
Units	
  and	
  Dimensional	
  Analysis	
  	
  
q Math	
  modeling	
  is	
  to	
  used	
  to	
  solve	
  real	
  world	
  

problems.	
  Most	
  of	
  quan88es	
  in	
  the	
  real	
  world	
  
have	
  units.	
  Or	
  physical	
  quan88es	
  are	
  measured	
  
using	
  units.	
  

q A	
  unit	
  of	
  measurement	
  is	
  a	
  definite	
  magnitude	
  
of	
  a	
  physical	
  quan8ty,	
  defined	
  and	
  adopted	
  by	
  
conven8on	
  or	
  by	
  law,	
  that	
  is	
  used	
  as	
  a	
  standard	
  
for	
  measurement	
  of	
  the	
  same	
  physical	
  quan8ty.	
  
Any	
  other	
  value	
  of	
  the	
  physical	
  quan8ty	
  can	
  be	
  
expressed	
  as	
  a	
  simple	
  mul8ple	
  of	
  the	
  unit	
  of	
  
measurement.	
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Dimensional	
  Analysis	
  

q Purposes:	
  
Ø Check	
  the	
  correctness	
  of	
  mathema8cal	
  models	
  for	
  
physical	
  problems	
  by	
  checking	
  dimensional	
  unit	
  

Ø Derive	
  mathema8cal	
  models	
  
Ø Reduce	
  parameters	
  through	
  Non-­‐
dimensionaliza-on	
  process	
  or	
  (scaling)	
  

Ø Iden8fy	
  key	
  parameters	
  such	
  as	
  Reynolds	
  number,	
  
peck	
  number	
  etc.	
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Units	
  Examples	
  
q  Length	
  is	
  a	
  physical	
  quan8ty.	
  The	
  meter	
  is	
  a	
  unit	
  of	
  

length	
  that	
  represents	
  a	
  definite	
  predetermined	
  
length.	
  When	
  we	
  say	
  10	
  meters	
  (or	
  10	
  m),	
  we	
  actually	
  
mean	
  10	
  8mes	
  the	
  definite	
  pre-­‐determined	
  length	
  
called	
  “meter	
  (metre)".	
  

q  The	
  defini8on,	
  agreement,	
  and	
  prac8cal	
  use	
  of	
  units	
  
of	
  measurement	
  have	
  played	
  a	
  crucial	
  role	
  in	
  human	
  
endeavour	
  from	
  early	
  ages	
  up	
  to	
  this	
  day.	
  Different	
  
systems	
  of	
  units	
  used	
  to	
  be	
  very	
  common.	
  Now	
  there	
  
is	
  a	
  global	
  standard,	
  the	
  Interna8onal	
  System	
  of	
  Units	
  
(SI),	
  the	
  modern	
  form	
  of	
  the	
  metric	
  system.	
  But	
  
English	
  system	
  is	
  s8ll	
  in	
  use	
  (UK,	
  US,	
  some	
  coun8es	
  in	
  
Bri8sh	
  Commonwealth	
  Union)	
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Units	
  
The	
  recommended	
  scien8fic	
  system	
  of	
  units	
  is	
  
the	
  SI	
  system,	
  which	
  includes	
  7	
  basic	
  units.	
  

4	
  



Large	
  and	
  small	
  units	
  
There	
  is	
  a	
  wide	
  range	
  of	
  sizes	
  for	
  all	
  sorts	
  of	
  
quan88es.	
  So	
  we	
  use	
  special	
  symbols	
  for	
  large	
  
and	
  small	
  mul8ples	
  of	
  the	
  basic	
  units.	
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Commonly	
  used	
  units	
  
There	
  are	
  also	
  other	
  commonly	
  used	
  units	
  which	
  
are	
  combina8ons	
  of	
  some	
  of	
  the	
  SI	
  units.	
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Non-­‐SI	
  units	
  
There	
  are	
  a	
  number	
  of	
  non-­‐SI	
  units	
  which	
  are	
  in	
  
common	
  use	
  by	
  scien8sts	
  and	
  engineers.	
  

7	
  



Units	
  Conver>ng	
  
The	
  Fahrenheit	
  scale	
  of	
  temperature	
  

To	
  convert	
  from	
  oF	
  to	
  oC,	
  	
  	
  	
  
oC	
  =	
  5(oF	
  -­‐	
  32)/9	
  ~	
  (oF-­‐32	
  )	
  /2	
  

To	
  convert	
  from	
  	
  oC	
  to	
  	
  oF	
  
oF	
  =	
  9	
  oC	
  /5	
  +	
  32	
  	
  ~	
  2	
  oC	
  +32	
  

Conver8ng	
  any	
  units	
  (almost	
  anything)	
  
	
  

hep://www.onlineconversion.com/	
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Bri>sh	
  units	
  system	
  
Another	
  system	
  of	
  units	
  which	
  is	
  s8ll	
  in	
  use	
  is	
  
the	
  Bri8sh	
  system.	
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An	
  example	
  

The	
  price	
  of	
  milk	
  in	
  the	
  UK	
  is	
  about	
  1.65	
  pounds	
  
every	
  6	
  pints.	
  That	
  in	
  China	
  is	
  33	
  RMB	
  every	
  6	
  
litre.	
  Assume	
  that	
  1	
  pound	
  =	
  15	
  RMB.	
  	
  
	
  

q Which	
  is	
  cheaper?	
  (using	
  the	
  same	
  unit)	
  
2008:	
  UK:	
  1.65/6	
  à	
  15*1.65/3.409=7.26,	
  	
  	
  CH:	
  33/6=5.5	
  
2013:	
  UK:	
  1.65/6	
  à	
  9.37*1.65/3.409=4.53,	
  	
  	
  CH:	
  33/6=5.5	
  

q There	
  is	
  a	
  50%	
  price	
  rise	
  in	
  China	
  recently.	
  
Which	
  is	
  cheaper?	
  CH:	
  33*1.5/6=5.5*1.5=8.25	
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Dimensional	
  Analysis	
  

q A	
  model	
  which	
  describes	
  a	
  physical,	
  
biological,	
  economic	
  or	
  managerial	
  system	
  
involves	
  a	
  variety	
  of	
  parameters	
  or	
  variables	
  

q With	
  each	
  variable	
  or	
  parameter	
  we	
  can	
  
associate	
  a	
  dimension	
  

area	
  =	
  length2	
  

velocity	
  =	
  length	
  /	
  8me	
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Dimensions:	
  Defini>on	
  

q All	
  mechanical	
  quan88es	
  can	
  be	
  expressed	
  in	
  
terms	
  of	
  the	
  fundamental	
  quan88es	
  
mass	
  (M)	
  or	
  kg,	
  	
  length	
  (L)	
  or	
  m,	
  	
  -me	
  (T)	
  or	
  s	
  

q  	
  Other	
  physical	
  quan88es	
  can	
  be	
  expressed	
  as	
  
a	
  combina8on	
  of	
  these	
  3	
  terms	
  

q  	
  The	
  resultant	
  combina8on	
  is	
  called	
  the	
  
‘dimensions’	
  of	
  that	
  physical	
  quan8ty	
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Dimensions:	
  Defini>on	
  

q We	
  use	
  square	
  brackets	
  [	
  ]	
  to	
  denote	
  “the	
  
dimension	
  of	
  ”	
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Full	
  Dimensional	
  List	
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Dimensional	
  Analysis	
  

q Any	
  sensible	
  equa8on	
  must	
  be	
  
dimensionally	
  consistent	
  
[leE-­‐hand	
  side]	
  =	
  [right-­‐hand	
  side]	
  

q 	
  It	
  is	
  a	
  good	
  idea	
  to	
  carry	
  out	
  this	
  check	
  
on	
  all	
  the	
  equa8ons	
  appearing	
  in	
  a	
  
model	
  

q 	
  This	
  reveals	
  any	
  modeling	
  errors	
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Dimensional	
  Analysis	
  
q Addi8on	
  of	
  terms	
  only	
  makes	
  sense	
  if	
  
each	
  term	
  has	
  the	
  same	
  dimensions	
  

q 	
  For	
  a	
  proposed	
  equa8on,	
  each	
  term	
  
must	
  be	
  checked	
  for	
  consistency	
  
A	
  =	
  B	
  +	
  (C	
  x	
  D)	
  

q  	
  A,	
  B	
  and	
  (C	
  x	
  D)	
  must	
  have	
  the	
  same	
  
dimensions	
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Determine	
  the	
  units	
  for	
  constants	
  

Any	
  constants	
  appearing	
  in	
  equa8ons	
  can	
  be	
  
Ø  Either	
  be	
  dimensionless	
  (pure	
  numbers)	
  
Ø  Or	
  can	
  have	
  dimensions	
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Example	
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Dimensional	
  Analysis	
  
q  If	
  expressions	
  involving	
  exp(at)	
  or	
  sin(at)	
  

appear	
  in	
  our	
  model,	
  where	
  t	
  stands	
  for	
  8me	
  
q The	
  parameter	
  a	
  must	
  have	
  dimensions	
  T-­‐1	
  so	
  

that	
  at	
  is	
  a	
  dimensionless	
  number.	
  
q  	
  If	
  an	
  equa8on	
  involves	
  a	
  deriva8ve,	
  the	
  

dimensions	
  of	
  the	
  deriva8ve	
  are	
  given	
  by	
  the	
  
ra8o	
  of	
  the	
  dimensions	
  

q  	
  If	
  p	
  is	
  the	
  pressure	
  in	
  a	
  fluid	
  at	
  any	
  point,	
  z	
  is	
  
the	
  depth,	
  then	
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Dimensional	
  Analysis:	
  example	
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Dimensional	
  Analysis:	
  Pendulum	
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Dimensional	
  Analysis:	
  Pendulum	
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Dimensional	
  Analysis:	
  Pendulum	
  

23	
  



Dimensional	
  Analysis:	
  Fluid	
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Nondimensionaliza>on	
  
q  Nondimensionaliza>on	
  is	
  the	
  par8al	
  or	
  full	
  removal	
  of	
  units	
  from	
  

an	
  equa8on	
  involving	
  physical	
  quan88es	
  by	
  a	
  suitable	
  subs8tu8on	
  
of	
  variables.	
  This	
  technique	
  can	
  simplify	
  and	
  parameterize	
  
problems	
  where	
  measured	
  units	
  are	
  involved.	
  It	
  is	
  closely	
  related	
  
to	
  dimensional	
  analysis.	
  In	
  some	
  physical	
  systems,	
  the	
  term	
  scaling	
  
is	
  used	
  interchangeably	
  with	
  nondimensionaliza5on,	
  in	
  order	
  to	
  
suggest	
  that	
  certain	
  quan88es	
  are	
  beeer	
  measured	
  rela8ve	
  to	
  
some	
  appropriate	
  unit.	
  These	
  units	
  refer	
  to	
  quan88es	
  intrinsic	
  to	
  
the	
  system,	
  rather	
  than	
  units	
  such	
  as	
  SI	
  units.	
  	
  

q  Nondimensionaliza8on	
  can	
  also	
  recover	
  characteris8c	
  proper8es	
  
of	
  a	
  system.	
  The	
  technique	
  is	
  especially	
  useful	
  for	
  systems	
  that	
  can	
  
be	
  described	
  by	
  differen8al	
  equa8ons.	
  	
  

q  Nondimensionaliza8on	
  can	
  reduce	
  the	
  number	
  of	
  parameters	
  and	
  
keep	
  the	
  most	
  important	
  ones	
  such	
  as	
  Reynolds	
  number.	
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Nondimensionaliza>on	
  steps	
  
To	
  nondimensionalize	
  a	
  system	
  of	
  equa8ons,	
  one	
  must	
  
do	
  the	
  following:	
  

1.  Iden8fy	
  all	
  the	
  independent	
  and	
  dependent	
  variables;	
  
2.  Replace	
  each	
  of	
  them	
  with	
  a	
  quan8ty	
  scaled	
  rela8ve	
  to	
  a	
  

characteris8c	
  unit	
  of	
  measure	
  to	
  be	
  determined;	
  
3.  Divide	
  through	
  by	
  the	
  coefficient	
  of	
  the	
  highest	
  order	
  

polynomial	
  or	
  deriva8ve	
  term;	
  
4.  Choose	
  judiciously	
  the	
  defini8on	
  of	
  the	
  characteris8c	
  

unit	
  for	
  each	
  variable	
  so	
  that	
  the	
  coefficients	
  of	
  as	
  many	
  
terms	
  as	
  possible	
  become	
  1;	
  

5.  Rewrite	
  the	
  system	
  of	
  equa8ons	
  in	
  terms	
  of	
  their	
  new	
  
dimensionless	
  quan88es.	
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An	
  illustra>ve	
  example	
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Dimensional	
  Analysis	
  

q Well	
  known	
  to	
  any	
  engineer	
  
q This	
  simple	
  informa8on	
  is	
  also	
  remarkably	
  

useful	
  in	
  mathema8cal	
  modelling	
  
q Will	
  consider	
  ideas	
  in	
  context	
  of	
  the	
  

modelling	
  of	
  physical	
  systems,	
  but	
  are	
  easily	
  
extended	
  to	
  any	
  applica8on	
  

29	
  



Dimensional	
  Analysis	
  

q Check	
  the	
  validity	
  of	
  equa8ons	
  proposed	
  
during	
  the	
  modelling	
  process	
  

q Find	
  a	
  number	
  of	
  independent	
  parameter	
  
groups	
  (and	
  calculate	
  them)	
  

q Find	
  the	
  rela8ve	
  sizes	
  of	
  various	
  terms	
  when	
  
model	
  equa8ons	
  are	
  proposed	
  

q Normalise	
  problems	
  in	
  terms	
  of	
  non-­‐
dimensional	
  variables	
  whose	
  typical	
  scale	
  is	
  
of	
  the	
  order	
  of	
  one,	
  and	
  hence	
  simplify	
  them	
  

30	
  


