary
value problem,

Aug =0, 2 +y? <1,

us(1,6) = 100.

We can compute the coefficients of the Fourier series of f(#) = 100 to get ag = 100,
an = 0 and b,=0. The Fourier series itself corresponds to cos(0 - z) and the steady
state solution is u,(#) = 100.

How about u(1,0,t) = sin 50 4 cos 767 The steady state solution is the normal

modes solution us(8) = r°sin 50 + 77 cos 76.

How about u(1,6,t) =100if 0 < 6 < 7 and u(1,0,t) =0if 7 < 6 < 277 We

have
1 4 1 /7
ag = — 100d6 = 50, an = f/ 100 cosnf df = 0,
27T 0 Vs 0
1 (7 100 61" 100
bn:—/ 100sinnfdf = — — 270 221 (—1)my.
T Jo 0 n |, nm
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(a) (b)

Figure 6.6. (a): Plot of the boundary condition on the unit circle. (b):
mesh plot of the partial sum (N = 40) of the series solution to the Laplace equation
on the circle. Gibb’s oscillations are visible due to the discontinuity at 0 = w but

the solution is smooth in the interior.

The solution is

ug(r, ) = 50 + — Z - (1—=(-=1)")r"sinnd
n=1
200 o 2Rt
=50+ 7’; ST sin(2k + 1)6.

The series is uniformly convergent if r < o < 1, but not in (0,1). In Figure (a),
we show a mesh plot of the boundary condition along r = 1 using the polar coor-
dinates. In Figure (b), we show a mesh plot of the partial sum of the series
solution with N = 40 to the Laplace equation on the circle. Gibb’s oscillations
are visible due to the discontinuity at 6 = m but the solution is smooth in the in-
terior. Solutions to Laplace equations are also called harmonic functions that are

indefinitely differentiable in any interior domains.

6.7 Series solution of 2D wave equations of BVPs
with radial symmetry

A wave equation in two space dimensions in polar coordinates can be written as

0%u 5 (0?u 1 0u n 1 0%u
— ===+ -+=5 = |-
ot? or2 r or 1?2 062

If the problem has the radial symmetry, then ‘3273 = 0. Let us consider a Dirichlet
boundary condition for a wave equation on a disk with a radial symmetry,

62’1,&(7‘, t) — 2 @ 1 @ 0< <
oz “\arr T roar ) re
u(a,t) =0, BC at the disk, no BC at r =0, (6.62)

Ou(r,0)
ot

= g(r), initial conditions.

u(r, 0) = f(r),
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We can solve the problem using the method of separation of variables as
follows. First we set u(r,t) = R(r)T(t); then differentiate u(r,t) with respect to r
and t, respectively; and plug them into the PDE to get

1
T'(t)R = ¢ (R”T += R’ T> ,

and separate the variables to get

T// R// + 1 RI
—=—T" =)\
2T R

As before, the eigenvalues of the Sturm-Liouville problems have to be positive oth-

erwise T'(t) will be a constant, or go to zero or infinity. For positive eigenvalues, we
know that

To(t) = Ay cos(cy/An t) + By sin(cy/An t).

We cannot go further from this expression. Now let us check the equation for R(r)
1
R”—i—;R’)\R:O = rR'+R +MR=0, 0<r<a,
— (R)Y + 0+ x)R=0, R(a) =0, R(0) is unknown but bounded.

This is a weighted and singular Sturm-Liouville eigenvalue problem with weight

function r > 0 and a singularity at » = 0, which is called the pole singularity.

The equation can also be written as r2R” +rR'+Ar2R = 0. To get a standard
known Sturm-Liouville problem, we change the variable using y = v/ Ar and R(r) =
R(u/vA) = R(u). The differential equation in terms of the new variable p is

W R" + uR' + iR =0, (6.63)
which is one of the Bessel equations
2,11

22y +xy + (22 = pPy =0, the p-th order Bessel equation.  (6.64)

For the radial symmetric wave equation (6.62)), we have p = 0, called the zeroth
Bessel equation. The general solutions to the Bessel equation of order p is

y(z) = Crdp(z) + C2Y, (), (6.65)

where J,(z) is called the Bessel function of the first kind which is continuous in any
finite interval [0, a]. Y, (x) is called the p-th order Bessel function of the second kind
which is unbounded as z — 0 corresponding to the pole singularity. In Figure [6.7]
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we show several plots of different Bessel functions. Figure (a) shows three
first kind of Bessel functions in [0, 10]. We can see that the Bessel functions are
continuous everywhere including = = 0. The intersections of the functions and the
z-axis are the eigenvalues «a,,. Figure (b) shows three second kind of Bessel
functions in the interval (0, 2]. We can see that the Bessel functions are unbounded
as x approaches the origin. The Maple commands are the following.

plot({BesselJ(0,x), BesselJ(1,x),BesselJ(2,x)},x=0..10,color=[red,blue,black]);
plot({BesselY(0,x), BesselY(1,x),BesselY(2,x)},x=0..2,y=-20..2,color=[red,blue,black]);

(a) (b)

0
5
0.8

_204

Figure 6.7. The graphs of some Bessel functions. (a): Plot of
Jo(x), J1(x), J2(x), the first three first kind of Bessel functions. (b): Plot of
Yo(x), Yi(x),Ya(x), the first three second kind of Bessel functions

The general solutions of Bessel’s equation (6.63) of order p = 0 can thus be
written using (6.65)) as
R(,u) = Clt]O(ﬂ) + CQK)(/J), or R(T’) = Cle]()(\/X’r‘) + OQYO(\/X ) (666)

From the differential equation theory and our knowledge on wave propagations, the
solution should be bounded at the center of the disk (r = 0). Thus, we conclude
that the coefficient Cy = 0. The solution of R(r) should also satisfy the boundary
condition R(a) = 0, or Jo(v/Aa) = 0. Denote the infinitely many positive zeros o,
of Jo(u) as

O<ap<ar<ag <, <..<o0o, (6.67)

which leads to the eigenvalues v\, = A The A, are the eigenvalues of the original

a
eigenfunction R, (r). Therefore, we have the solution for R, (r),

Ry(r) = Jo(%?‘), (6.68)
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and we know that the corresponding 7'(t) is

T (t) = Ay cos(cy/ A t) + By sin(ey/ A, t). (6.69)

Finally we get the series solution to the original problem (6.62)) as

S nt nt n
u(r,t) = Z (An cos 2t 4 By, sin CO; > Jo (%T) . (6.70)
n=1

a

The coefficients are determined from the initial conditions. Since u(r,0) = f(r), we

have

. An:/oaj;(r)Jo(Oer)rdr.
/OJg(%r)rdr

Note that the weighted function r in the above integrals corresponds to the Jacobian

i AnJo (af:r) = f(r), (6.71)

in double integrals from Cartesian coordinates to the polar ones. The coefficients
B,, are determined by taking the partial derivative of u(r,t) with respect to ¢ at
t=0,

which leads to
a an
Jo {— d
a/og(r)o(ar)rr

can/ Jg <%r)rdr
0 a

Example 6.8. Motion of a circular membrane with a constant initial velocity and

B, =

(6.72)

a clamped edge.

Consider a clamped circular elastic membrane that is initially flat. At an in-
stance (¢t = 0), an external force such as a wind or something else triggered a uniform
initial velocity, say, %(7’, 0)| +—o = —100m/sec, find the motion (or deformation) of
the membrane at any time t¢.

Solution: In this case, we have u(r,0) = 0 and thus, A,, = 0. The solution is

a/o 9(:) Jo (O[CZLT) rdr N Co;nt i (%T) |
can/o JZ (7"7”) rdr

u(r,t) = Z
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A Maple program that solves and simulates the motion with adjustable parameters
of ¢ and a is attached in this book, see Fig[6.8] We can see animation of the motion

using the following command.

with(plots):
animate3d([r*cos(theta) ,r*sin(theta) ,EigenfunctionExpansion],

r=0..1,theta=0..2*Pi,t=0..40,frames=40);

Figure 6.8. Motion of a circular membrane with a constant initial velocity

and a clamped edge.

6.8 Series solution to 3D Laplace equations of BVPs
with a radial symmetry

When a domain is part of or entire a sphere, it is more convenient to use the
spherical coordinates,

r = rcos¢sind, 0 < ¢ < 2m,

y = rsingsind, 0<f<m, (6.73)

z = 7 cos 6, r=vx2+y2+22, 0<r.

A Laplace equation in the spherical coordinates has the following form,

Pu 20u 1 (? 0 o
u 4 (891; + cot 0 a—z + csc? 6 3(;:;) =0. (6.74)

or2  r Or 72
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If the problem is radially symmetric, that is, g%‘; = 0, then the Laplace
equation becomes a one-dimensional problem in r that can be solved rather easily.
Here we focus on the symmetry in the latitude, that is % = 0. We consider the

Laplace equation in a sphere with a Dirichlet boundary condition,
u 20u 1 (0% +cotf ou 0
or2 r or  r2\ 002 00 ’
u(a,0) = f(0), 0O<r<a, 0<0<m.

(6.75)

We use the method of separation of variables to find a series solution to the
boundary value problem by setting u(r,8) = R(r)©(6). Then, we differentiate
u(r, ) with respect to r and 6, respectively, and plug the partial derivatives into

the partial differential equation to get
/! 2 / 1 1 /
R +;R 6+72(® +cotO@ )R =0,

and separate the variables to get

ZR'+ 2R ©" + cot 6 O
T T = =\
R C)
The equation for R(r) is an Euler’s equation

r’R" +2rR' — AR =0,

whose solution should be bounded at r = (ﬂ The indicial equation of the above

Euler’s equation is

—1+v1+4A

s(s—1)+2s—A=0, = s12= 2

(6.76)
The solution to R(r) is
R(r) = Cir*t + Cor®2. (6.77)

If 1 4+ 4X < 0, then both roots s; and sy are either negative or the real part is
negative that leads to an unbounded R(r) at » = 0. Thus, the eigenvalues of A has

to be positive. That is all that we can do about R(r) for now.

Next, we try to check the ©(6) equation,

0" +cot 00" — X6 = 0, A> 0. (6.78)

5Note that the different sign in the right side of the separated equations compared with other

problems in previous examples.
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The term cot @ is unbounded at # = 0 and 8 = 7, and it is not a term that we are

familiar with and can be eliminated if we set s = cos#. Then, we have & 95 = —sind,
and
d® dOds doe
YT Ginf—=
db ds df ds
2?6 Jd?e . 5 dO
— W—E(—SIHQ) —ECOSQ.

Plugging the relations above into the ©(#) equation, and applying the identity of

sin?0 =1 —cos?20 =1 — s2, we have

e ., do cosf dO .
5z Sin 0 — Ecos@—i— " E(—sm@) -0 =0,
which leads to a simplified equation
C) do
(1-s )F_2«T_’\®_O -1<s<l (6.79)

The above equation is called a Legendre equation. The Sturm-Liouville eigenvalue
problem is a singular one with singularities at s = +1, called the north and south
pole singularities. From the theory of Legendre equations and polynomials (not

discussed here), it has been shown in the literature that
An=nn+1), n=12,---. (6.80)
The general solutions can be written as Legendre functions
O(s) = CLPu(s) + C2 Qn(s), (6.81)

where P, (s) is a Legendre polynomial of degree n which is continuous in [—1, 1];
Qr(s) is a second type of solution to the singular Legendre equation which is un-
bounded at s = —1 and s = 1. From the differential equation theory and our
knowledge on Laplace equations, the solution should be bounded at the center of
the sphere (r = 0). Thus, we conclude that the coefficient Cy = 0.

Substituting s = cosd into the solution ©(#) = P,(s) of the original equa-
tion we get ©(0) = P,(cosf). Since we know the eigenvalues A\, = n(n + 1),
and 1+ 4)\n = (2n + 1)2, the solution to the indicial equation for R(r) is

—1—-v1+4X —14+V1+4X
Sn,1 = - 5 = —n, Sp,2 = — s =
The solution R, (r) is unbounded at r = 0 corresponding to sy ;. Thus, we have
to have R,, = r". Therefore, the series solution in the original variable has the

following form

iAn (f) Py (cos ). (6.82)
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The way in writing this form is to get A, in a simple way. The coefficients A,, are
determined from the boundary condition u(a,8) = f(6),

= ZAnPn(cos 0) = f(9).

To find the coefficients A,, above, we multiply a P,,(cos8)sin to both sides

of the last two terms and integrate

/f cos@)sm@defz/l / P, (cos0)P,,(cos8)sinf df
0

n=1

_ ZAn/_l Py () P (2) da.

From the property of orthogonality of the eigenfunctions and

1 ™
/ P%(x)dx = / P2(cos 0) sin 0 df,
0

-1

we obtain

/ f(0)P,(cosB)sin b df

(6.83)

/ P2(cos 0) sin 0 df
0

Note that the sinf terms in the integrals above correspond to the Jacobian when
changing a volume integral from Cartesian coordinates to the spherical ones. Using

the property of Legendre polynomials, we can simplify the above expressions further

to have,
2 1
n + / f(0)Py,(cosB)sinf df. (6.84)
We note that the Legendre polynomials can also be expressed as
1 a n
P,(z) = — (22 —1 =1,2,--- )
W@) = o (1), =12, (6.85)

from the orthogonal polynomials theory, see for example [IJ.

6.9 Special functions related to series solutions of
partial differential equations of BVPs

We have seen that with different coordinates, we will have some special Sturm-
Liouville eigenvalue problems, often singular, that lead to some special functions if
we use the method of separation of variables. We provide a summary in Table
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6.10 Exercises

E6.1

E6.2

E6.3

Apply the method of separation of variables to solve the 1D wave equation
Pu 0%

ou
%(Ovt) - 07 U(L7t) - 07

ou
’U,({E,O):f(l'), E(xvo) :g(x)

(a). Let u(x,t) = X(x)T'(t), derive the equations for X (z) and T'(¢).
(b). Solve the related Sturm-Liouville eigenvalue value problem.
(c). Find the series solution to the 1D wave equation.

(d). Apply the derived series solution formula to solve the BVP when f(x) =
||, g(x) = sindan, with L = 2, ¢ = 3. Plot or sketch the series solution,

and the partial sums Sy (x,t) (assuming N is large) at ¢t = 4.

Carry out the method of separation of variables to solve the heat equation
ou 5, 0%u
B il
ot 0x?’
Also plot or sketch the initial u(x,0) = f(x), the series solution, and the

partial sums Sy (z,t) assuming N is large enough at ¢t = 2.5.

0<z<L, u(z,0) = f(z).

0
(a). L=m, c=1, u(z,0) =78, %(o,t) =0, u(L,t)=0.
(b). L=m, ¢=3, wu(zr,0)=30sin(10x), u(0,t)=0, wu(L,t)=0.
ou
. L= =2 0.t)=0. —(L.t)=0
(C) 71-7 c ? u( Y ) ) 81'( I ) I
33z if0<z<m/2,
u(z,0) =
B(r—z) 7w/2<z< T
. . . Ou  ,0%u
Find the steady state solution (SSS) of the heat equation 5% = a2 0<
x

x <L, wu(z0)=f(x):

(a). c=3, u(0,t)=0, wu(l,t)=100, f(z)=2a?sinz.
(b). ¢ =+v2, u(0,t) =100, wu(m,t) =100, f(z)=1log(l+ x?)sinz.
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. Ou 5 0%u .
E6.4 Solve the heat equation 5 = 9.2’ 0<z< L, u(zx,0)= f(x) with
x
non-homogeneous boundary conditions.
(a). L=1, c¢=1, f(z)=30sin(rz), u(0,t)=100, wu(l,t)=0.

33z if0<az<m/2,
(). L=mn, ¢c=1, f(z)= u(0,t) =
B(m—x) 7w/2<x< T,

100, u(m,t) = 50.

E6.5 Solve the Laplace equation on [0, 1] x [0, 2] with the following boundary

conditions and find its maximum value and minimum values of the solutions.

(a). u(0,y) =0, u(l,y) =y(2 —y), u(z,0) =0, u(z,2) = 0.
(b). u(0,y) =0, u(l,y) =0, u(z,0) = sin(nx), u(z,2) = 0. Hint: A normal

mode solution.

E6.6 Solve the Laplace equation on [0, a] x [0, b] with the following boundary

conditions: u(0,y) = 0, @(a,y) =0, u(z,0) =0, u(z,b) = f(x).

ox
E6.7 Solve the elliptic partial differential equation on [0, a] x [0, b]
*u  ,0%
W+a 8—y2:0, (z,y) € R,

U(I,b) = fQ(I)a ’LL(SC, O) = 07 U(O,y) = Oa u(a,y) = 0.
Hint: Change one of independent variable.

E6.8 Given
ou 8%u

o "t
(a). Classify the following PDE.
(b). Solve the boundary value problem of the PDE on the domain 0 < x < 7
with

u(0,t) =0, %(T(,t) =0, u(x,0)=f(x).

(c). Find the steady state solution if it exists.

E6.9 Consider the heat equation.

ou O0*u 0%
T T 0<az<2, O<y<l,
ot 0x? * Oy? o Y

u(z,y,0) = sin(a:2 + %),

du

dy

u(e,0,t) = e, (2,1,t) =0, u(0,y,t) =0, u(2,y,t)=siny.
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Write down the PDE and boundary condition(s) of the steady state solu-
tion.

To solve the steady state solution, do the following:
(a). Let the solution be u(z,y) = X (2)Y (y), derive the ODEs for X (x) and
Y(y).

(b). Solve the Sturm-Liouville problem for Y (y). Find the corresponding
solution X (x).

(c). Find the series solution for the steady state solution (series solution).

Hint: the solution to the equation y” — A%y = 0 can be written as y(x) =
Cy cosh(Az) + Cy sinh(Ax).

E6.10 Find the steady state solution of the 2D heat equation,
0
%ZAU’ 22 +9y? <3,
(a): u(3,0,t) =100 — e~ cost, u(r,0,0) =rsinf. Hint: a normal mode.

1 ifo<f<m,
(b): u(3,0,t) = u(r,0,0) = log(r? + 1) cos(7.26).
0 m<x<2m

E6.11 The solution to the Laplace equation Au = 0 on an annulus 0 < a < r < b
with the boundary condition u(a,d) = f(8), u(b,0) = g(d), 0 < 8 < 27 can
be written as

> B
u((r,8) = Ag + By logr + Z { (Anr" + 7”7;) cos nd

n=1

D
+ (Cnr" + :) cos nH} .
r

Can you derive the formulas for the coefficients? Also try to solve the problem
whena=1,b=2, f(f) =1, and g(f) = sin6.

E6.12 Redo the problem of Example with ‘g—;fu(r, 0) =0, and (a): u(r,0) = 10;
(b): u(r,0) =r(1—r).

E6.13 Solve the radial symmetric 3D Laplace equation on a sphere with a =1 , and
(a): u(a,d) =1; (b): u(a,) =sinfcosb.
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E6.14 (Extra Credit): Using the method of separation of variables to solve the

following boundary value problem,

2 2
%+au:02%7 O<zxz<L,
0
a—Z(o,t) =0, w(L,t)=0,

u(ac,()):f(x), E(xvo):g(]})v

where « is a constant.
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Chapter 7

Fourier and Laplace

transforms

We have seen the power of various Fourier series in solving boundary value problems
of partial differential equations and their applications. If we let L in the Fourier
series goto oo, and replace the summation with integration, then we will have the
Fourier transform. The Fourier transform is very useful in terms of theoretical
analysis, obtaining analytic solutions of certain PDEs especially those defined in

the entire space.

7.1 From the Fourier series to Fourier integral
representations

Give a function f(z) € L?(—L, L), we already know the Fourier series expansion

= nm nwT
f(x):nz_%{ancos T + by, slnT}
Z{ (/ ft cosdt) —+ (/ f(t smdt) i mrm}.
Let % =w or f = %% =1 —Aw. The expression above becomes
>~ (4 L 1 L
f(z) = Z = / f(t) coswtdt | coswz + — / f(t) sinwtdt | sinwz p Aw.
™ _L s L
n=0

Let L — oo, we get
flx) = /OO (A(w) coswzx + B(w) sinwz) dw, (7.1)
0

135
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where

1 (oo}
= 7/ f(t) coswt dt, cosine transform of f(x); (7.2)
o0
1 [ . .
=— / f(t) sinwt dt, sine transform of f(x). (7.3)
The expression ([7.1) is called the Fourier integral representation of f(z) which
converges to f(x) if f(x) is continuous at a point x; and to (f(x—) + f(x+))/2 if
f(z) is piecewise continuous.

If we put cosine and sine transforms together and use the trig-identity cos(a—

B) = cosacos f + sinasin B, we derive the Fourier transform of f(z) below.

1 o0 o0
flx) = f/ / f(t) (cos wt cos wz + sinwt sinwzx) dt dw
™ —00

1 o0 (oo}
= f/ / f(#) cos(z — t)dt dw
™ Jo —0o0
1 oo oo . .
_ iw(z—t) iw(z+t)
271_/0 [mf(t) (6 +e )dtdw
1 e} 00 o(a—t) 1 0 0o o(a—t)
= — e TVt dw — — )"\ Y dt dw
5 [ e o-ge | [ s 5
= i/oo /Oo F()e D dt duw
27T — 00 — 00

= \/j m / f _wﬂdt dw

=— ) du.

_f

The Fourier transform of f (x) is defined as

Flf@) = fle) = = / f@e@mde.  (7.4)

From the derivation above, we also have.
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The Inverse Fourier transform is

“1(f = —L OoA(,uei“”‘:w
() = f(a) = <= / fwed.  (75)

Example 7.1. Find the Fourier transform of f(z) = e~ where a > 0 is a

constant.

The Fourier transform can be found directly from the definition.

—a|x\e—iwxdx

— am 7’wad$+ / az 71wxd1,
\/271'[ \/27‘( 0

— —az ZUJ.TCd:L,_"_ / LL$ —’wadx
v 2T /0 V2T

1 e(iw—a)ac o0 1 _e(iw+a)a: o0

T Vor w—a

+ -
0 \/27T w+a

0

1 1 n 1
C Ver \a+tiw  a—iw
B \F o
Va2 +w?
‘ : ‘ Loif |z[<a,
Example 7.2. Find the Fourier transform of a step function f(x) =

0 if |z|>a 7

where a > 0 is a constant.

The Fourier transform can be found directly from the definition.

f)= o= [ j@eda
1 —iwT - =

= \/ﬂ/a dr = T iw »

_

wiv 2w

1 67iw:1: a

(efiwa _ eiwa)
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=— ( coswa — isinwa — (coswa + isin wa))

wiv 2w

2 sinwa 2 sinwa

V2 w T w

Note that f (w) has a removable singularity at w = 0 since

\/58111 wa \/7
= lim =
w—0

Example 7.3. Find the Fourier transform of a point source function f(x) = §(x),

a special function defined only in the sense of distribution below,

/ F(2)3(x — a)dz = f(a) (7.6)

if a is in the domain of the integration.

The Fourier transform can be found directly from the definition,

; 1
x)e "rdr =

v N

Note that the point source function é(x) is called a Dirac delta function, which

flw) =

can be regarded as a ‘limit’ of the following non-negative function whose graph about

the z-axis has a unit area

1—|z|
if |z| <e,
0c(x) = € (7.7)
0 Otherwise.

It is easy to show that

1im/f (x — a)dz = f(a).
e—0
Such a d.(x) is not unique, for example, the following function plays the same role

1
" (1 + cos %) if || < 2,

0 Otherwise.

() = (7.8)

The Dirac delta function can be regarded as the ‘weak derivative’ of the Heaviside

function

a1 >0 79)
] 0 Otherwise. '
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7.1.1 Properties of the Fourier transform

It is obvious that if « and 8 are two complex or real constants, then

Flaf(z) + By(x)) = aF(f(x)) + BF(9(x))- (7.10)

Theorem 7.1. Let @ be the Fourier transform of a function u € L?, then

ou

— = wl A1

5y — Wi (7.11)

g—z = —izu, (7.12)
i=u. (7.13)

Proof: From the definition, we have

§)

e dw = u. (7.14)

e

For the partial derivatives %, first from the definition, we have

% 1 (’9u
Ox vV 27r

On the other hand, if we take the partial derivative of ([7.14) with respect to z
assuming that we can switch the integration and the partial derivative, we get

zwxdw

0 iwr~
i E /_OO 2 (e“‘”‘u(w)) dw

e“r(w) dw.

-y L

The inside expressions should be the same, that is, % = iwi.

If we switch the position between w and z, u and @ in the expression above,

we get

—me dx

awm dw

and by differentiating the Fourier transform

—wau d.’L‘

:E/_Ooux
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with respect to w we get

o1 1 > .
qu_ —/ —ize "“Tudx.
Ow V2T ) oo

Thus we get % = —ixu, which completes the proof.

It is easy to generalize the equality to high order derivatives to get,
o
oxm

i.e., we can remove derivatives using the Fourier transform.

= (iw)™ @ (7.15)

Parseval’s relation: Under the Fourier transform, we have ||d|2 = ||ul|2 or
o0 o0

/ |41)? dw :/ lu|?dz . (7.16)
—o0 —o0

7.1.2 The convolution theorem of the Fourier transform

For some functions, it may be easier to obtain the inverse Fourier transform using

the convolution theorem:
FUP@GW] = frg= [ 1wt~ vy (7.17)

where f * g is called the convolution of f and g. Thus, we also have

F [/_O; F)g(e - y)dy} = F(w)G(w). (7.18)

We show an example below about an application of the convolution theorem. More
examples can be found in the area of signal processing.

Example 7.4. Solve for y(z) from the integral equation,

/°° y(w)dw 1

oo (T —w)2 4+ a2 224 b2

assuming that b > a > 0.
Solution: The left hand side looks like a convolution. Note that
(o] —iwx 0 —iwx 00 —iwdx
e e e
———dz = —d —d
/;oox2+62x [m$2+b2 I+A $2+b2x

00 eiwx +67iwz T b
= | Tayp w=ge
0 X +b b
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We take the Fourier transform of the integral equation on both sides, that is,

Foen s b =7 i

and apply the convolution theorem to get
Y(W)Ee_‘”a =" — Yw)= %e_(b_a)”.

After the inverse Fourier transform, we have

B (b—a)a
Vo) = T =)

7.2 Use the Fourier transform to solve PDEs

The Fourier transform is a powerful tool to solve some partial differential equations,

particularly for some Cauchy problems as illustrated below.

Example 7.5. Consider the Cauchy problem below,
up +auy, =0, —co<z<oo, t>0, u(z,0)=uy(z),

which is an advection equation, or a one-way wave equation. This is a Cauchy
problem since the spatial variable is defined in the entire space and ¢ > 0. Applying
the Fourier transform to the equation and the initial condition, we get

Uy + auy =0, or U+ aiwd =0, (w,0) = dp(w),

which is an initial value problem of an ordinary differential equation. The solution

is
i(w, t) = a(w,0) e = g (w) et

for 4(w). The solution to the original advection equation is obtained from the
inverse Fourier transform,
u(z,t) =

1 R awt
—_ e g (w) e " dw
= i)

iw(z—at) fio (w) dw

1 oo
e ye— €
\/271' [oo

= u(z — at,0) = ug(x — at)
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which is the same as that in Chapter[2} It is noted that the solution to the advection
equation does not change shape, but simply propagates along the characteristic line
x — at = 0, and the Parseval’s identity,

lull2 = Nl = [la(w, 0)e ™|z = [|i(w, 0)[|2 = [|uoll2 -

Example 7.6. Consider

Uy = Bugy, —o<zx<oo, t>0, u(z,0)=wug(z), lim u=0,
|z] =00

which is a heat (or diffusion) equation. Once again applying the Fourier transform
to the PDE and the initial condition, we obtain

—

Wy = Bugy, or U = B(iw)*s = —Pwd, (w, 0) = Ggp(w).
The solution of this ODE is
a(w, t) = d(w,0) e Pt
Consequently, if 8 > 0, from the Parseval’s relation, we have
lull2 = flalla = e, 0)e ™ 5 < [Jug|2 -

Actually, it can be seen that lim; , ||ull2 = 0. That is why the second order
partial derivative term is called a diffusion or dissipation term. The L? norm is
often regarded as an energy in some physical applications. In a heat equation, the
energy is decreasing with the time. If 8 < 0, then lim;_, o ||u||2 = oo, the partial
differential equation is dynamically unstable. The partial differential equation is
called a backward heat equation, which has application in financial mathematics

with terminal (backward) boundary conditions.

Example 7.7. Dispersive waves. Consider

a2m+ 1 m a?mu

Uy = 8x2m+1 + ax2m

where m is a non-negative integer. For the simplest case u; = Uz, we have
~ o ~ . \3~ . 3.
U = PUzgz, o U = P(iw) 4 = —iw’a,

and the solution of this initial value problem of the ODE above is

(w,t) = i(w,0) et
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Therefore
[ull2 = [ldll2 = [la(w, 0)]]2 = llu(w, 0)]l2,
and the solution to the original PDE can be expressed as

u(z,t) = W g0 (w) e~ % duy

1 oo
py— €
\V 271' [oo

iw(@—w?t) lip(w) dw.

1 o0
= — e
V 2 /;oo
Evidently, the Fourier component with wave number w propagates with velocity w?,

so waves mutually interact but there is no diffusion.

Example 7.8. PDEs with higher order derivatives. Consider

a2mu 82m—1u
= OZW + W + l.O.t.,

where m is a non-negative integer. The Fourier transform yields

Ut

—ow?mg - ifm=2k+1,
Uy = a(iw)Qmﬁ 4+ =
aw?™ i 4 - - - if m = 2k,
hence

a(w,0) e~ 4 ifm = 2k 4+ 1,

)
|

A(w, 0) e ™ 4. if ;= 2k.

From the above relations, we can know whether they partial differential equations
are dynamically stable or not. For example, u; = u,, and u; = —Ugzz are dynam-

ically stable, whereas u; = —uz; and u; = Uge., are dynamically unstable.

7.3 The Laplace transform

The Fourier transform is for functions that are defined in the entire space (—o0, c0)
while the Laplace transform is for functions that are defined in half space (0, 0)
such as time variable ¢ > 0. The Laplace transform for a function f(¢) is defined as

L(f)(s) = F(s) = / " fetar, (7.19)

where s is in the complex number set. A necessary condition for the existence of
the integral is that f must be locally integrable on [0, c0). The Laplace transforma-

tion from the time domain to the frequency, also referred as s-domain, transforms
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ordinary differential equations to algebraic equations and convolutions to multipli-

cations.

Example 7.9. Find the Laplace transform of f(t) =1, f(t) =t, f(t) = e*, and
f(t) = sin(wt).

We apply the Laplace transform formula to get:

> 1 |
£(1)(s) :/ Lot = —Lemst| 1
0 § t=0 S
e’} t —st S
K(t)(s):/ t-e Stdt = (—e_St— c 5 ) ==
0 S S =0 S
oo oo 1
ﬁ(eat)(s) _ / et oSt — — ef(sfa)t _ ,
0 s—a i—o S—a
. [ et g, W
L(sin(wt)(s) = /0 sin(wt) - e~ dt = R

The last one is from the integral table: sin(wt) - e~ tdt = _Stw
4w

One of the most important properties of Laplace transform is that we can get

rid of one derivatives from the following identities:

L(f') = sL(f) - £(0), (7.20)
L(f™M) =s"L(f) =" F(0) = s"2f'(0) — - — f"7D(0).  (7.21)

Proof: If we repeatedly apply the integration by parts, then we have

f(n) / f eSSt dt = f(n—l)(t) oSt OOO +/ sf(n—l)(t) e st dt
t= 0

= —f=DO) + D (1) se

0 +/ Sf(n 3)() 2 —Stdt
0 Jo

_ _ r(n-1) — g (n—2) . > s" et
FOD(0) = D (0) 4+ + /O f(#)
= [0V (0) — sfD(0) — -+ "L F(0) + 5" L(f) ().

The first identity is the directly application of the above.
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7.3.1 The inverse Laplace transform and the convolution

theorem

The definition of the inverse Laplace transform is quite technical and involves in-
tegrations on the complex plane. Intuitively, if the Laplace transform a function
f(t) is F(s), i.e. L(f)(s) = F(s), then f(t) is called an inverse Laplace transform
of F(s). We write symbolically £L71(F)(s) = f(t). Technically, the inverse Laplace
transform can be expressed as

~y+ooT

L7HF)(s) = f(t) = i lim / F(s)e® dt. (7.22)

—iT
where the integration is done along the vertical line Re(s) = + in the complex

plane. In practice, computing the complex integral can be done by the Cauchy

residue theorem. Note that not all functions have inverse Laplace transform.

The inverse Laplace formula is not very useful due to its complexity. Fortu-
nately, most of useful and practical inverse Laplace transforms can be found in the
literature and on the Internet. For some functions, it is easier to obtain the inverse

Laplace formula using the convolution theorem:

LoUF(5)G(s)] = fog = / Fw)g(t - y)dy, (7.23)

where f x g is called the convolution of f and g. Thus, we also have

c[f Fwalt - V| = Fo)G) (7:24)

2
Example 7.10. Find the inverse Laplace transform of 82(827—1—4)
L 2 1
Solution: We set F(s) = =1 thus f(t) = 2t, and G(s) = poaE thus
in(2t
g(t) = &é) The convolution of f * g is
t .
. t  sin(2¢
/ 2(t — y) sin(2y)dy = 5~ z(l )
0
Thus, we conclude
2 ¢ t  sin(2t)
R :*17:/2# in(2y)dy = - —
LTF(s)G(s)] =L 26210 ; (t —y)sin(2y)dy = T

which is the inverse Laplace transform.
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Similar to the Fourier transform, the Laplace transform can be used to solve
differential equations by eliminating derivatives of one variable. For a linear ordi-
nary differential equation, the Laplace transform reduces the ODE to an algebraic
equation, which can then be solved by algebra. The original differential equation

can then be solved by applying the inverse Laplace transform.

Example 7.11. Use the Laplace transform to solve the initial value problem:

y'(t)+yt) =2, y(0)=0, ¥'(0)=1

Solution: We apply the Laplace transform to the ODE L[y” +y] = £(2), and
apply property for derivatives to obtain

s2Y () — sy(0) —y/(0) +Y = %

Apply the initial conditions, we get an algebraic equation for Y (s)

(s*+1)Y(s)—1==, =

Lo, 12 %
s2+1  s(s2+1)  s2+1 s s241

Y(s) =

By looking at a mathematical handbook for the Laplace transform we get the so-
lution y(t) = sint 4+ 2 — 2cost. It is easy to check that y(t) satisfies the ODE and

the initial conditions.

7.4 Exercises

E7.1 Show that if f(x) is an even function, then its Fourier transform can be

expressed as the cosine transform

1 o0
F= \/—27/0 f(w) coswzdz.

Similarly, if f(x) is an odd function, find the similar relation in terms of the

sine transform

1 o .
F = \/72?/0 f(w) sinwadz.
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E7.2 (a): Find the Fourier transform of a pulse defined as:

1 if-i<ae<i,
P(I): 2 2

0 otherwise;
and a triangular pulse, defined as:

1-Jt] if-1<z<1,
T(x) =
0 otherwise;
(b): Show that T'(z) = P * P, That is, the convolution of P(x) and itself.
(¢): Use the convolution theorem to find the Fourier transform

sin?(7w)

FAT} = F{P+P} = F{P} F{P} =C———,

Find the constant C.

E7.3 Using the convolution theorem to show that the solution to the integral equa-
tion
y(x) = g(z) +/ y(t)r(z —t)dt
is
1 [® [/ Gw) ) ,
) = —— R S ezwxdw’
o= [ (i

where G(w) and R(w) are the Fourier transform of g(z) and r(x), respectively.

E7.4 Find the Laplace transformation of the following functions.

(a). fit)=C.
(b). f(t) = cos(wt).
(c). f(t) = sinh(¢).
(d). f(t) = cosh(t).
E7.5 Find the inverse Laplace transformation of the following

1

(a). F(s) = =t
1
(b). F(s) = Pyl
1

(c). F(s) =

s2 4 a2’



148 Chapter 7. Fourier and Laplace transforms




Chapter 8

Numerical solution

techniques

Analytic solutions techniques are important for solving and understanding differen-
tial equations. We should try our best effort to get analytic solutions so that we can
analyze and understand the solution behaviors. Unfortunately, many problems are
difficult, if not impossible to find analytic solutions, particularly for partial differen-
tial equations. Thus, we need to find different ways to solve and analyze differential
equations. Series solution techniques have been shown to be effective in solving and
analyzing differential equations. Nevertheless, Series solution techniques can be dif-

ficult for high dimensional problems and have limitations on boundary conditions.

The rapid development in modern computers has provided another powerful
tool in solving differential equations, which is called numerical solutions of differ-
ential equations. Nowadays, many applications such as weather forecasts, space
shuttles lunches, robots, heavily depend on super-computer simulations. There are
tons of books, software packages, numerical methods, online classes for solving dif-
ferential equations. It is totally a new area of study and research. Here, we just
introduce a few examples so that interested readers can get a glance of the pow-
erful tool and can pursue further if needed. We can see that for some problems,
numerical approaches maybe much simpler than series or other analytical solution
techniques. Note also that numerical methods can also help theoretical study of

differential equations.

There are many different numerical methods that can be applied to solve
differential equations, for examples, finite different methods, finite element meth-
ods, finite volume methods. Usually different methods have advantages/limitations

compared with other ones for solving differential equations and applications.

While Maple is a symbolic package, Matlab is a multi-paradigm numerical

149
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computing environment and proprietary programming language developed by Math-
Works. One can call Maple directly from the Matlab environment. Matlab has a
variety of numerical methods built in such as linear algebra, numerical approxima-
tions, spline library, and many toolboxes for solving various mathematical problems
through computing. Note that, Matlab is a simple and easy tool to use. In some
sense, it is more like a super calculator. Nevertheless, it is not the most efficient

way for large scale simulations and super-computing.

For ordinary differential equations or systems of ordinary differential equations
with prescribed initial conditions, particularly, the first order system of ODEs with
an initial condition,

YRy, vl =y (5.1)

where yq is a known initial condition, we can use the Matlab ODE Suite toolbox to
solve the problem numerically, see for example, [I1]. The toolbox is powerful and
often enough for many practical applications. For a high order ordinary differential
equation, often it is easier to convert the ODE to a first order system as the above

standard form.

In this chapter, we briefly explain finite difference methods (FDM) for some
differential equations of boundary value problems. We refer the interested reader to
[7,[8, 10, [14], [15] for introductions on this topic. In a finite difference method, instead
of finding solution everywhere, we seek approximate solutions at a finite number
of points, called grid points. The second aspect of a finite difference method is to
approximate derivatives using function values at grid points so that a differential
equation becomes an algebraic system of equations. Some commonly used finite

difference formulas are listed below

u(z +h) —u(z) ulx+h)—u(r)

o (z) = }lllg}) A ~ b ; (82)
o () = fl}g}) u(ac—l—h)z—hu(x—h) - U(I+h)2_hU($_h)7 (8.3)
W (z) = lim u(z — h) — 2u(z) + u(x + h) ~ u(z +h) — 2u(x) +u(z + h) (8.4)

h—0 h? h?
if h is small enough.

The simplest method for solving (8.1) may be the forward Euler’s method
that uses a time marching approach to obtain an approximate solution at the time

interval At starting from the initial condition as

n+1 n

Yy -y

— F (™. V" —0.1.---. .
At (t 7y)7 n 0’7 (85)
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The method is first order accurate, that is, ||y” —y (", y(t"))|| < CAt. The scheme
is conditionally stable meaning that we can not take very large At. We can give
a reasonable guess of At < 1. Theoretically, the method is stable if we choose At
such that |At \; (% (tmy(to))) | <1 for all i’s, where \; (3—; (to,y(to))) are the
eigenvalues of the Jacobi matrix of f.

It is quite easy to use the Matlab ODE Suite to solve a system of first order
ODEs of an initial value problem and visualize the results. The Matlab ODE Suite
is a collection of five user friendly finite difference codes for solving initial value
problems given by first-order systems of ordinary differential equations and plotting
their numerical solutions. The three codes ode23, ode45, and odel13 are designed to
solve non-stiff problems and the two codes ode23s and odel5s are designed to solve
both stiff and non-stiff problems. The mathematical and software developments
and analysis are given in [II]. The Matlab ODE Suite is based on Runge-Kutta
methods and can choose time step size adaptively.

As a demonstration, we solve the non-dimensionalized Lotka-Volterra predator-

prey model of the following system,
Yi=Yy1— Y1y
Y5 = —ayz + Y1 Yo, (8.6)
y1(0) = p1, Yy2(0) = pa,
where p; and ps are two constant, y1(t) is the population of a prey while y;(¢) is the
population of a predator. Under certain conditions, predator and prey can co-exit.
We define the system in a Matlab function called prey_prd.m whose contents

are

function yp = prey_prd(t,y)
global a

k = length(y); yp = zeros(k,1);
yp(1) = y(1) - y(D*y(2) ;
yp(2) = —a*xy(2) + y(1)*y(2);

To solve the problem, we write a Matlab script file called prey_prd_drive.m whose

contents are the following.

global a
a =0.5; t0 = 0; yO = [0.01 0.01]; tfinal=200;
[t y] = ode23s(’prey_prd’, [t0,tfinall,y0);
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yl =y(:,1); y2=y(:,2); % Extract solution components.
figure(1); subplot(211); plot(t,yl); title(’Population of prey’)
subplot(212); plot(t,y2); title(’Population of predator’)
figure(2); plot(yl,y2) % Phase plot

xlabel(’prey’); ylabel(’predator’); title(’phase plot’)

In Figure we plot the computed solution for the parameters a = 0.5, the
initial data is y1(0) = y2(0) = 0.01. The final time is T' = 200. The left plot are the
solution of each component against time. We can observe that the solution changes
rapidly in some regions indicating the stiffness of the problem. The right plot is the
phase plot, that is, the plot of one component against the other. The phase plot
is more like a closed curve in the long run indicating the existence of the limiting
cycle of the model.

(a) (b)

Population of prey phase plot
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Figure 8.1. Plots of the solution of the prey-predator model from t = 0
to t = 200 in which we can see the prey and predator co-exist. (a), solution plots

against time; (b), the phase plot in which limit cycle can be seen.

8.1 Finite difference methods for two-point boundary
value problem3
We start with a one-dimensional Sturm-Liouville problem of the following,

u'(x)=f(z), 0<ax<L, u(0)=us u(l)=uy,
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to illustrate the general procedure using a finite difference method as follows. Note
that when u, = 0, up = 0, and f(x) = Au, we have a Sturm-Liouville eigenvalue

problem.

8.1.1 OQutline of a finite difference method for a two point BVP

1 Generate a grid. A grid, or a mesh, is a finite set of points on which we seek
an approximate solution to the differential equation. For example, we can use

a uniform Cartesian grid

1
r;=1th, i=0,1,---n, h=—.
n

2 Represent the derivative by a finite difference formula at every grid point where

the solution is unknown, to get an algebraic system of equations. At each grid

point z; we replace the differential equation in the model problem by

u(x; —h) — 2u(z;) + u(x; + h)
2

= f(z;) + error,

where the error is called the local truncation error.

Thus, we obtain the finite difference solution (an approximation) to u(z) at
all z; as the solution U; &~ u(z;) (if it exists) of the following linear system of

algebraic equations:

Uq — 2U; + Us

2 = f(x1)
Uy, —2U5 + Us
IT = f(x)
Ui—1 —2U; + Uiy
= = = f(i)
U, 3—2U, o+ U,_
3 e 2 1_ Flan_s)
Un_o—2U,_ 1+ up
e = f(wn-).

Note that the finite difference approximation at each grid point involves so-
lution values at three grid points, i.e., at z;_1, z;, and x;41. The set of these
three grid points is called the finite difference stencil.
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3 Solve the system of algebraic equations to get an approximate solution at each

grid point. The system of algebraic equations can be written in the matrix

and vector form (Azxz = b),

—7 2 U f@1) = ua/?
o e Ua f(z2)
M TR e Us f(as)
_ )
w —& Iz Un—2 fln—2)
L 7 o~ | LUt | | flaen—) —w/R? ]

Note that it can be shown that the coefficient matrix is a symmetric negative
definite matrix and it is invertible. There are various computer packages

designed to solve such a system of equations.

4 Implement and debug the computer code. Run the program to get the out-

put. Analyze and visualize the results (tables, plots etc.).

5 Estimate errors. We can show that the finite difference method is consistency
and stability, which implies the convergence of the finite difference method.

In fact, we can show the convergence is pointwise, i.e.,

lim ||u(z;) — Uilleo = 0. (8.8)
h—0

8.1.2 A Matlab code for the model problem

Below is a Matlab function called two_point.m for the model problem. We use this

Matlab function to illustrate how to convert the algorithm to a computer code.

function [x,U] = two_point(a,b,ua,ub,f,n)

Do ToTototo o oo ToToTo o to o o ToToto o o o o o ToTo oo o oo o To To o 1o oo o o To T o o oo o T To o o oo o To Fo o o o oo o To T o o oo o oo

% This matlab function two_point solves the following two-point
% boundary value problem: u’’(x) = f(x) using the centered finite
% difference scheme.

% Input:

h
h
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% a, b: Two end points. %
% ua, ub: Dirichlet boundary conditions at a and b. %
% f: external function f(x). %
% n: number of grid points. %
% Output: %
% x: x(1),x(2),...x(n-1) are grid points %
% U: U(1),U(2),...U(n-1) are approximate solution at grid points 7%

To1oToto oo oo ToToToo o o ToToTo o o o o o ToTo oo o oo o To To o o oo o o To Tt 1o oo o T To o o oo o To Fo oo o oo o To T o o oo o oo

[=n
I

(b-a)/n; hil=hxh;

A = sparse(n-1,n-1);

F = zeros(n-1,1);

for i=1:n-2,
A(i,i) = -2/h1; A(i+1,i) = 1/h1; A(i,i+1)= 1/hi;
end

A(n-1,n-1) = -2/hi1;

for i=1:n-1,

x(1) = at+ixh;

F(i) = feval(f,x(i));
end

F(1) = F(1) - ua/hil;

F(n-1) = F(n-1) - ub/hi;

U = A\F;

return

Yk ty—=——m === End of the program ------—-—————-————————————————————————

We can call the Matlab function two_point directly in a Matlab command
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window. A better way is to put all Matlab commands in a Matlab script file (called
an M-file), referred to as main.m here. The advantage of using a script file is to

keep a record, and can also be re-visited or modified whenever we want.

To illustrate, suppose the interval of integration is [0, 1], f(x) = —72 cos(rz),

u(0) = 0 and u(1) = —1. A sample Matlab M-file is then as follows.

%hhdehthts Clear all unwanted variables and graphs.
clear; close all

Y Tnput

a=0; b=1; n=40;

ua=1; ub=-1;
%hhtohs Call the solver: U is the FD solution at the grid points.
[x,U] = two_point(a,b,ua,ub,’f’,n);
otttk hhtetshhh Plot and show the error %hhlhlhhhltsthhltsthhs
plot(x,U,’0’); hold % Plot the computed solution
u=zeros(n-1,1);
for i=1:n-1,

u(i) = cos(pi*x(i));
end
plot(x,u)  %%% Plot the true solution at the grid points on the same plot.
%hhhhhdh Plot the error

figure(2); plot(x,U-u)

norm(U-u,inf) %%% Print out the maximum error.
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It is easy to check that the exact solution of the boundary value problem is cos(wz).
If we plot the computed solution as defined by the values at the grid points (use
plot(x,u,’0’), and the exact solution represented by the solid line in Figure (a),
the difference at the grid points is not too evident. However, if we plot the difference
of the computed solution and the exact solution, which we call the error, we see
there is indeed a small difference of O(1073), cf, Figure (b). Note that, even if
we do not know the true solution, we still can conclude that the error is O(h?) by

theoretical analysis.

@) (b)

Figure 8.2. (a) The plot of the computed solution (little o’s), and the
exact solution (solid line). (b) The plot of the error.

Note that in Matlab, if use [D, V] = eig(A), we get approximate eigenvalues

in the diagonal matrix D, and corresponding eigenvectors in V.

8.2 Finite difference methods for 1D wave equations
of BVPs

Since one dimensional advection equations are easy to solve, we explain the finite

difference method for one-dimensional wave equations with a source term,

2 2
au:c2%+f(x,t)7 O<z<L, 0<t<T,

ot Ox?
u(0,t) = g1(¢), uw(L,t) = gao(t), (8.9)
u(z,0) = f(z), %(m,O) = g(z), 0<z <L,

It is not so easy to get analytic or series solution to the problem but it is quite

simple using a finite difference method. As in the previous section, we set up a
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space grid first by selecting a parameter n, say n = 100, to get a space step size
h= %, and a mesh,

x; = th, 1=0,1,---,n.
Thus, we have zg = 0, x,, = L. Next we select a time step size At and get a grid in

time,

m, such that nAt =1T.

te = kAt,  k=0,1,---,m,

Then we have a finite difference scheme to solve the initial-boundary value problem
UY = f(x:), U=U2+Atg(z;), i=1,2,---,n—1, initial setup;
Ut = gy (tFY), UM = go(t*!),  boundary conditions;

Uz'k_l — 2Uz‘k + UikH — 2 Uik—l — QUz‘k + Uik+1

- (2] t ’
i=1,2,--- ,n—1; k=1,2,---,m.
(8.10)
h
We can choose an m such that At < — to ensure the stability of the finite difference

]

method. Then we obtain a finite difference approximation to the solution at the
final time T as

U =~ u(x;, T), 1=1,2,---n—1. (8.11)

(2

8.3 Finite difference methods for 1D heat equations

Similarly, we can use a finite difference method to solve a one-dimensional heat

equation with a source term,

8” o 282U
5= C gz T/@t),  0<z<L 0<t<T,
u(0,t) = g1(t),  u(L,t) = ga(t), (8.12)

u(z,0) = f(z), 0<z<L.

It is not so easy to get analytic or series solution to the problem but it is quite
simple using a finite difference method. As in the previous section, we set up a
space grid first by selecting a parameter n, say n = 100, to get a space step size
h= %, and a mesh,

x; = ih, 1=0,1,--- ,n.
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Thus, we have x¢g = 0, z,, = L. Next we select a time step size At and get a grid in

time,
t, = kAL, k=0,1,---,m, such that nAt="1T.
Then we have a finite difference scheme to solve the initial-boundary value problem

U2 = f(x;), i=1,2,---,n—1, initial setup;
Ustt = gy (tF ), UMY = go(t*1),  boundary conditions;

Uttt -uf L UR - 2UF + US, _ (8.13)
At =c h2 +f(xzutk)a

i=1,2,---.,n—1;, k=0,1,2,---,m.

h2
We can choose an m such that At < — to ensure the stability of the finite

2

c
difference method. Note that, in this case, the time step restriction is severe. There
are variety of better methods around, see for example [7, [8, [14]. In the end, we
obtain a finite difference approximation to the solution at the final time T as
U™ ~u(x;, T), i=1,2,---n—1. (8.14)

K3

8.4 Finite difference methods for 2D Poisson
equations

We can also use a finite difference method to solve 2D or 3D Poisson equations
or elliptic PDEs rather easily if the PDEs are defined on regular domains such as
rectangles in 2D and cubics in 3D. After a finite difference discretization, a boundary
value problem will be changed to a system of algebraic equations. We use a Poisson
equations on a square to explain the approach.

Let us now consider the following Poisson equation with a Dirichlet boundary

condition:
Ugg + Uyy = f(@,y), (2,y) € Q= (a,b) x (c,d), (8.15)
u(r,y)|oa = uo(w,y) . (8.16)

If f € C(Q), then the solution u(z,y) € C?(Q) exists and it is unique. An analytic

solution is often unavailable. A finite difference method is explained below.
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e Step 1: Generate a grid. For example, a uniform Cartesian grid can be gen-

erated as,

zi=a+ihg, i=0,1,2,--,m, hy= , (8.17)

yj=c+jhy, j=0,1,2,--- n, h,= . (8.18)

In seeking an approximate solution U;; at the grid points (z;,y;) where u(z, y)

is unknown, there are (m — 1)(n — 1) unknowns.

Step 2: Represent the partial derivatives with FD formulas involving the func-
tion values at the grid points. For example, if we adopt the three-point central
FD formula for second-order partial derivatives in the z- and y-directions re-

spectively, then

w(@i—1,y;) — 2u(xs, y;) + u(@iz1,y;5) n (i, yi—1) — 2u(s, y;) + w(@i, yj41)
(hz)? (hy)?

where f;; = f(xi, ;).

We replace the exact solution values u(z;,y;) at the grid points with the
approximate solution values U;; obtained from solving the linear system of

algebraic equations, i.e.,

Uifl_,j + Ui+1,j Uiyjfl + Ui,j+1 B ( 2 2

(ho)? ()2 o) © <hy>2> Vi = L

i=1,2,--- m—1, j=1,2,--- n—1.
(8.20)
The FD equation at the grid point (z;,y;) involves five grid points in a five-
point stencil, (i—1,9;), (Ti+1,Y;)s (T, Yj—1), (Ti,yj+1), and (z4,y;). The grid
points in the FD stencil are sometimes labeled as east, north, west, south, and
the center in the literature. The center (z;,y;) is called the master grid point,
where the FD equation is used to approximate the partial differential equation.

Solve the linear system of algebraic equations (8.20)), to get the approximate

values for the solution at all of the grid points.

e Error analysis, implementation, visualization etc.
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8.4.1 The matrix-vector form of the FD equations

In solving the algebraic system of equations by a direct method such as the Gaus-
sian elimination or some sparse matrix technique, knowledge of the matrix-vector
structure is important, although less so for an iterative solver such as the Jacobi,
Gauss-Seidel or SOR(w) methods. In the matrix-vector form AU = F, the un-
known U is a 1-D array. From 2-D Poisson equations the unknowns U;; are a 2-D
array, but we can order it to get a 1-D array. We may also need to re-order the FD
equations, and it is a common practice to use the same ordering for the equations
as for the unknown array. There are two commonly used orderings, namely, the
natural ordering, a natural choice for sequential computing; and red-black ordering,

considered to be a good choice for parallel computing.

7 8 9 4 9 5
4 5 6 7 3 8
1 2 3 1 6 2

Figure 8.3. The natural ordering (left) and the red-black ordering (right).

The natural row ordering

In the natural row ordering, we order the unknowns and equations row by row.

Thus the k-th FD equation corresponding to (i, ;) has the following relation:
k=i+(m-1)@G-1), i=1,2,--- m—1, j=12,---,n—1, (821)

see the left diagram in Figure [8.3]
Referring to Figure suppose that h, = hy = h, m = n = 4. Then there
are nine equations and nine unknowns, so the coefficient matrix is 9 by 9. To

write down the matrix-vector form, use a 1-D array x to express the unknown U;;
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according to the ordering, we should have

1 =Un, 2x2=Us, z3=Us, z4="Ui, z5="Usp,
(8.22)
26 = U3z, x7="U13, wx3=Us3, w9=Us3.

Now if the algebraic equations are ordered in the same way as the unknowns, the

nine equations from the standard central FD scheme using the five-point stencil are

1 Uog1 +u
Eqgn.1: w3 (—dxy + 22+ 24) = f11 — %

1 U20
Eqn.2 : ﬁ(x1—4m2+x3+x5) = fo1 — 5

1 u3o + u
Eqn.3: ) (9 —4as + xg) = f31 — %

1 Up2
Egqn4: ﬁ(x1—4x4+:c5+x7)=f12—ﬁ

1
Eqn.5: 7w (2o + x4 — 45 + 26 + 73) = foo

1 U42
Eqn.6: ﬁ(x3+x5—4x6+$9)=f32—ﬁ

1 Ug3z + U
Egqn.7: 72 (x4 — 47 + 28) = f13 — %

1 U
Eqn.8: ﬁ(xg, + a7 — 4 + x9) = foz3 — hi;

1 Uzq + U
Eqn.9: ﬁ(x6+$s—4$9)=f33—% .

The corresponding coefficient matrix is block tridiagonal,

N
I

|
~
oy}
~

(8.23)
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In general, for an n + 1 by n + 1 grid we obtain

B I -4 1

- I I 4 n2xn? L 1 —4 4 n2xn?
Since —A is symmetric positive definite and weakly diagonally dominant, the coef-
ficient matrix A is a non-singular matrix, and hence the solution of the system of

the FD equations is unique.

The matrix-vector form is useful to understand the structure of the linear
system of algebraic equations, and as mentioned it is required when a direct method
(such as Gaussian elimination or a sparse matrix technique) is used to solve the
system. However, it can sometimes be more convenient to use a two-parameter
system, especially when an iterative method is preferred but also as more intuitive
and to visualize the data.

8.4.2 The SOR(w) iterative method

As we can see that the linear system of equations using a finite difference method
to solve the Poisson equation is large (O(n? x n?)) but sparse with only O(n?)
non-zero entries. One can use a simple iterative method, such as the Jacobi, Gauss-
Seidel, or Successive Over Relaxation (SOR(w)) method to solve the linear system
of equations. Below is a description of the SOR(w) iterative method given an initial
guess Ui(jo) and hy = hy = h so M = N. In the k-th iteration, £ = 0,1,---, until

the iteration converges, we set Ui(fﬂ) = Ui(f), then

k+1 k w k+1 k+1 k+1 k+1
UG = = w)Ul) + 2 (0 + Ul + Ul + U - w2 @)

,j=1,2,--- n.
(8.24)
The method works if 0 < w < 2. When w = 1, the iterative method is called the

Gauss-Seidel iterative method. The optimal omega for Poisson/Laplace equation is

2 2
1+sin(rh) 14+7/n’

(8.25)

Wopt =
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A commonly use the stopping criterion is

el 1)

< tol, say, tol = 1076, (8.26)

U(k+1)’

max | Uy

ij
Brief summary

In this chapter, we presented a couple of examples using computers to solve dif-
ferential equations. We can see that sometimes numerical methods do provide an
effective alternative way in solving differential equations. We note that computa-
tional mathematics is a branch of mathematics that requires systematic study such
as convergence, stability, accuracy, efficiency, reliability, etc., before we can take

advantages of modern computer powers including artificial intelligence (AI).

8.5 Exercises

E8.1 Use a finite difference method to solve the advection equation:
0
a—?-ﬁ-a(m,t)u:f(x,t), 0<z<L, a(xt)>0,
u(z,0) = ug(z), u(0,t) = g(¢).
Try your method with u(z,t) = sin(z —2¢t) for 0 < ¢t < 4, a(z) =z, 0 < x < 2,
with n = 32,64,128. Other parameters and conditions can be determined

from the give u(zx,t).

E8.2 Use a finite difference method to solve the wave equation:

Pu 0%

w:0ﬁ+f(x,t), 0<$<L,

ou

i v(z), u(0,t) = g1(t), w(L,t) = ga(t).
Try your method with w(z,t) = sin(z —2¢t) for 0 <t <4,¢=5,0<z <2,
with n = 32,64,128. Other parameters and conditions can be determined

u(z,0) = uo(x),

from the give u(zx,t).

E8.3 Use a finite difference method to solve the heat equation:
ou (1) 0u
T alz )
ot T ot2

u(‘rv 0) = UO(x)a U(O,t) = gl(t)a U(Lvt) = g2(t).

+ f(x,t), 0<z<L, a(xz,t)>0,
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E8.4 Solve the Laplace equation on a unit square assuming that the true solution
is (a): u(xz,t) = e®siny, (b): u(x,t) = sin(kymz) cos(kimy). Use the source
term and Dirichlet boundary condition from the given u(z,y). Try different
k1 and ks.



166 Chapter 8. Numerical solution techniques




Appendix A

ODE Review and Other

Useful Information

A.1 First order ODEs

For the readers’ convenience, we review solutions or methods for solving some or-
dinary differential equations. We start with first order linear and homogeneous
ODEz s,

Yt payy(a) =0 (A1)

For a more general ODE a(x)% + b(x)y(z) = 0 we can divide by a(z) assuming it

is not zero to get % + Zigy(m) = 0. If a(x) = 0 at some places, the differential

equation is singular since there is no derivative involved.

If we rewrite the ODEs as

dy _

y —p(x)dx, (A?)

and integrate on both sides, we get

.@7

) f/p(x)d:chC’, = log|y(x)| = C’f/p(:v)dx.

The solution can be written as
y(z) = Ce= I P@)dz, (A3)

For a non-homogeneous ODE

7 T r@)y(a) = g(2), (A4)
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we can multiply a function p(z), called an integrating factor so that the ODE can
become something like - (sth.) = f(z) and can be integrated easily. In other words,

after multiply an integrating factor to get

w(@) L+ p(p()y(e) = o()u(e). (4.5)

we wish the left hand side becomes - (u(2)y(z)) = g(z)u(z). Then the solution
would be

) = s (ot + c1).

The left hand side in (A.5)) is the same as the left hand side of the ODE which leads
to

py +u'y = py +ppy,  or  p = pup.

We get pu(x) = Coel P@)4  Plugging this into (A.6), we get the solution

vo) = g P ([ aicacl v 1)

2

— o~ Jp@)d (Cl + /g(x)efp(w)dﬂC) (A.6)
Co

R o <c+ / g(z)efp(mdm)_

Example A.1. Solve y'(z) — y(x) = 2.

In this example, p(z) = —1, g(x) = 2, the solution is

y(z) = el 1d= <C + /Zef(l)dw) =e” (C — 26””) .

Note that, for this problem we can also use an undetermined coefficients method to
find the particular solution y, = —2. The solution then is the sum of the particular

solution and the general solution to the homogeneous problem y'(z) — y(z) = 0.

A.2 Second order linear and homogeneous ODEs
with constant coefficients

The ordinary differential equation has the form,

ay”(z) + b(z)y + cy = 0. (A7)
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The corresponding characteristic polynomial is defined as
aN? +bA+c=0 (A.8)
whose roots can be real or complex numbers depending on the discriminant,

>0 there are two distinct roots Ay, Ag;
b2 —4ac{ =0 there is one double root, \; = Ay = X;

< 0 there are two complex roots \y = a + i, Ao = o — B3, i = /—1.
The solution to the ODE are
o b2 —dac >0, y(z) = CreM® + Core??.
o b2 —dac=0, y(z) = C1e* + Cowe?.

e b2 —dac <0, y(z) = e*® (C cos Bz + Cy sin Bx).

A.3 Useful trigonometric formulas

There formulas below are useful in Fourier analysis, orthogonal expansions using

trigonometric functions, and series solutions to partial differential equations.

sinacos f = % (sin(a + B) + sin(a — B)) (A.9)

cosasinf = % (sin(a + B) — sin(a — B)) (A.10)
1

cosacos = 5 (cos(a + B) 4 cos(a — B)) (A.11)

sinasin § = f% (cos(a+ B) — cos(a — B)) (A.12)

sin2 o = ﬂ; cosa = 1+ cos2a (A.13)
2 2

sin 2c = 2sin a cos cos 2a = cos? o — sin” a. (A.14)

A.4 ODE solutions to the Euler’s equations

A second order Euler’s ordinary differential equation has the following form

22y + axy + By = 0. (A.15)



170 Appendix A. ODE Review and Other Useful Information

An nth order Euler’s ordinary differential equation has the following form

dny 1 dn—ly
T gn T g e may - agy = 0. (A.16)
For a first order Euler equation zy’ + ay = 0, we have % = —% and the

solution is log |y(x)| = —alog|x| + C or y = C|x|“.
For a second order Euler’s equation, we look for the solution of the form of
y(z) = 2", ¥'(z) = rz"~! and y/(x) = r(r — 1)2"~2. The ODE then becomes

22r(r — )" 2 + aara™ !t + 2" =0, (A.17)
which leads to an indicial equation
r(r—1)+ar+p8=0. (A.18)
There are three cases corresponding to different general solutions.
1 Two distinct roots, 71 and 3. The solution then is
y(x) = Cylz|™ + Caolz|™.
2 One repeated root r;. The solution is
y(z) = Culz|™ + Cy (log |2|) [=[™ .
3 A complex pair r = a £ b, the solution is

y(z) = |z|* (Cy cos(blog|z|) + Cysin(blog |z|)) .
Example A.2. Solve the ordinary differential equation x%y" + 2zxy’ — 6y = 0.

Solution: The indicial equation is 7(r — 1) +2r —6 = 0, or 72 + 71 — 6 =
(r43)(r —2) = 0. Its roots are 11 = —3 and ro = 2. The general solution is

C
y(z) = Cilz| 7> + Cola|? = ﬁ + o,

Example A.3. Solve the ordinary differential equation x%y"” + 3zy’ + 10y = 0.

Solution: The indicial equation is 7(r — 1) +3r +10 = 0, or r? 4 27 + 10 = 0.
The solutions are » = —1 £ 3¢. The general solution is

y(x) = |z| = (C1 cos(3log|z]) + Casin(3log |z|)) .
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Example A.4. Solve the ordinary differential equation x%y" + 3zy’ +y = 0.

The indicial equation is r(r — 1) +3r+1 =0, or r? +2r + 1 = 0. There is one

double root r = —1. The general solution is

y(x) = Cila| ™" + C (log ) ||~
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Appendix B

Introduction to Maple

Maple is a computer software package produced by Maplesoft, Inc in Waterloo,
Ontario, Canada. It is a programming language as well as a powerful computer
algebra system that is well-suited for use in a course on partial differential equations.
Here we provide the student with an introduction that should suffice for the various
uses (computations, graphing and animations) that are needed throughout this
textbook.

173
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B.1 The Maple Worksheet

One "works with Maple” in what is referred to as a Maple worksheet. Below is
a screen shot of a Maple worksheet that illustrates the two types of “Lines” in a
Maple worksheet: (1) command lines, and (2) text lines.
[ JOX ) *untitled 2

DBEEaE 8E Qa2 BT> T == Ga W I1O0H%C & QAQQ & @ search ~4S

¢ | ¥ startmw X | ¥k *untitled 2 X

Math Drawing Plot Animation Hide

C Maple Input ~| [ Courier YI[12 | BIU B== Lg ==
> "This is a Maple COMMAND line";
"This is a Maple COMMAND line"

> This is a Maple COMMAND line;
| Error, missing operator or ;-

>
|> This + is + a - Maple/COMMAND +line;
L. Maple .
This +is + a COMMAND + line
> |

| Thisisa Maple text line. Notice that there is no OUTPUT from this line.

Ready Editable Maple Default Profile /Users

Figure B.1. Maple command and text lines

In the worksheet pictured above the first line with the words ”This is a Maple
COMMAND line”; is in fact a "command” line. Command lines are also known
as Execution groups in Maple. Note that command lines are indicated by the
> symbol. We insert Maple commands into a command line to compute, or to
graph, or perhaps to create an animation. We will provide examples of all of these
operations below. Since the words in the first line are enclosed in quotation marks,
Maple considers ” This is a Maple COMMAND line” to be a maple string, and when

“enter” is pressed, spits out the words of the string in blue as shown.

The second line has the same words as the first line, but without quotation

marks. Upon execution Maple replies with the warning;:

Error, missing operator or ‘;*

This is because maple is looking for operators, such as *, /, + between the words. In
the third line we’ve inserted some operators between the words just to illustrate that
Maple now considers the individual words to be valid Maple objects and dutifully
tries to perform the (meaningless) operations. Please also note that each line in a
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Maple worksheet should end with a semi-colon (output shown) or a colon (command

executed by output suppressed).

Finally, the last line with text in it is a text line. There is no > symbol
indicating a textline. No commands can be executed inside a textline. Textlines

are only for text.

SUMMARY:. Maple command lines are indicated with the symbol >, and
one enters Maple commands in command lines. Pressing ”enter” after inserting a
command in a command line will result in Maple executing the command. Maple
text lines are not indicated using the symbol > - rather they are simply white

spaces ready for text input.
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Adding extra command lines

If can happen that you are working at some point in a Maple worksheet, and you
realize that you need to have another command line at that point in your work. To
insert a new Execution Group at a point in the worksheet, put the cursor at the
spot where you want to make the insertion. Then with your mouse click on ”insert”
in the top menu, then click on Execution Group in that menu, and then choose

between "before cursor” and ”after cursor”. See Figure

@ Maple2018 File Edit View [FSll Format Table Drawing Plot Tools Window Help

00 Text 8T *untitled 2
NBES x&E & BTy Neehn DG @ QAR @ @ search
, =] 2-DMath ¥R [
" Wk Startmw X ¥k *untitled 2 X Label... 8L
Math Drawing Reference... Hide
_ Header Footer...
C Maple Input ~ || Courier Hyperlink... B== Lg ==
— Page Break 8
>
. Drawing
=> Image >
>
. Plot >
=> Table...
> 5+6; Code Edit Region
100/9; Execution Group > Before Cursor 38K
7 * 8 H Paragraph > After Cursor 8J
Section 088,
11
100
9
56

Figure B.2. Adding a new command line

Multiple commands in a single execution group

If can often happen that you want to define and then execute several commands in
sequence. You can, of course, simply put your sequence of commands in separate
command lines and then execute them one at a time. On the other hand, you
can input mutliple commands in a single execution group. You create room in an
execution group by entering shift-return from the key board. This will insert 1
extra line. More lines in the same execution group will be produced each time you
press shift-return on the key board. In Figure [B.2] above the last execution group

has 3 Maple commands in one execution group.
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Adding extra text lines

If can happen that you are working at some point in a Maple worksheet, and you
realize that you need to have another text line at that point in your work. To insert
a new text line at a point in the worksheet, put the cursor in a command line at
the spot where you want to make the insertion. Then with your mouse click on
”insert” in the top menu and then click on Text in that menu. Maple will convert

the command line to a text line.
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B.2 Arithmetic and Algebraic operations in Maple

Maple is a computational workhorse that is capable of computing almost anything a
PDE-student needs. The 4 basic operations of addition, subtraction, multiplication
and division are denoted by commands similar to the commands on many hand-held

calculators. They are:

Addition Place the + sign between two things you want to add together. For

example, .

Subtraction To subtract A from B use .

Multiplication To multiple A and B use

Division To divide A by B use

It is important to use proper syntax when using operations in combinations. Maple
uses parentheses ( ), and only parentheses, to organize these operations when used
together. That is to say one may not use curly braces { }, or square braces [ ] to
organize these operations. This is because Maple uses { } to define sets, and [ ]
to define lists. The difference between a Maple set and a Maple list is that the
elements of a set are unique, while elements of a list need not be unique. Moreover,
lists are ordered so that the order you define elements of a list is preserved. Maple
will often reorder the elements of a set using an ordering determined by Maple. Set
Figure to see how these work.
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DBEEE %88 & BT)r T =€ ¢a> NI0HC & QAARQ 2 @ [serch ~4s

!| | & startmw X ¥k untitled 2 X ¥k GenerateMaxMinProblemsinTwoDim X ¥k *SetsAndLists X %k *ma242.003-T2-solutions X

Math Drawing Plot Animation Hide

| € Text v|[ TimesNewRoman ~|[16 v| BT U E== L«

L Addition, subtraction, multiplication, division, sets and lists

>
| Example 1: Add together the numbers 4 and -12, and then multiply the result by 7.

> (4-12)*Pi;

-8m

>
| Example 2: Add together the numbers 4 and -12, and then multiply the result by 7, and then divide the result by 47.

> ((4-12)*Pi)/47;
_8n

47

[>
=Example 3: Define A to be the Set consisting of the numbers, 13, -4, 88, -5 and 2, 13.

> A:= {13, -4, 88, -5, 2, 13};
A= {—5 —4,2,13,88)
[> a;

{—5,—4,2,13,88}

[>

[>

| Example 4: Define A to be the List consisting of the numbers, 13, -4, 88, -5 and 2, 13.
> B:= [13, -4, 88, -5, 2, 13];
B:=[13, —4,88, —5,2,13]

[13, —4,88, —5,2,13]

Figure B.3. Operations, sets and lists

Notice in the examples that to enter 7 in a Maple worksheet you must use Pi
and not pi. Also notice that in defining A to be a set, the number 13 is entered
twice but only shows up once, since elements of a set are unique. On the other
hand, in defining B to be a list, the order is preserved and 13 appears twice.
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B.2.1 The Assignment Operator

Also illustrated in Figure [B23]is the use of the assignment operator. The assign-
ment operator is denoted by the combination of a colon followed by an equal sign,
namely := preceded by the name you want to assign to what is on the right-hand-
side. The letter A is assigned to the set with elements 13, -4, 88, -5 and 2, 13 while
the letter B is assigned to the list with ordered elements 13, -4, 88, -5 and 2, 13.
Once you assign a value to a name, Maple remembers that assignment until you
close the worksheet or issue a "restart” command. This is ilustrated in Examples 3
and 4 in Figure above.

B.2.2 Special symbols in Maple

Below is a short list of the special symbols used in a Maple worksheet.

1 7. The symbol 7, namely the ratio of the circumference of a circle to its

diameter, is entered in a Maple worksheet as Pi.

2 e. The real number that is denoted as e, is by definition that real number for
which the following limit holds

h—1
lirne

=1
h—0 h

It evaluates to 10 digits to the number 2.718281828 as shown in Figure [B-4]
Note the first line in the figure, showing that e is just e in a Maple worksheet.

To evaluate it we must use exp(1).

> evalf (e);

> evalf (exp(1l)):;
2.718281828

> |

Figure B.4.

3 The complex number v/—1 is denoted by the capitol letter I in the Maple

worksheet.
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B.2.3 Getting Started with Maple

It is time to try out these ideas in a Maple worksheet. First download the file
A-maple-worksheet and save it to disk. It is a Maple worksheet verison of this pdf.
Next start up Maple and use the file command to open the worksheet, as shown in
the figure below. You’ll need to find the file you saved on your disk. When the file
opens you can follow along with the Maple worksheet and this pdf.

[ JOX J New > untitled 5
Y Open... #¥0 p N o W o a N
NEEe T - | O%C ® QAR @ @ Search ~eS
| Open from Cloud... . - .
. Westartmw X QOpen Recent » ’roblemsinTwoDim X | ¥k *SetsAndLists X ¥ untitled 5 X
Close Document W " Animation Hide
|:[: Maple In Close Window TBW BIU == Lg ==
> [ Save S
Save As Workbook...
Save As Worksheet... 38S

Save As Classic Worksheet...
Save to Cloud...

Export As >
Send...

Page Setup... 8P
Print... #®P

Document Properties...

Figure B.5. Opening a Maple worksheet

B.3 Functions in Maple

In working with Fourier series and eigenfunction expansions it is useful to be able
to define certain functions to help with the calculations. The syntax for defining a

function and assigning a name to the function in Maple is illustrated in Figure [B.6]



182 Appendix B. Introduction to Maple

ece *untitled 2
DBEES %58 «» BT>r I E= ta W I10%C & QQRQ @ @ search
[ & Startmw X | & *untitled 2 X

Math Drawing Plot Animation Hide

C Maple Input ] [ Courier Y127 BIU 5== Lg ==

>

> f:= x -> (x"2+1)*exp(2*x);
f=xm (x2+1)e2x

> £(x);
(x2+1)ezx
> £(2); )
5e
> |

Figure B.6.

In the first line in the figure we are ”assigning f to be the function that sends
x to the value (22 + 1)exp(2 * x)”. The "send to” is denoted by —>, which is a
”dash” followed by the ”greater than” symbol >. Once the assignment is made,
we call the function using standard function notation. In the second line in Figure
we write f(x) to "evaluate f at x” to produce the value of the function at an
arbitrary x. In the third line we we write f(2) to ”evaluate f at the number 2” to

get the value shown, namely 5e*.

B.3.1 Built in functions in Maple

Maple provides a number of predefined functions to work with in the Maple work-

sheet. A short list of the useful predefined functions are

1 exp. The exponential function is called in the Maple worksheet as shown in

Figure [B7]
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=> exp(x);
exp(1l);
exp(x"2-2*x+1);

@2—2x+1

Figure B.7.

REMARK:. It is important to note that one must use the exponential
function using the exp() format. Using the notation e® in a Maple worksheet
denotes the letter e with exponent x, and does not represent the exponential

function.

2 In. The natural logarithm function is called in the Maple worksheet as shown

in Figure B8

> 1In(x);
in(1l);
1n(exp(1));
In(x"2-2*x+1);

Figure B.8.

3 The trig and inverse trig functions sin, cos,tan,cot,sec,csc, and their inverses

arcsin, arccos,arctan,arccot,arcsec,arccsc are predefined in Maple.

4 The hyperbolic trig and inverse hyperbolic trig functions sinh, cosh,tanh,coth,
sech,csch, and their inverses arcsinh, arccosh,arctanh,arccoth,arcsech,

arccsch are predefined in Maple.

5 evalf(). Maple’s command that evaluates valid expressions to N digits using
floating point arithmetic is the evalf() command. Here N is a positive in-
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teger and valid expressions are numbers, for example rational numbers, valid
symbols, for example 7, and Maple functions such as those listed above. The

syntax to evaluate a valid expression to N decimal places is

[ >evalf(”valid expression”, N)

As an example, Pi evaluates to 100 digits to the number

[> evalf(Pi,100);

5

3.141592653589793238462643383279502884197169399375105820974944592307816406286208998628034825342117068

Figure B.9.

B.3.2 Plotting functions in a Maple worksheet

Consider the function f := x — sin(37z). The domain is the entire real line, and to
display the graph of f over an interval, say x = a...b, we use the plot command.

The syntax for our plot is
[ > plot (f(x),x = a..b,options)
where ”options” refers to the plot options available in Maple, including color and

thickness. The color option is quite useful. For example, to color a curve blue we

use the command
[ > plot (f(x),x = a..b, color:blue)
To plot two functions f(z) and g(x) on the same plot, we group f(z) and g(z)

together into the list [f(z), g(x)] and use this list as the first argument in the plot

command.
[ > plot ([f(x),g(x)],x = a..b, color:[blue,red])
REMARK:. Because lists are ordered, Maple knows that in executing the above

command the curve y = f(x), the first element in the input list [f(z), g(z)], should
should be plotted in blue, the first element in the color list .color = [blue,red).
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Similarly, the curve y = g(«) should be plotted in red. See Figure where the
option on ”thickness=n" of the curves is added, where n is a non-negative integer.

L. Maple Input ~ | | Courier Y12 v | I U H== L& =i—

[> £:
g:

x => sin(x);
x -> cos(x);

> plot (£(x),x=-2*Pi..2*Pi,color=blue,thickness=2);

0.5

> plot([£f(x),g(x)],x=-2*Pi..2*Pi,color=[blue,red],thickness=[2,5]);

T

Figure B.10.
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B.3.3 Animating plots

Maple has the ability to produce animations of plots. For example, consider the
function f defined by

[ > fi=(x,t)— > sin(z —t)

for 0 <z <27 and 0 < ¢ < 10. Looking at the plot of f in the xy-plane, we
see a single sine wave moving from left to right across the screen as t advances.
A few snap shots are shown in Figure However in the maple worksheet the
animation is live. Download the Maple worksheet containing this example HERE.

=0 £=037500 £=0.75000 1=1.5000

aln
Bl
-3

Figure B.11.

The command to produce the animation is contained in the plots package
and is the animate() command. It is called with the format

[ > with(plots);

[ > animate(plot,[sin(x-y),x=0..2*Pi], t=0..10);

When these commands are executed Maple responds with a picture of the plot
as shown in Figure [B:12]
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DEEE K88 &~ BT> T == ca> W 10%#C @ QQAQ @ @ seach
W Startmw X %% x % Algebra %
Math Drawi Plot Hide
|4 W p p|Current Frame 1 P vavres: 15 @B +RAQAR

h

> animate(plot,[f,x=0..2*Pi],t=0..10);

x:'o.

NH
ol
w
3

+|

Figure B.12.

Clicking on the plot with the cursor will cause Maple to create the ”movie player
controls” shown inside the red circle in Figure Click on the play button » to
play the animation.

B.3.4 Differentiating functions in a Maple worksheet
The syntax for differentiating a function g that has been defined in the worksheet
is

[ > diff(g(x),x)

See Figure g is defined in the first line, and the second line is there to
emphasize that you must use g(z) and not g when working with the function. The
derivative of g is given in the third line in the figure.

A second derivative uses the notation

[ > diff(g(x),x.x)
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Differentiating multivariable functions

There is a similar notation for partial derivatives of functions of more than one
variable. Suppose that f is defined in the worksheet as a function of x and y as in
the fourth input line in Figure In the execution group beginning with the
fifth input line, the following partial derivatives are computed.

o o1 o
ox’ dyox’ oy’

The second and third input lines in Figure illustrate an important point. Once
g is assigned as a function, you cannot use g as the argument of the diff(), or any

other Maple command; you must use g(x) for the values of g at x.

Math Drawing Plot Animation Hide

C Maple Input ~ || Courier Y[z~ BIU == Lg :
> g:= x =-> x"2*sin(2*x+Pi);

g = x> xsin(2x+1)
> aiff(g,x);

0

> diff(g(x),%);

-2xsin(2x) —25 cos(2x)

> f:= (x,y) -> x"2*y"3*sin(x+y);
fi= (%) =y sin(x+)
>
|> Aiff(£(x,y),x);
diff(£(x,y),%x,¥);
diff(£(x,y),y¥)+
2xy3 sin(x +y) +x2y3 cos(x +y)

6xy2 sin(x +y) Jr2xy3 cos(x +y) +3xzy2 cos(x +y) fx2y3 sin(x +y)
3)62)12 sin(x +y) —chy3 cos(x + )

Figure B.13.
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B.3.5 Integrating functions in a Maple worksheet

Suppose f is a continuous function of one variable defined in a Maple worksheet.
See, for example, the definition of f(z) = x cos(z) in Figure The syntax for
integrating f over an interval x = a..b using the int() command is

[ > int (f(x),x:a..b)

Choosing a specific interval, say « = 2..10 we can integrate f over this interval as
shown in the, second input line in Figure Note that in the third line in the
figure that ”int” has been changed to ”Int”, which is referred to as the ”inert
version of int” in that the command is simply printed out and not executed. This
is useful for the student to make certain that ”what was typed in is actually what

you wanted typed in and not a mistake.”

[ ] L] “untitled
NEEE 288 G BT> X == Gm W IO%RC & QR @ @ [serch ~
§ Math Drawing Plot Animation Hide

C Maple Input + | [ Courier [z~ BIU BE== Lg =ic

[> £:= x -> x*Cos (X) ;

= x— xcos(x)

> int(f(x),x=2..10);

-cos(2) —2sin(2) +cos(10) + 10 sin(10)
> Int(f(x),x=2..10);

10

‘ X cos(x) dx

2

Figure B.14.
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B.3.6 Functions defined on integers

A standard computation in Fourier series and eigenfunction expansions is to define

a function which is to be evaluated on integers. Maple again uses the notation
[ > f:=x — expression in x

but simply replaces the variable  with a variable n which will be used as an integer.
An example is shown in Figure where the name a is assigned to the function
that sends an integer n to the value of the integral of the function f(z) cos(nmx/L)
from = 0 to x = L = 1. The values a(n) for n = 1,4, 10 are then printed out.

iii
11

[ C Maple Input ~ [ Courier ~ BIUB== Lg:
[> f:= x"3+2%x+1;

f::x3+2x+1

(> L:

1;

L=1
[> a:= n -> int(f*cos(n*Pi*x/L),x=0..L);
L

a=n Hchos[nTm) dx

0

> a(1);
a(4);
a(lo0); R
17— 12
m o1
T
3
167
3
100 ©°

Figure B.15.

B.3.7 Partial sums

It is useful in dealing with infinite series to create partial sum approximations

of the full series. Thus for the infinite series
S=) 1)
i=1

the N*"-partial sum, N > 1, is the finite sum Sy given by

N
Sy = fi)
i=1
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For example, a Fourier sine series of of a function f(x) on the interval [0, L] has
the form

FS= Z )sin(nmz/L) (B.1)
where the coefficients are defined by
2 L
b:=n— 7 / f(z)sin(nmz/L)dx. (B.2)
0

The N*"-partial sum, N > 1, for such a Fourier sine series is simply
Sy = Zb )sin(nwz/L)

In the Maple worksheet we use the sum() command to create partial sums of

functions defined on integers. The syntax is, for a function f defined on integers,
[> sum(f(i), i=1..N) ;

where N is a positive integer. In Figure the partial sums for a Fourier sine
series of a function is illustrated, followed by a plot of the partial sums Sy for

N =1,2,3,20 in Figure [B17

[> £f:= x =>x"3+2%x+1;
f==x'—>x3+2x+l
> L:= 1;
L:=1
[> b:= n -> 2/L*Int(£(x)*sin(n*Pi*x/L),x=0..L);
"The Fourier Sine Series"= Sum(b(n)*sin(n*Pi*x/L),n=1..infinity);
S:= N -> sum(b(n)*sin(n*Pi*x/L),n=1..N);
nmx
dx
[' f(x sm( i3 ) }

L

bi=n—

s

1
"The Fourier Sine Series"= > 2 [ ‘ f(x) sin(nmx) dx] sin(n mx)
L o

n

N
§=Nwr Zb (n) sm( nnx]

n=1

> 1);
() \ ‘
2 (5% —6n) sin(nx)
i
> s@);
3 . 3 .
2(57° —6x)sin(nx) i (-247° +127) sin(2 7x)
b3 g’
> s(3);

2(51[3767r)sin(nx) + (*247‘(34*127[) sin(2 mx) . 2(135n3718n)sin(3nx)
4

T 8n4 81 1'|:4

Figure B.16.
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> plot([£f(x),S(1),S(2),S(3),S(20)],%x=0..1,color=[black,red,blue,green,brown]);

~ |

Figure B.17. Plot of partial sums Sy for n = 1,2,3,20
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B.3.8 Maple’s repetition statement

To quote from Maple’s help page, The repetition statement provides the ability to

execute a statement sequence repeatedly, either for a counted number of times (using

the for...to clauses) or until a condition is satisfied (using the while clause). Both

forms of clauses can be present simultaneously. . It strings together the words for
. by ... to ... while”. Below is an example call to the repetition statement.

[ > TheValue := 1;
for i from 1 by 1 while TheValue < 1.0 x 101°

do

Gki” :i;

TheValue:= evalf(exp(i));

end do;

In this example we are asked to find the first positive integer ¢ such that
exp(i) > 1.0+ 10'°. In the first line the variable name TheValue is first initialized
to the value 1. Then in the loop we evaluate the exponential function exp(i) at the
integer ¢, where ¢ starts at 1 and increments by 1. The loop will stop once TheValue
surpasses the value 1.0 x 10'® due to the phrase while TheValue < 1.0 * 1019,

Notice that in Figure the output is shown for each step since the line
end do; ends with a semi-colon. For large calculations in a loop you may want to
suppress the output until the loop ends. This is illustrated in Figure where
end do: ends with a colon. We then see the answer. The end of the loop prints out
which integer (44) with the line The_i, and then with the line TheValue prints
out the 10-digit approximation 1.285160011 x 10'? of exp(44).
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TheValue = 1.285160011 10"

Figure B.18.

~ "> Thevalue:= 1;
> ThevValue:= 1; for i from 1 while TheValue < 1.0*10"19
for i from 1 while TheValue < 1.0%10"19 d°The 3= s
doThe s oam 4. TheValue:=’avalf(exp(i));
_1 = 17 . end do:
TheValue:= evalf(exp(i));
end do; The i;
TheValue;
TheValue = 1
TheValue = 1 44
The i=1 1285160011 10"
TheValue = 2.718281828 -
The i =2
TheValue := 7.389056099
The i =3 Figure B.19. Loop with output
TheValue := 20.08553692
The i := 4 suppressed
TheValue = 54.59815003
The i =5
Skipping loop values
6-40
The_i == 41
TheValue = 6.398434935 10'7
The_i == 42
TheValue = 1739274942 10'8
The_i == 43
TheValue = 4.727839468 10'®
The_i = 44

B.4 Computing sine, cosine, and full Fourier series

B.4.1 Fourier sine series

The Fourier sine series (SS) of a function f(x) on the interval [0, L] has the form

SS = Z b(n)sin(nmx/L)
n=1

where the coefficients are defined by

L
b::n—>%/ f(z)sin(nmra/L)dz ,n=1,2,...
0

(B.3)

The N*'-partial sum, N > 1, for such a Fourier sine series is simply

N
SS_Partial _Sum = Z b(n) sin(nmx/L)
n=1

Thus to compute the Fourier SS of a given function f(x) we need:
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1 . The function f(z), and

2 The number L defining the domain z = 0... L of the problem.

In Figure[B.I9 we show how to define the Fourier series partial sum function for
the function e” on the interval [0,1]. In the figure the definition of the SS coefficients
function b(n) as well as the definition of the SS_Partial_Sum function are shown.
Then the plot is shown for e and the 20-term partial sum approximation of the

sine series for e*.

B = X ->exp(x);

=1;

=n -> (2/L)*int(£(x)*sin(n*Pi*x/L),x=0..L);

S_Partial_Sum:= N -> sum(b(n)*sin(n*Pi*x/L),n=1..N);

ot ([£(x), SS_| “Partial _Sum(20)],x=0..L,color=[red, blue], tluckness—[J 31);
f=x—¢

L:=1

| es de

0
L

f:
L:
b:
S
pl

bi=nw

N
SS_Partial Sum = N z b(n) sin[ "Lﬂ)

n=1

Figure B.19.

B.4.2 Fourier cosine series

The Fourier cosine series (CS) of a function f(x) on the interval [0, L] has the
form

= ?0 i ) cos(nma/L) (B.5)
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where the coefficients are defined by
9 (L
a:=n— Z/ f(z)cos(nma/L)dx ,n=0,1,2,... (B.6)
0

The N*'-partial sum, N > 1, for such a Fourier cosine series is simply

N
. ag
CS_Partial _Sum = 5 + Z a(n) cos(nmx/L)

n=1

Thus to compute the CS of a given function f(z) we need:

1 . The function f(z), and

2 The number L defining the domain z = 0... L of the problem.

In Figure we show how to define the Fourier cosine series partial sum
function for the function 2® — 22% + x 4+ 1 on the interval [0,1]. In the figure
the definition of the CS coefficients function a(n) as well as the definition of the
CS_Partial_Sum function are shown. Then the plot is shown for 2% — 222 +z + 1

and the 5-term partial sum approximation of the cosine series for 3 — 222 + 2 + 1.
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>
> fi= x —> x"3-2%x 2+x+1;
L:=1;
a:= n -> (2/L)*int(f(x)*cos(n*Pi*x/L),x=0..L);
SS_Partial_Sum:= N ->a(0)/2+ sum(a(n)*cos(n*Pi*x/L),n=1..N);
plo t([f(x) SS_] “Partial _Sum(5)],x=0..L,color=[red,blue],thickness=[3, 3]),
f—x»—vx —2P 4x+1
L=1
L
2“ 1) cos[ "’”‘]dx
a:=nr °
L
N
SS_Partial_Sum = N (©) + [ Za(n) ( n;tx )]
n=1
1.151
1.10
1.05
1.00 T
0 0.2 0.4 0.6 0.8 1

LV

Figure B.20.

B.4.3 Fourier series

The Fourier series (FS) of a function f(x) on the interval [—L, L] has the form
ag .
=5 z_: ( cos(nmx/L) + b(n )sm(mrx/L)) (B.7)
where the coefficients are defined by

L
a:=n— %/ f(z)cos(nra/L)dx ,n=0,1,2,... (B.8)
-L

1t :
b:=n— f/:L f(z)sin(nmz/L)dr ,n=1,2,... (B.9)

(B.10)
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The N*'-partial sum, N > 1, for such a Fourier series is simply
a N
FS_Partial_Sum = ?0 + Z (a(n) cos(nmx/L) + b(n) Sin(mmc/L))
n=1

Thus to compute the FS of a given function f(x) we need:

1 . The function f(z), and

2 The number L defining the domain © = —L. .. L of the problem.

In Figure we show the definition of the FS coefficients functions a(n) and
b(n), and then the construction of the N* -partial sum function for this FS. The
figure also contains a plot of the function f(x) = % — 2 + 2 + 1 and the 10-term

Partial sum approximation of the FS for f(z).

vy
-2 N0

= > X"3-2%x"24x+1;
; n > (1/L)*int (£(x)*cos (n*Pi*x/L) ,x=-L..L);
:=n -> (1/L)*int (£ (x)*sin(n*Pi*x/L),x=-L..L);
SS_Partial_Sum:= N ->a(0)/2+ sum((a(n)*cos(n*Pi*x/L)+ b(n)*s;n(n*P1*x/L) n=1..N));
plot ([£(x),SS_Partial_Sum(10)],x=-L..L,color=[red, blue],thickness=[3,3]
f=xm -2 4x+1

L=1

v

Figure B.21.
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B.5 Families of Orthogonal Functions in Maple

In your study of partial differential equations and boundary value problems you
will encounter special functions defined by the PDE and the BCs. An important

definition is the following.

Definition B.1. An orthogonal family of functions on an interval [a, b] with weight
function w(zx) is a set of nontrivial functions {X, ()}, whose members satisfy

the equations

b
/ w(2) Xm () Xp(z)de =0 for m#n

Examples:

o0

B.5.1 The family of sine functions {sin(nmz/L)}>,

The family of sine functions {sin(nwz/L)}22 ; satisfies
L
/ sin(mma /L) sin(nra/L)de =0 for m #n
0

and hence is an orthogonal family on the interval [0, L] with weight function w(z) =
1.

B.5.2 The family of functions {1, cos(nmz/L)}%,

The family of functions {1, cos(nmz/L)}52 , satisfies
L
/ cos(mmz/L)cos(nmz/L)de =0 for m#n m,n=0,1,2,...
0

and hence is an orthogonal family on the interval [0, L] with weight function w(z) =
1.
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B.5.3 The family of functions {1, cos(nmx/L),sin(nrz/L)}>°

The family of functions {1, cos(nma/L),sin(nma/L)}$2 ; is an orthogonal family of

functions on the interval [—L, L] with weight function w(z) =1 since they satisfy

/L X (2)Xp(z)de =0 for m#n
-L

where X, (z) and X,,(z) are distinct elements in the set of functions.

B.5.4 The Legendre Polynomials

Let P,(xz), n = 0,1,2,... denote the bounded solutions of Legendre’s differential
equation

(1—2%)y" — 22y +n(n+ 1)y =0
with —1 < & < 1. These solutions are even and odd polynomials. For example,
Py(z) =1, Pi(z) =z and Py(z) = %(3:62 — 1). This family of Legendre polyno-
mials is an orthogonal family on the interval [—1, 1] with weight function w(z) =1

since L
/ P (z)P,(x)dz =0 for m#n

-1

On the other hand when m = n we have

1 2
/,1 (P”(x)> de = 2n2—|—1

See the Maple worksheet Legendre Polynomials in Maple to learn how to

use Legendre Polynomials in Maple.

B.5.5 The Bessel Functions

As discussed in Section 7.6 of the textbook the bounded solutions of Bessel’s

equation of order n on the interval [0, 1] are standardly denoted J,(z), for n =
0,1,2,.... In the Maple worksheet .J,,(z) is denoted BesselJ(n,z). Please down-
load and open the Maple worksheet Bessel Functions in Maple to learn how to

use Bessel functions in Maple. See also the solutions to the exercises in section 7.6

in the textbook to see the Bessel functions at work.


https://zhilin.math.ncsu.edu/PDE_Book/legendrepolynomialsinmaple.mw
https://zhilin.math.ncsu.edu/PDE_Book/besselfunctionsandtheirzeros.mw
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B.6 Quick guide for simple use of Maple

Maple is a symbolic mathematical package that can solve many mathematical
problems analytically or numerically with simulations and animations. Maple has
friendly user interactive interface. Assume that you have access to one of editions
of Maple and are able to open the interactive application, you can get the Maple
prompt by clicking the ’File’ button, then choose 'New’, then choose "Worksheet
Mode’. With the prompt, you can

e Define a function: £ : = x"2 + 1;
e Differentiate a function with respect to x: diff(f, x);

e Get an anti-derivative of a function f(z): int(f, x);

F:=int (cos (m*x)*sin(n*x), x);
e Get the value of a definite integral f02 f(z)dz: int(f, x=0..2);
e Plot a function f(z) in a interval: plot(f, x=-1..2);
e Plot multiple functions in a same graph: plot([f,x-1,3+x"3], x=-1..2);

e Define a piecewise function: f:= piecewise(-2 < x and x < -0.5, 0,
-0.5 <x and x< 0.5, 0.5-abs(x), 0.5<x and x<2, 0);

e Get the Fourier series and plot the partial sum Sy (z).

L := 2;

a_sub_0:= 1/(2xL)*int (f,x=-L..L);

a_sub_n:= n -> 1/L*int(f*cos(n*Pi*x/L),x=-L..L);
b_sub_n:= n -> 1/L*int(f*sin(n*Pi*x/L),x=-L..L);

partsumf : =m->a_sub_0+sum(a_sub_n(n)*cos (n*Pi*x/L)+b_sub_n(n)*sin(n*Pi*x/L) ,n=1..m);
partsumf (10) ;
plot ([f,partsumf (15) ,partsumf (25)], x=-2*L..2*L,color=[black,red,blue,green]);
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